1 


m 


A? 

•’i. 

|| 

f« 

ii 


1? 

•a 

I 

•ill 


FTD-HT-23-608-67 


>H  FOREIGN  TECHNOLOGY  DIVISION 

<N2 


4J$ 


ANISOTROPIC  PLATES 


S.  G.  Lekhnitskiy 


V'"'*.'  f ') 
•'  l-'’ 


V|  MAR  U  1969  1 

Ifeannsi 

D 


Distribution  of  this  document  Is 
unlimited,  ft  may  be  released  to 
the  Clearinghouse,  Department  of 
Commerce,  for  sale  to  the  general 
public. 


Reproduced  by  the 

CLEARINGHOUSE 
for  Fodoral  Scionlif'c  ?*  Technical 
Information  Springfield  Va.  22151 


UNEDITED  ROUGH  DRAFT  TRANSLATION 


ANISOTROPIC  PLATES 
By:  S.  G.  Lekhnitskiy 
English  pages:  477 

Translated  under:  Contract  AF33(657 )-164o8 


TM80006  05 


Pit*  1  Mar  1968 


FTP-  HT  “  23-608-6  7 


s 


omi 

OBO 

WAflNOUIiCED 

JUSTIFICATION 


With  $.cctioh 
B‘,fT  swim  q 
□ 


r 


DFsrmEonoN/AylitAB/urr  am 

■UST-  I  AVAIL  rad,  or  spsaiuj 


I 


<> 


This  translation  was  made  to  provide  the  users  with  the  basic  essentials  of 
the  original  document  in  the  shortest  possible  time.  It  has  not  been  edited 
to  refine  or  improve  the  grammatical  accuracy,  syntax  or  technical  terminology. 


FTD-HT-23-6 08-67 


t~'*‘-r*raaLtzr.t,W- 


DISCLAIMER  NOTIC 


THIS  DOCUMENT  IS  BEST 
QUALITY  AVAILABLE.  THE  COPY 
FURNISHED  TO  DTIC  CONTAINED 
A  SIGNIFICANT  NUMBER  OF 
PAGES  WHICH  DO  NOT 
REPRODUCE  LEGIBLY. 


S.  G.  Lekhni  tsk.iy 


ANIZOTROPNYYE  PLASTINKI 

Izdaniye  Vtoroye, 
Pererabotannoye  i  Dopolnennoye 


Gosudarstvennoye  Izdatel'stvo 
Tekhniko-Teoreticheskoy  Literatury 

Moskva  1  (jLY{ 


l\63  pa t;er 

■  TD-HT-?3-GOu-C>J 


<vr»  r-  •« 


DATA  HANDLING  PAGE 


Ot- ACCESSION  NO. 

98-DOCUMENT  LOC 

39-TOPIC  TATS 

TM8000605 

anistropy,  tv  ris.il  0  stress,  impact  stress, 

08-TITLE 

bending  stress,  heat  stress,  eJastic 

ANISOTROPIC 

PLATES 

stress,  elastic  wave 

47-SUBJECT  AREA 

20 

4 

43- AUTHOR  /CO-AUTHORS 

LEKHNITSKIY,  S.  G. _ 

4 3- source  ANIZOTROPNYYE  PLASTINKI .  2ND,  MOSCOW, 
GOSUDARSTVENNOYE  IZD-VO  TEKHNIKO-TEORETICHESKI Y 
LITERATURY  (RUSSIAN) 


63-SECURITY  AND  DOWNGRADING  INFORMATION 


10-DATE  OF  INFO 

- - 57 

68- DOCUMENT  NO. 

3KIY  FTD-HT-23-6p8-6| 

69- PROJECT  NO. 

72301-78 

64-CONTROL  MARKING^  97-HEADER  CL  A SN 


O 


CNCL,  0 


76- RE  EL  /  FR  AM  E  NO.  77-SUPERSEDES 

i884  0758 

CONTRACT  NO.  X  fEF  ACC.  NO. 


7B-CH  ANGES 


PUBLISHING  DATE 


94-00  65" 

mvmmw: 

02  UR/0000 /57/000 /ooo/ooo 1/0463 

ABSTRACT 


NONE 


AC-GEOGRAPHICAL 

AREA 

UR _ 

TYPE  PRODUCT 

Translation 

ACCESSION  NO. 

TM8000605 


UNCL 


NO.  OF  PAGES 


REVISION  FREQ 


None 


In  the  present  book  Ihree  main  topics  are  contained:  1)  the  gen¬ 
eralized  plane  stressed  state  oi’  anisotropic  plates;  2)  the  bending  of 
anisotropic  plates,  and  3)  the  stability  of  anisotropic  plates.  The 
majority  of  the  solutions  set  forth  in  the  book  (particularly  in  the 
chapters  devoted  to  the  plane  problem)  is  due  to  the  author  himself. 
-'All  problems  discussed  are  only  concerned  with  small  elastic  strains 
of  plates.  The  problems  connected  with  the  plastic  plate  deforma¬ 
tions,  with  the  behavior  of  the  plates  after  the  stability  has  been 
lost,  with  temperature  and  other  stresses  in  plates,  etc.,  art  not 
treated  in  the  book.  These  problems  are  still  waiting  for  their, 
investigators.  The  material  on  the  problem  of  transverse  vibrations 
of  anisotropic  plates  which  is  known  to  the  author  is  collected  in 
a  special  chapter.  In  view  of  the  rather  great  material. and  the  small 
volume  of  the  book  the  author  endeavored  to  set  forth  things  as  con¬ 
cisely  as  possible.  The  main  attention  was  paid  to  the  practical 
side  of  the  solutions  presented;  formulas  and  conclusions  having 
theoretical  interest  only  were  mostly  given  without  derivation,  with 
indication  of  the  literature  where  interested  readers  may  find 
detailed  discussion  and  proofs.  In  those  cases  where  this  was  possi¬ 
ble  and  interesting  for  the  practice  the  results  are  brought  into  the 
form  of  theoretical  formulas,  diagrams,  and  tables. 
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FROM  THE  PREFACE  TO  THE  FIRST  EDITION 


Present -day  technology  makes  use  of'  an3  solropie  plates,  i.e., 
plates  with  different  resistance  to  mechanical  actions  in  different  di¬ 
rections,  as  constructional  elements .  To  such  plates  belong  elates  made 
of  aviation  plywood,  delta  wood,  texolite,  and  a  number  of  other  mater¬ 
ials.  The  experimental  investigations  of  such  a  material  as  plywood  show 
the  great  difference  between  the  moduli  of  elasticity  and  the  flexural 
rigidities  for  the  principal  directions  —  along  the  grains  of  the  cas¬ 
ings  (the  external  plywood  layers)  and  across  the  grains.  Obviously,  it 
is  not  correct  to  calculate  plywood  plates  for  the  sa/.e  of  simplicity 
with  the  help  of  formulas  derived  for  the  isotropic  body;  it  is  neces¬ 
sary  to  derive  special  formulas  on  the  basis  of  the  theory  of  elasticity 
of  the  anisotropic  body  for  the  calculations.  Also  those  plates  in  which 
the  difference  between  the  flexural  rigidities  for  different  directions 
has  been  created  artificially  may  be  regarded  as  anisotropic  ones,  as 
corrugated  plates  or  plates  reinforced  by  corrugation,  plates  reinforced 
by  tightly  located  stiffening  ribs,  etc.  Not  only  the  constructor,  but 
also  the  physicist  who  works  with  plates  cut  out  of  crystals,  e.g., 
with  quartz  plates,  must  encounter  on  the  calculation  of  stresses  and 
strains  in  anisotropic  plates. 

The  author  of  this  work  set  himself  the  task  of  creating  such  a 
boc  v'hich  would  possibly  cover  most  of  the  present-day  investigations 
of  problems  concerning  the  strain  of  anisotropic  plates  and  which  could 
serve  as  a  means  of  instruction  for  engineers,  constructors,  physicists  * 
and  other  specialists  working  with  anisotropic  plates. 
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PREFACE  TO  THE  SECOND  EDITION 

t. !  i  ■  -  i  i  r  ■  _y  '  f  :  ■  t  ru  i  nr  and  in  anisotropic  plates  has  been 

.'•uj  j  1  •*:•■.'?, t  <.-d  !  /  nu non.-  new  i  n ve. ;  1. 1  put  ionr  uuring  the  time  which  has 
elapsed  af'h  r  *!:■'  lay  v.’hau  Ug*  first  edition  of  the  monograph  "Aniso¬ 
tropic  plat'  .  "  (1  -h'J)  •urv-  >ut.  A  groat  part  of  these  investigations 
carried  out  ,  above  all,  in  t.lv.  UGf’I-  and,  in  particular,  by  the  author 
himself  re f •  or  . c  the  plane  problem  and  a  smaller  part  to  the  theory 
of  bending  and  stability  plates. 

When  preparing  the  second  edition  the  author  endeavored  to  present 
in  tne  booh,  if  possible,  all  new  results  known  to  him  referring  to  an- 
isotropio  n  at.es  and  beirvs  f  practical  and  theoretical  interest.  As  a 
result  the  volume  of  the  book  has  increased  compared  to  the  first  edi¬ 
tion.  A  new  chapter  (in  the  second  edition  Chapter  8)  has  been  added ; 
it  is  devoted  to  an  approximate  method  of  studying  the  stresses  in  an¬ 
isotropic  plates  weakened  by  holes  which  are  nearly  round  or  elliptic. 

In  particular,  the  cases  of  holes  similar  to  an  equilateral  triangle 
and  to  a  square  with  rounded  angles,  etc.,  were  considered.  Approximate 
formulas  for  the  determination  of  stresses  near  such  holes  in  plates 
strained  by  arbitrary  forces,  and,  in  particular,  by  stretching  forces 
and  bending  moments  are  given;  the  results  of  calculating  the  stresses 
with  different  degrees  of  accuracy  in  plates  with  given  elastic  con¬ 
stants  are  presented.  Nearly  all  remaining  chapters  are  supplemented 
by  sections  setting  forth  the  results  of  the  most  recent  investigations, 
as  well  as  of  a  number  of  investigations  of  practical  interest  which 
had,  however,  not  entered  the  first  edition.  In  Chapter  3,  e.g.,  which 
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is  devoted  to  the  bending  of  beans  end  r',ir\ 
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vestigated  by  the  author  hinself  and  to  t.<-  ia  .  in  the  first  ei!1 
numerous  calculations  were  carried  out:  anew  ( a !  w  f  -r  three- 1  aye?'  1  i 
plywood).  As  a  result  the  correspond]  nr  diagrams  of  'tress  distril  .  li. 
and  the  diagrams  of  a  number  of  functions  wore  replaced  by  new  one;  , 
more  illustrative  ones,  compared  to  the  diagrams  of  the  first  edit  lot  . 
The  list  of  literature  used  was  considerably  increased. 

Finally,  I  want  to  express  my  gratitude  to  T.V.  Skvortsovaya  who 


has  carried  all  numerical  work  and  helped  me  in  a  substantial  manner  i 
the  preparation  of  the  second  edition  of  the  monograph. 

December,  1956  S.G.  Lekhni tskiy 


Chapter  1 


THE  BASIC  EQUATIONS  OF  THE  THEORY  OF  ELASTICITY  OF  AN  ANISOTROPIC 

BODY 

'1.  THE  STRESSED  STATE  OF  A  CONTINUOUS  BODY 

When  studying  1 1 1  >  •  :;i  rer.r.os  .in  i  rst-rn  In.,  in  o  I  nr*  t  o  ani solropi  c  b  Oh¬ 
io;*.  ,  and  ,  in  parti  -ular ,  in  plate'.*  ,  v;e  .  ha  J 1  c  >ns:ld'  r  the  elastic  body 
to  be  a  font! nuou..  tody,  a  continuous  medium,  according  to  the  general¬ 
ly  accepted  model. 

An.  in  vie  11  known ,  the  stressed  state  at  a  given  point  of  a  contin¬ 
uous  body  which  is  at  equilibrium  or  mover  under  the  action  of  external 
forces  is  entirely  determined  by  the  stress,  components  acting  on  three 
mutually  perpend L cular  nlanes  passing  through  this  point.  Usually  the 
planes  are  passed  perpendicular  to  the  coordinate  directions  of  an  or¬ 
thogonal  coordinate  system  passing  through  the  point  in  question.  In 
this  book  we  shall  only  use  Cartesian  and  cylindrical  coordinates. 


Fig.  1 


Referring  the  body  to  a  Cartesian  coordinate  system  x}  y,  z  we 
shall  choose  some  point,  pass  three  mutually  perpendicular  planes  nor¬ 
mal  to  the  coordinate  axes  through  it,  and  consider  the  stress  compon- 
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onts  acting  on  these  piano.;  (fig,.  Lj.  it  10  g on  rally  ;u;ct pu.".i  to  desig¬ 
nate  the  normal  components  by  the  letter  o  with  a  subscript  indicating 
the  direction  of  the  normal  to  the  plane  (and,  therefore,  also  the  di¬ 
rection  of  the  component  itself);  the  tangential  components  are  desig¬ 
nated  by  the  letter  t  with  two  subscripts  the  first  of  which  indicates 
the  direction  of  the  component  itself,  and  the  second  one  the  direction 
of  the  normal  to  the  plane.  On  the  plane  normal  to  the  x  axis  act  the 

components:  o  t  ,  t  ;  on  the  plane  normal  to  the  y  axis  we  have: 
x  y  x  z  x 

x  ,  o  ,  t  ,  and  cn  the  plane  normal  to  the  z  axis:  x  ,  x  ,  o  .  As 

xy  y  zy  xz  yz  2 

is  well  known  from  the  mechanics  of  continuous  media,  we  have  x 

zy 

=  t,t  =  x  ,  x  -x  and,  generally  ,  x  . .  =  x  .  where  i  and  j 
yz  xz  zxs  yx  xy  ’  °  lj 

are  mutually  perpendicular  directions.  If  we  know  the  stress  components 
on  planes  normal  to  the  coordinate  axes  we  can  always  determine  the 
stress  on  any  oblique  plane  with  a  normal  n  passing  through  the  same 
point.  For  this  purpose  serve  the  formulas 

X,x---a.c  cos(".  v)  j-  ”,  cos  (/i  1  y)  {n,  z), 

y„z  ~  ~.iycos(n,  .x)-|-c„  cos («,  y) H- t„2cos(/i,  z),  (1.1) 

1,.  cos  pi,  -x)  j-T^cos  (n,  y)  \- oz  cos  (n,  z),  , 


where  X  ,  Y  ,  Z  are  the  projections  on  the  coordinate  axes  of  the 
n}  n1  n  ^  J 

stress  acting  on  the  oblique  surface.  Having  determined  X n,  Yn  we 
shall  easily  find  (by  projecting)  the  normal  and  the  tangential  compon¬ 
ents  of  the  stress  on  the  plane  with  normal  n. 

Furthermore,  we  shall  refer  the  body  under  consideration  to  a  cy¬ 
lindrical  coordinate  system  r,  0,  z  in  which  the  z  axis  coincides  with 
the  2  axis  of  a  Cartesian  system,  and  the  angle  0  is  counted  from  the  x 
axis  chosen  as  the  polar  axis.  The  stress  components  on  planes  perpendi¬ 
cular  to  the  directions  of  the  r,  0,  z  coordinates  of  the  cylindrical 
system  are  shown  in  the  same  Fig.  1  (at  another  point);  they  are  desig¬ 


nated,  respectively,  by:  a. 


where 
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: , i  !'■ 


■;  to  <  I  *:  i :  j,  r<J !  fi*:t  or,  to  Uie  cotnr  orient  s  in  cylindrical 

:  carri  out  with  the  ho]  p  of  the  well  known  formulas: 


r 

V 

O  - 

■  *  •  u 

) 

;  i 

«"  t 

'  y  ’ 

o . 

4  1  •  V 

Oy  •••> 

i /,  t 

, 'j  : 

,  ■ 

.'j  | 

y : 

in  0, 

( 1  .  ?  ) 


i  0  ;  :tJ  i  os  0, 


i.  1 . 


j 


V;i.  •  w.;  -o'  ; n ■  n1  In  a  continuous  body  which  is  at  equilibrium 

satisfy  Ur  o  qui  1 1  b  r  j  am  •'•quai  ions  which  have  the  following  form  in  the 
Cartes, i  an  coordinate  system: 


written  in  the  form: 


'b.r 

,  0xxt  . 

Ox 

1  Oy 

1  Oz  ’  ' 

0’„ 

1  °',Jt  1 

t)X 

Oy 

'  Oz  ‘ 

Ox  ,z 

,  ^’’JX 

1-  b 

Ox 

1  »y' 

Oz  ' 

n  a 

cy  liridrical 

> 

0x,.z  ar 

1  r 

off  1 

0z'  ' 

I  Y--  0, 


(1.3) 


<b,5  ,  1  <b5  .  <he,  2tr8 

Or'  1  >  Of  '■  Of  •'  /■ 

dxrz  .  1  Oxijz  .  0zz  .  Trr 


\R^Q. 

|  0  -=  o, 

)-  Z  0. 


(1.4) 


Or  '  r  t)0  1  Oz  r 

In  Eqs .  (1.3)  and  (1.4)  Y ,  Z  and  R}  0,  Z  denote  the  projections 

of  the  volume  forces  referred  to  the  unit  volume,  on  the  x,  y z  and  r, 

0,  s  directions. 

The  equations  of  motion  of  a  continuous  medium  differ  from  the 

equilibrium  equations  only  by  the  inertia  terms  pw  ,  ow  ,  pwr,  or  pw  ,  pw  , 

x  y  z  r  0 

pw  which  must  be  substituted  on  the  right-hand  sides  of  (1.3)  and  (1.4) 
Instead  of  the  zeroes  (p  is  the  density  of  the  material  and  w  with  the 
subscripts  are  the  projections  of  the  acceleration  on  the  coordinate 
directions . 


In  the  theory  of  elasticity  the  projections  of  the  acceleration 


I 


are  usually  expressed  }  -•  term:;,  cl’  ti  j  f  •  \.  m, 

of  the  body  particles  in  the  coord i  nal<  i  •  '  ,  lore  ■  ;  «■.  .  f  :n  v  ..m  ,  n  i 

to  the  second  derivatives  with  resp<  c  t  t,e  .  . .  f  l:  1  .  pLuv  vnt  >•  — 

jectlons  ) .  We  shall  designate  the  proj  c  :;t  lorn  t  th<*  displ  ac*-menl' 

the  x,  y3  z  and  r,  0,  z  direction.;  by  ,  v.  o  mu 

The  strained  state  in  the  neighborhood  of  a  given  point  of  a  mu- 
tinuous  body  is  characterized  by  the  si:;  strain  components  ;  three  r>  ]  a  - 


tive  elongations  which  are  designated  by  the  letter  t  with  the  co’*re:  - 
ponding  subscript  and  the  three  relative  shears  designated  by  the  let¬ 
ter  y  with  two  subscripts.  In  a  Cartesian  system  we  have  the  strain  com¬ 
ponents:  e  }  e  ,  C'  are  the  relative  elongations  of  infinitely  small 
x  y  z 

sections,  which  were  parallel  to  the  x,  iy,  z  axes  in  the  unstrained  body, 

and  y  ,  y  j  y  the  relative  shears,  i.e.,  the  angles  variations  be- 
y  3  CC  2  *c  1/ 

tween  the  mentioned  sections.  The  strain  components  for  a  cylindrical 

coordinate  system  will  be  e  ,  eQ,  (the  relative  elongations  for  the 

r,  0,  2  directions)  and  yQ  .  Y  .  Y  Q  (the  relative  shears).. 

The  strain  components  are  expressed  in  terms  of  the  displacement 

projections.  If  there  are  no  restrictions  as  to  the  value  of  the  strains 

the  connection  between  the  e  ,  e  ,  . .  y  and  u,  v,  w  are  given 

x J  yJ  '  xy 

by  the  formulas 
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( I  .  b ) 


expressed  jn  terms 


(1.7) 


The  formulas  and  equations  presented  here  are  correct  for  any  con¬ 
tinuous  body,  elastic  or  not;  their  derivations  may  be  found  in  courses 
of  the  theory  of  elasticity.* 

§2.  GENERALIZED  HOOKE'S  LAW 

The  equations  given  in  §1  are  not  sufficient  to  solve  problems  of 
equilibrium,  motion,  or  stability  of  an  elastic  body.  It  is,  in  addi¬ 
tion,  necessary  to  indicate  the  relationship  between  the  stress  compon¬ 
ents  and  the  strain  components,  ana  for  this  purpose  some  model  reflect¬ 
ing  the  elastic  properties  of  the  body  must  be  chosen.  If  only  small 
strains  are  involved  usually  a  continuous  body  obeying  a  generalized 
Hooke's  law  is  chosen  to  be  such  a  model  of  an  elastic  body.  In  all  ca¬ 
ses  considered  in  this  book  we  shall  assume  uiat  a  generalized  Hooke's 
law  holds  for  the  elastic  body,  and,  in  particular,  for  plates,  or,  in 
other  words,  the  strain  components  are  linear  functions  of  the  stress 
components . 


An  elastic  body  is  called  isotropic  if  its  elastic  properties  are 
identical  in  all  directions,  and  anisotropic  if  its  elastic  properties 


are  different  for  different  directions.  Homogeneous  we  shall  call  an 
elastic  body  with  which  the  elastic  properties  are  identical  for  all 
parallel  directions  passing  through  any  points,  or,  in  other  words,  all 
identical  elements  having  the  form  of  rectangular  parallelepipeds  with 
parallel  faces,  chosen  at  different  points  of  the  body,  have  identical 
elastic  properties. 

Let  us  first  consider  a  homogeneous  elastic  body  having  an  aniso¬ 
tropy  of  general  form  where  some  elements  of  elastic  symmetry  are  mis¬ 
sing.  Referring  the  body  to  an  arbitrarily  chosen  orthogonal  coordinate 
system  x>  y,  z  we  may  write  the  equations  expressing  the  generalized 
Hooke's  law  in  the  following  form: 

ex  ~  fln°x4-fll2ay+ +  <,uV'f'fll&'xJ+fllGTxy 

=  fl12ax  +  a22°y  + . +  fl20Txl/’  (2  -]J 

7xy  —  alG°x  a20°V  . aCOxxy  , 

an,  a12y  ...,  agg  are  here  the  elastic  constants  (strain  coefficients); 
in  general,  the  number  of  different  constants  is  equal  to  21. 

When  strained  the  body  stores  a  reserve  of  potential  energy.  The 
expression  of  the  potential  energy  of  strain  referred  to  unit  volume 
(of  elastic  potential)  may  most  simply  be  written  in  the  so-called  bi¬ 
linear  form: 


k  —  2  (°iex  aU°y  ~  I”  ' i~  ”|/:T|/:  !-  ‘J.-7.r.--H'ai/Ta-l/)-  (2.2) 

If  we  pass  over  to  the  stress  components  on  the  basis  of  Eqs .  (2.1)  this 
expression  assumes  the  following  form  in  the  general  case: 

p ”  Y I- V, ’I •  auz.c°:  I  «.,VP 'I  *iiV« flioVa v -I- 

.2 


+  2'  anzu  +  4»Vn  + 

')■  2"  T  a0GTx:Txi/-  + 

I  1  2 

*1'  2  a6iilxy- 


(2.3) 
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'  .  •  :  :t  i  :.<■  .!'  . , t.r-.'t 1 1 :  of  th<  whole  body  is  found  by  integrat- 

3  nr.  o v o  r  i  •  •.*  t  nt  1  iv  volume  of  the  body  u> : 


J  J  J  t"- 


(2JI) 


If  the  Internal  structure  of  the  body  is  symmetric  symmetry  is  al¬ 
so  observed  in  its  elastic  properties.  This  elastic  symmetry  as  it  is 
usually  called  appears  in  the  following  way:  at  each  point  of  the  body 
symmetric  directions  are  detected  for  which  the  elastic  properties  are 
Identical  (equivalent  directions).  Crystals  have  an  elastic  symmetry; 
all  naturally  occurring  crystals  are  subdivided  into  nine  classes  ac¬ 
cording  to  the  character  of  the  elastic  symmetry.  Elastic  symmetry  is 
also  observed  in  samples  produced  of  natural  wood,  delta-wood,  plywood, 
and  other  anisotropic  materials.  If  there  is  elastic  symmetry  the  equa¬ 
tions  of  the  generalized  Hooke's  law  and  the  equation  for  the  elastic 
potential  simplify;  some  of  the  constants  a.,  prove  to  be  equal  to  zero, 

ij 

and  the  rest  is  connected  by  relations. 

We  shall  not  deal  with  all  possible  cases  of  elastic  symmetry,  but 
consider  only  thernost  Important  of  them.* 

1.  The  plane  of  elastic  symmetry.  Let  us  assume  that  through  each 
point  of  the  body  passes  a  plane  with  the  property  that  any  two  direc¬ 
tions  symmetric  with  respect  to  this  plane  have  equivalent  elastic  pro¬ 
perties  (in  a  homogeneous  body  all  these  planes  passing  through  various 
points  are  parallel).  If  the  2  axis  is  passed  perpendicularly  to  the 
plane  of  elastic  symmetry  the  equations  of  the  generalized  Hooke's  law 


following 

form: 
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The  number  of  independent  elastic  constants  is  reduced  to  13. 

The  properties  of  the  body  with  a  plane  of  elastic  symmetry  may 
be  illustrated  more  plausibly  with  the  help  of  the  following  example. 
Let  us  consider  an  element  of  the  body  in  the  form  of  a  rectangular 
parallelepiped  with  which  two  faces  are  parallel  to  the  plane  of  symme¬ 
try,  and  assume  that  stretching  or  compressive  normal  stresses  are 
applied  to  these  faces  (Pig.  2).  The  strain  of  the  element  will  be 
characterized  by  the  relative  elongations  and  shears  which  we  shall 
find  from  Eqs .  (2.5): 


*y e=s  °23<,z\  Txz  —  Oi  ^ 

*2  —  fls3°2*  T®y  =  fl3&°2-  ' 


(2.6) 


Hence  it  is  evident  that  in  the  case  of  simple  stretching  or  compression 
in  a  direction  perpendicular  to  the  plane  of  elastic  symmetry  the  angles 
between  the  sections  normal  to  the  plane  of  elastic  symmetry  and  the 
sections  lying  in  it  are  not  distorted,  but  remain  rectangular  ones. 

As  a  result,  when  strained  the  chosen  element  assumes  the  shape  of  a 
straight  parallelepiped  in  which  four  faces  are  rectangles ,  and  two 
nl6f  _  parallelograms.  If,  however,  there  are  no  planes 

of  elastic  symmetry  the  rectangular  parallelepiped 
which  is  stretched  or  compressed  in  one  direction 
goes  over  into  an  oblique  parallelepiped.  The  di¬ 
rections  which  are  normal  to  the  planes  of  elastic 
symmetry  will  be  called  principal  directions  of 
elasticity  or,  briefly,  principal  directions.  For 
the  symmetry  case  under  consideration  one  princi- 
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pal  direction  passes  through  each  point.  The  crystals  of  monoclinal  syn- 
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gony  (e.g.,  feldspar-orthoclase )  have  this  form  of  elastic  symmetry. 

2.  Three  planes  of  elastic  symmetry.  If  three  mutually  perpendicu¬ 
lar  planes  of  elastic  symmetry  pass  through  each  point  of  a  homogeneous 
body  the  equations  of  the  generalized  Hooke's  law  referred  to  an  i,  y, 
z  coordinate  system  with  axes  normal  to  these  planes  assume  the  form: 

e•x~nllc!^-\~nl20u  '\  nltf,:'  Ty:~~  nl^yt’  | 

ey  ~~  ^ll^x  "1“  ^22°y  @23°:'  Txz  ^65^X2’  1  (2.7) 

8i  —  ai2°x  -t"  a2i°y  *1“  ai2a:<  Txy  ~  aCd'xy  ' 

The  number  of  independent  elastic  constants  is  equal  to  nine.  Through 
each  point  pass  three  mutually  perpendicular  principal  directions.  A 
homogeneous  body  with  three  mutually  perpendicular  planes  of  elastic 
symmetry  at  each  point  is  called  orthogonally  anisotropic ,  or,  briefly, 
orthotropic . 

An  element  having  the  shape  of  a  rectangular  parallelepiped  with 

faces  parallel  to  the  planes  of  elastic  symmetry  which  is  chosen  from 

an  orthotropic  body  remains  a  rectangular  parallelepiped  when  it  is 

stretched  or  compressed  in  one  direction  (Fig.  2);  under  strain  the  rib 

lengths  are  varied,  but  the  angles  between  the  faces  are  not  distorted. 

Equations  (2.7)  acquire  a  higher  plausibility  if  instead  of  the 

strain  coefficients  a.,  the  so-called  technical  constants  are  introduced 

T'O 

the  Young's  moduli,  the  Poisson  coefficients,  and  the  shear  moduli.  Let 


us  rewrite  (2.7)  in  the  form: 
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E^,  s  are  here  Young's  moduli  for  stretching  (compression)  along 
the  principal  directions  of  elasticity  x,  y,  z;  is  the  Poisson  coef¬ 


ficient  characterizing  the  contraction  in  the  y  direction  if  stretching 
in  the  x  direction  takes  place;  is  the  Poisson  coefficient  charac- 


terizing  the  contraction  the  x  direction  for  a  stretching  in  the  y  di¬ 


l  rp'  wtvv'* 


rection,  etc.;  G^j  ^13’  ^12  are  s^ear  m0(iuli  characterizing  the 
variations  of  the  angles  between  the  principal  directions  y  and  z,  x 
and  3,  x  and  y.*  The  following  relationships  hold  between  the  Young's 
moduli  and  the  Poisson  coefficients  owing  to  the  symmetry  of  Eqs.  (2.7) 


(2.9) 


The  elastic  constants  of  an  orthotropic  body  which  enter  into  the 
equations  of  the  generalized  Hooke's  law  (2.7)  and  (2.8)  as  written  for 
the  principal  directions  of  elasticity  x,  y,  z  will  be  called  principal 
elastic  constants  (in  constrast  to  the  constants  entering  into  the  equa¬ 
tions  for  an  arbitrary  coordinate  system). 

The  form  of  elastic  symmetry  considered  is  the  most  important  since 
it  occurs  most  frequently  in  practice.  Such  materials  as  wood  with  regu¬ 
lar  annual  rings  ,  delta  wood  and  plywood  may  be  considered  homogeneous 
and  orthotropic.  The  crystals  of  rhombic  syngony  (e.g.,  topaz,  baryta) 
are  orthotropic. 

3.  The  isotropy  plane.  If  a  plane  in  which  all  directions  are 
equivalent  with  respect  to  the  elastic  properties  passes  through  each 
point  of  a  body  the  equations  of  the  generalized  Hooke's  law  for  a  co¬ 
ordinate  system  with  a  z  axis  normal  to  this  plane  will  be  written  in 


the  following  manner: 


■X  =  aU°3>Jr  a\Z°U~\~  al30:’  Tut  —  I 

!y  =  fljjOj, -j- fa:;  —  -  au^jci<  } 

=  °13  (°®  °i/)  "  1  -  Tat/  2(«ll  —  "izKy  > 


(2.10) 


The  number  of  different  elastic  constants  reduces  to  five.  According 
to  A.  Lyav,  a  body  with  an  anisotropy  of  this  form  is  called  trans¬ 
versely  isotropic*.*  The  direction  normal  to  the  isotropy  plane  and  all 
directions  in  this  plane  are  principal  ones.  Introducing  technical  con¬ 
stants  we  shall  rewrite  Eqs.  (2.10)  in  another  form: 

-  Ill  - 
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*  £  (°x  '  V  ~  £/  0 J  ‘  Tys  —  fl7  xy:  - 

1  v'  1 

eV  ~£  ( °y  ,3x)  £/'  °:<  Txj  ~  "q/  ti:1 

„  „  v'  1  1 

'°x  '  ay)"\~'j.ya Txy  *•  Tj  (/• 

Here  E  is  Young's  modulus  for  directions  in  the  isotropy  plane;  E 1  is 
Young's  modulus  for  directions  perpendicular  to  this  plane;  v  is  the 
Poisson  coefficient  characterizing  the  contraction  in  the  isotropy  plane 
for  stretching  in  the  same  plane;  v'  is  the  Poisson  coefficient  charac¬ 
terizing  the  contraction  in  the  isotropy  plane  for  stretching  in  a  di¬ 
rection  perpendicular  to  it;  G  =  E/2  (1  +  v)  is  the  shear  modulus  for 
the  isotropy  plane;  G 1  is  the  shear  modulus  characterizing  the  distor¬ 
tion  of  che  angles  between  the  directions  in  the  isotropy  plane  and 

f 

M 

the  direction  perpendicular  to  it. 

The  crystals  of  the  hexagonal  system  (e.g.,  beryl)  are  transversely 
isotropic . 

4.  Full  symmetry  -  Isotropic  body.  In  an  isotropic  body  any  plane 
is  a  plane  of  elastic  symmetry  and  any  direction  a  principal  one.  The 
equations  of  the  generalized  Hooke's  law  for  an  isotropic  body  have  the 
form : 

txr~-~jr\ax  °:)1'  7j "Q  Tiy:' 

— *  7T  K  ~  ■  1  °-)1'  Txs  =  -g- 

*2  ~  ~£  (°J  V  (°X  I  '  °J/)I  ’  7j  M  ~~  ~Q  ^xy 

E  is  here  Young's  modulus,  v  the  Poisson  coefficient  and  G  =  £7/2  ( 1  +  v) 
the  shear  modulus.  The  number  of  different  elastic  constants  is  equal 
to  two. 

If  in  studying  the  strains  of  an  isotropic  body  we  pass  over  from 
the  x,  y,  z  coordinate  system  to  any  other  orthogonal  coordinate  system 
x',  y',  z'  the  form  of  Eqs.  (2.12)  will  not  change  and  the  elastic  con¬ 
stants  E  and  v  will  retain  their  numerical  values  also  in  the  new  system. 

/• 


-  15  - 


Conversely,  in  the  case  of  an  anisotropic  body,  new  elastic  constants 


a  I.  which  are  expressed  in  terms  of  the  old  ones  will  be  obtained  on 
passing  over  from  one  coordinate  system  to  another.  A  number  of  questions 
connected  with  the  conversion  of  elastic  constants  of  anisotropic 
plates  in  the  transition  to  new  axes  will  be  illustrated  in  the  follow¬ 
ing.  * 

§3.  CURVILINEAR  ANISOTROPY 

A  homogeneous  anisotropic  body  is,  as  was  shown  above,  character¬ 
ized  by  the  fact  that  parallel  directions  passing  through  different 
points  are  equivalent  in  it.  Besides  this  kind  of  anisotropy  which  may 
also  be  called  rectilinear  there  is  another  form  of  anisotropy,  the 
curvilinear  one.  The  latter  is  characterized  by  the  fact  that  directions 
subject  to  some  other  regularities  rather  than  parallel  ones  are  equiva¬ 
lent  in  a  body  with  such  a  curvilinear  anisotropy.  If  a  curvilinear 
coordinate  system  is  chosen  such  that  at  different  points  of  the  body 
the  coordinate  directions  coincide  with  the  equivalent  directions  then 
infinitely  small  elements  of  the  body  which  are  bounded  by  three  pairs 
of  coordinate  surfaces  will  have  identical  elastic  properties.  Converse¬ 
ly,  the  elastic  properties  of  elements  having  the  form  of  identical 
rectangular  parallelepipeds  with  mutually  parallel  faces  will  no  longer 
be  identical.  The  number  of  curvilinear  anisotropy  which  in  the  follow¬ 
ing  will  be  called  cylindrical  anisotropy *  occurs  most  frequently  and 
is  most  interesting  for  practical  purposes. 

The  cylindrical  anisotropy  is  characterized  by  the  following.  The 
straight  line  g,  the  axis  of  anisotropy  (itmay  pass  both  inside  or  out¬ 
side  the  body),  is  rigidly  connected  with  the  body  having  cylindrical 
anisotropy.  All  directions  intersecting  the  axis  of  anisotropy  under  a 
right  angle  are  equivalent  among  each  other;  all  directions  parallel 
to  the  axis  of  anisotropy  and  all  directions  orthogonal  to  the  first 

Mh. 
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two  directions  are,  respectively,  equivalent  to  each  other.  All  infin¬ 


itely  small  elements  A ^ ,  A .  ..,  singled  out  of  the  body  by  three 
pairs  of  surfaces:  a)  two  planes  passing  through  the  axis  of  anisotropy, 
b)  two  parallel  planes  normal  to  g ,  and  c)  two  coaxial  cylindrical  sur¬ 
faces  with  an  axis  coinciding  with  g  (Fig.  3)  have  identical  elastic 
properties.  When  studying  problems  of  equilibrium  and  motion  of  such 
bodies  it  is  most  convenient  to  use  a  cylindrical  coordinate  system  r, 

0,  3,  passing  the  3  axis  parallel  to  the  axis  of  anisotropy  g ,  and  the 
polar  axis  x  from  which  the  angles  0  are  counted  in  an  arbitrary  manner. 

The  equations  of  the  generalized  Hooke's 
law  for  a  body  with  a  cylindrical  anisotropy 
of  general  form,  without  any  elements  of  elas¬ 
tic  symmetry,  will  have  the  following  form  in 
the  above  indicated  cylindrical  coordinate  sys¬ 
tem: 


er  -  •  flltOr •  |-  fl  I3<3.  *|"  -f  <7lutr;  fl16Tr5'  ) 

Zj  "t" . 
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(3.1) 


Fig.  3 

The  coefficients  a.,  are  the  elastic  constants: 

iQ 

the  number  of  different  elastic  constants  is  equal  to  21  in  the  general 

case.  We  note  that  the  equations  of  the  generalized  Hooke's  law  may  also 

be  written  for  an  arbitrary  Cartesian  coordinate  system;  they  will  have 

the  form  (2.1),  but  the  coefficients  a.,  will  no  longer  be  constant, 

i  g 

but  vary  when  passing  from  one  point  of  the  body  to  another.  If,  how¬ 
ever,  for  a  homogeneous  body  or,  in  other  words,  for  a  body  with  rec¬ 
tilinear  anisotropy  the  equations  of  the  generalized  Hooke's  lav;  are 
written  in  an  arbitrary  cylindrical  coordinate  system  r,  0,  s,they 
will  have  the  form  (3.1)  in  the  general  case,  only  the  a.,  in  them  will 
he  functions  of  the  angle  0. 
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In  a  body  with  cylindrical  anisotropy  there  may  also  exist  differ¬ 
ent  elements  of  elastic  symmetry.  If  at  each  point  of  the  body  there  is 


a  plane  of  elastic  symmetry  normal  to  the  axis  of  anisotropy  g  Eqs . 

(3.1)  simplify  and  assume  a  form  analogous  to  (2.5)  since 

fl14  ~  fl16  ==  a2t  ~~  fl2o  ~  fl34  ™  fl3&  “  at6  ~  a06  ~~  (3*2; 

If  at  each  point  there  are  three  planes  of  elastic  symmetry  one  of 
which  is  normal  to  the  axis  of  anisotropy,  the  other  one  passes  through 
the  axis,  and  the  third  one  is  orthogonal  to  the  first  two  axes  then 
Eqs.  (3.1)  assume  the  same  form  as  Eqs.  (2.10)  because  a =  a ^  = 

=  =  ajjg  =  0.  In  this  case  the  body  may  be  called  an  orthotropic  body 

with  cylindrical  anisotropy.  As  in  the  case  of  a  homogeneous  orthotropic 
body  it  is  also  here  convenient  to  introduce  "technical  constants,"  and 
then  the  equations  of  the  generalized  Hooke ''s  law  will  be  written  in  the 
following  form  for  an  orthotropic  body  with  cylindrical  anisotropy: 
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Here  E Q,  E z  are  Young's  moduli  for  stretching  (compression) 

along  the  r,  0,  z  directions,  the  radial,  the  tangential  and  the  axial 
directions  (which,  at  the  same  time,  are  also  the  principal  directions 
of  elasticity);  v^g  is  the  Poisson  coefficient  characterizing  the  con¬ 
traction  in  the  0  direction  when  a  stretching  in  the  v  direction  is  ap¬ 
plied;  etc;  Gq2,  gvz*  Gr0  are  the  shear  moduli  characterizing  the  var¬ 
iations  of  the  angles  between  the  0  and  z3  r,  and  z  and  the  v  and  0 
directions . 

As  an  example  of  a  body  with  cylindrical  anisotropy  we  may  use  a 
wooden  block  with  regular  cylindrical  annual  rings.  If  the  inhomogeneity 
is  neglected  itmay  be  considered  to  be  an  orthotropic  body  with  cylin- 
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drical  anisotropy.*  The  pith  line  plays  the  role  of  the  axis  of  aniso¬ 
tropy  g  (Fig.  4) . 

Cylindrical  anisotropy  may  appear  in  metallic  details  as  a  result 
of  some  technological  processes,  e.g.,  in  drawing  wires,  in  the  produc¬ 
tion  of  pipes ,  etc . 

A  body  with  cylindrical  anisotropy  may  be  formed  artificially,  by 
constructing  it  from  homogeneous  (rectilinear-anisotropic)  elements 
with  identical  elastic  properties.  Let  us,  e.g.,  imagine  a  great  number 
of  homogeneous  anisotropic  elements  (’’bricks"),  homogeneous  in  their 
elastic  properties,  in  which  two  opposite  faces  form  a  small  angle.  If 


a  value  is  constructed  from  these  elements,  as  shown  in  Fig.  5,  it  will, 
as  a  whole,  have  the  properties  of  a  body  with  cylindrical  anisotropy. 
The  axial  directions  of  the  elements  in  the  vault  equivalent  to  each 
other  will  be  the  radial  directions. 

We  shall  once  again  return  to  this  form  of  anisotropy  in  Chapters 
2,  3,  8,  and  9.  We  shall  not  consider  othercases  of  curvilinear  aniso¬ 
tropy  . 

§4.  BASIC  EQUATIONS  AND  BASIC  PROBLEMS  OF  THE  THEORY  OF  ELASTICITY 

The  stressed  state  of  an  elastic  body  may  be  considered  given  if 
the  stress  components  acting  on  three  planes  normal  to  the  coordinate 
directions  at  an  arbitrary  point  of  the  body  (and  at  an  arbitrary  in- 
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stant  of  time  if  the  motion  of  the  body  is  considered  )  are  known.  The 
strained  state  is  determined  by  the  components  of  strain  which  depend 
on  the  three  projections  of  the  displacement  on  the  coordinate  direc¬ 
tions.  Consequently,  in  order  to  have  full  information  on  the  stress- 
strain  state  of  a  given  elastic  body  which  is  acted  upon  by  external 
loads  nine  functions  must  be  determined:  the  six  components  of  the 
stress  and  the  three  projections  of  displacement.  If  we  use  a  Cartesian 

coordinate  system  a  .  o  ,  a.  x  ,  t  ,  t  ,  u,  y,  w  are  these  unknown 

x  y  3  J/3  ~3  xy 

functions  of  the  a;,  y,  z  coordinates  (and,  in  the  general  case,  also 
of  time  t);  we  must  have  nine  independent  equations  to  determine  them. 

Let  us  concentrate  our  attention,  for  the  sake  of  definiteness, 
on  the  case  of  the  equilibrium  of  a  homogeneous  anisotropic  body.  Add¬ 
ing  Eqs .  (2.1)  expressing  the  generalized  Hooke's  law  to  the  equations 
of  equilibrium  of  a  continuous  medium  (1.3)  we  obtain  a  system  of  nine 
equations  called  the  fundamental  one : 

dx  ^  dy  ^  dt 

+  +  (4.1) 

cy~ai20x~\~aM°l/~\7 . fl20TXI /> 


T XU  —  fl2C°y  + 


The  connection  between  the  strain  components  and  the  displacements  of 
projection  is  given  by  Formulas  (1.6)  in  the  case  of  small  strains.  If 
the  body  has  elastic  symmetry,  then,  obviously,  instead  of  the  general 
equations  (2.1)  those  corresponding  to  the  given  form  of  elastic  sym¬ 
metry  must  be  taken  [e.g.,  Eqs.  (2.7)  or  (2.8)  for  an  orthotropic  body]. 
The  nine  unknown  functions  determining  the  stress-strain  state  of  the 
body  must  be  found  by  integrating  the  fundamental  system  (4.1)  (or  a 
system  equivalent  to  the  fundamental  one),  taking  account  of  the  sur¬ 
face  conditions  (boundary  conditions).  According  to  what  is  given  just 


20 


on  the  surface  we  distinguish  between  the  first  fundamental,  the  second 
fundamental,  and  the  mixed  problem  [which  is  sometimes  called  the  third 
fundamental  problem  of  the  statics  of  the  elastic  body*]. 

The  first  fundamental  problem.  External  forces  are  given  on  the 

surface;  also  the  volume  forces  are  given.  Designating  by  X  , 

the  projections  of  the  external  forces  referred  to  unit  area,  and  by 

n  the  direction  of  the  normal  to  the  body  surface  the  conditions  on 

the  surface  may  be  written  in  the  form 

c* COS (u,  a:)  !- -^cosOi,  J»)-|  T^cosCrt,  z)  ■  -  XH, 
tJUcos(/i,  ,v)-|-  3yCOS(/I,  y)  \-'u:COS(ll,  z)r-:  K„,  ■  (4.2) 

v:COs(//,  x)  cos (/i,  _y)-|- OjCOs(/i,  z)  -  --Zn. 

Instead  of  the  projections  of  the  external  forces  on  the  coordinate 
axes  the  projections  of  the  forces  on  the  normal  n  and  on  two  directions 
perpendicular  to  n,  or,  in  other  words,  the  normal  and  tangential  stres¬ 
ses  may  be  given. 

The  second  fundamental  problem.  The  displacements  are  given  on  the 
surface;  besides,  the  volume  forces  are  given.  In  this  case  the  boundary 
conditions  have  the  form 

U  U*,  V  ---  V*,  V)  -  -  If'*,  (  2  ) 

where  u* ,  v* ,  w*  are  the  given  displacement  components  in  the  directions 
of  the  x ,  y,  z  axes. 

The  mixed  problem.  On  a  part  of  the  surface  the  external  forces 
are  given,  and  on  another  part  the  displacements.  To  the  mixed  problem, 
however ,  also  pertain,  e.g.,  such  problems  where  the  tangential  forces 
and  displacements  along  the  normal  or  the  normal  forces  and  the  dis¬ 
placements  in  a  tangent  plane  are  given  on  the  surface,  etc. 

The  uniqueness  of  the  solution  of  the  equilibrium  equations  of  the 
elastic  body  for  small  strains  (if  the  strain  components  are  linear 
functions  of  the  derivatives  of  the  displacements)  is  established  by 


tv  SWifrect., 


the  Kirchhoff  theorem.* 


Somewhat  different  are  the  problems  of  the  stability  of  elastic 
bodies  having  the  shape  of  rods,  plates  or  shells.  The  main  part  of 
the  problem  boils  down  to  the  determination  of  the  critical  loads  for 
which  the  form  of  equilibrium  corresponding  to  small  strains  and  loads 
(the  principal  form)  stops  being  the  sole  and  a  stable  form  of  equili¬ 
brium  . 

The  fundamental  system  of  the  equations  of  motion  of  the  elastic 
body  has  the  same  form  as  System  (4.1),  but  the  equations  of  equilibrium 
of  the  continuous  medium  must  be  replaced  by  the  equations  of  motion. 

In  other  words  ,  on  the  right-hand  sides  of  the  first  three  equations 
there  will  be  found  inertia  terms  rather  than  zeroes: 


1  S 


<fiu  d2v  fan 

pw*  ^pSF’  pwv  «  P  '  pw-'  =■-'  P  ~dp  • 

In  those  cases  where  it  is  not  possible  to  obtain  an  exact  solu¬ 
tion  of  the  problem  of  the  theory  of  elasticity  (owing  to  the  difficul¬ 
ties  due  to  the  determination  of  functions  satisfying  the  differential 
equations  and  the  boundary  conditions)  approximate  methods  may  be  used, 
and  an  approximate  solution  of  the  problem  may  be  constructed  with  their 
help.  Among  these  methods  the  variational  methods  which  are  set  forth 
in  detail  in  the  book  by  L.S.  Leybenzon  play  an  important  part.  In  the 
following  we  shall  use  a  number  of  approximate  methods,  among  them  one 
variational  method  whose  basis  is  the  principle  of  virtual  displacements 
and  the  theorem  on  the  minimum  of  a  certain  integral  following  from  it. 

Those  displacements  in  an  elastic  body  are  understood  to  be  virtual 
ones  with  which  it  remains  continuous,  but  the  boundary  conditions  are 
satisfied  on  parts  of  the  surface  which  are  strained  in  a  given  way  or 
fixed,  i.e.,  on  those  where  the  displacements  are  given.  In  other  words, 
displacements  permitted  by  the  geometrical  connections  superimposed  on 


-  22  - 


the  elastic  body  are  meant. 

Let  the  body  be  at  equilibrium  under  the  action  of  the  external 
load.  We  shall  set  up  the  expression  for  3  equal  to  the  potential  energy 
of  strain  of  the  ehole  body  (expressed  in  terms  of  the  displacement) 
minus  the  work  of  the  external  forces,  surface  and  volume  ones: 

—  f  f  J  (Xu  - j-  Yv  4-  Zw)  du 

(the  triple  integrals  will  be  taken  over  the  whole  volume  of  the  body, 
and  the  double  one  over  that  part  of  the  surface  where  the  forces  are 
given)  .  Let  us  consider  the  expression  for  3  in  which  w,  v3  w  are  un¬ 
derstood  to  be  the  virtual  displacements  (among  the  virtual  displace¬ 
ments,  however,  there  are  also  real  ones  which  the  body  experiences 
when  it  passes  over  from  the  initial  state  into  the  state  of  elasti. 
equilibrium  under  the  action  of  external  forces). 

On  the  basis  of  the  principle  of  virtual  displacements  the  follow¬ 
ing  theorem  may  be  formulated:  real  displacements  differ  from  all  vir¬ 
tual  ones  by  the  fact  that  they  minimize  the  expression  for  3.* 

The  simplest  version  of  an  approximate  solution  based  on  the  use 


of  the  above-mentioned  theorem  will  be  roughly  outlined  as  follows. 
Expressions  for  the  displacements  are  sought  in  the  form  of  sums  with 
undetermined  coefficients  by  choosing  the  sum  terms  such  that  the  dis¬ 
placements  satisfy  the  continuity  conditions  (on  those  parts  of  the 
surface  where  they  are  given).  The  unknown  coefficients  are  determined 
by  requiring  that  the  expression  for  3  be  a  minimum.  Ultimately,  the 
problem  boils  down  to  determining  the  minimum  of  an  algebraic  integral 
function  of  second  degree  with  respect  to  the  coefficients.  In  the  same 
way,  an  approxjmate  solution  for  th^  elastic  body  (of  finite  dimensions) 
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carrying  out  simple  harmonic  vibrations  with  a  frequency  p  may  be  ob¬ 
tained,  but  3  has  to  be  replaced  by  the  expression# 

3'  =-=  3  --T  -  3  ■  ■  p~-  f  f  f  p  ( u"-  |  I.*  j  •  a.®)  dw  (4.5) 

in  this  case  ( T  is  the  kinetic  energy  of  the  body). 
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Chapter  2 

THE  PLANE  PROBLEM  OP  THE  THEORY 
OF  ELASTICITY  OP  AN  ANISOTROPIC  BODY 

§5.  THE  GENERALIZED  PLANE  STRESSED  STATE  OF  A  HOMOGENEOUS  PLATE 

Let  us  consider  an  elastic  homogeneous  anisotropic  plane  plate  of 
constant  thickness  which  is  at  equilibrium  under  the  action  of  forces 
distributed  at  its  boundary,  and  of  volume  forces.  We  shall  assume 
that:  1)  at  each  point  of  the  plate  there  is  a  plane  of  elastic  symme¬ 
try  parallel  to  the  mid  plane;  2)  the  forces  applied  to  the  boundary 
and  the  volume  forces  act  in  planes  parallel  to  the  mid  plane,  are  dis¬ 
tributed  symmetrically  with  respect  to  it  and  vary  to  a  low  extent  with 
the  thickness;  3)  the  plate  strains  are  small.  The  stressed  state  of 
the  plate  working  under  the  conditions  mentioned  is  called  generalized, 
plane  stressed  state.  The  mid  plane  is  not  distorted  under  the  strains 
and  remains  plane. 


Fig.  6. 


Let  us  choose  the  mid  plane  to  be  the  xy 
coordinate  plane,  put  the  origin  at  an  arbi¬ 
trary  point  0,  and  place  the  x  and  y  axes  ar¬ 
bitrarily  (Fig.  6).  We  shall  introduce  the 
designations:  h  is  the  plate  thickness,  Y 

are  the  projections  of  the  forces  distributed 


along  the  boundary,  per  unit  area;  X,  Y  are  the  projections  of  the  vol¬ 


ume  forces  per  unit  volume  (Z  =  Z  =  0  according  to  the  assumption); 
all3  a12i  "  a66  are  elastic  constants  of  the  material  in  the  Xj 

y ,  z.  coordinate  system. 
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In  studying  the  generalized  plane  stressed  state  the  values  of  the 
components  of  stress  and  the  displacement  projections  averaged  over  the 


thickness  are  considered:  a  a  T  n  7  ~  ui  u 

x3  y 3  Jxy3  0 z1  v>  which  quantities  are 


determined  as  integrals  of  the  corresponding  stresses  and  displacements 
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The  quantity  o,,  will  be  neglected  compared  to  a  ,  a  ,  and  7 

x  y  xy' 


For  the  mean  stresses  and  displacements  it  is  easy  to  obtain  five  equa¬ 
tions  according  to  the  number  of  unknown  functions  from  the  fundamental 
system  of  equations  of  equilibrium.  Multiplying  the  first  and  the  sec¬ 
ond  equation  of  the  system  0.1)  by  dz/h  „e  shall  integrate  both  sides 
over  z  from  -h/2  to  h/2;  the  same  is  done  with  the  first,  the 
second  and  the  sixth  equations,  expressing  the  generalized  Hooke's  law 
[which  in  our  case  must  be  taken  in  the  form  (2. 5)].  We  shall  then  ob¬ 
tain  equations  which  are  satisfied  by  the  mean  values: 


do 


a  ,  — 


1F  + 

xxy 


dir„  dz„ 


dsT+ST  -H'-O; 


(5.2) 


ey  =  al2ax  +  a22°y  -}- 


Here 


1  *V  ~  °163^  +  °2<Py  -|-  «co ta-y 


(5.3) 
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are  the  mean  (taken  over  the  thickness)  values  of  the  volume  forces, 

and.  zy  and  Yxy  are  the  mean  (taken  over  the  thickness)  values  of 
the  strain  components  equal  to: 
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dx  ’  e»~  .dy 


•  lay  ' 


du  .  dv 
dy  '  dx 


(5.4) 


If  the  external  forces  X  ,  Y n  are  given  at  the  boundary  of  the 
plate  the  boundary  conditions  will  be  found  from  the  first  two  condi¬ 
tions  (4.2),  by  taking  the  mean  of  them),  i.e.,  multiplying  them  by 
dz/h  and  integrating  over  the  thickness).  Thus  we  obtain: 


Here 


oxcos(/i,  A-)-(  tJf/cos(H,  y)-=--Xn,  | 
txl/cos(/i,  .v)  |-0„cos(//,  y)  Yn.  ) 


(5-5) 
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f  XHdz,  y„^J.  J  ynl 


We  shall  assume  that  the  volume  forces  have  a  potential  U(x}  y)  in 
terms  of  which  they  are  expressed  according  to  the  formulas 

V  —  y _ i£.  (5  6) 

XT  dx  *  Y  ~  dy  ■  °  ' 

The  equilibrium  equations  will  be  satisfied  by  introducing  the  stress 


function  F(x ,  y)  and  putting: 

dPF  '.  77 


&F  ,  77  -  dl>F 

v~  dx*  ~T~U'  ^xv~  dx  dy  ' 


(5.7) 


Eliminating  the  displacements  u  and  v  from  Eq.  (5.4)  by  differentiation 


we  obtain  the  strain  compatibility  condition 


&tx  ■  cPc-y  d*- \xy 

dy 3  '  d.v3  dx  dy 


(5.8) 


Substituting  here  the  expressions  for  e  ,  e  ,  y  from  Eqs.  (5-3) 

y  %y 

and  expressing  the  stress  components  in  terms  of  F,  we  obtain  a  differ¬ 
ential  equation  which  is  satisfied  by  a  function  of  the  stresses 

d*F  n_  d'F  ,  N  d*F  n'_  d*F  ,  .  VF 

22  dxi  °2B  aM>  dx*dy*  dx  dy*~^  °n  dy*  ~  (5.9) 

,  1  .  d*U  ■  .  ,  .  d*U  ,  ,  .  &U  /c  m 

- .  (CI2  +  ^22)  "3T^2 — to  r  ff2o)  dx’dy  — 'a‘l  “r  (5-9) 

If  there  are  no  volume  forces  we  have  instead  of  (5.9)  the  homogeneous 

equation 


i*  ffai  I 
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°22'dx<  2a^d.Ody  -i-(2fli2  +  "6o)-^Tg7  ~ 


-  On  d>F  I  n  dlF  A 

2rtl6sr^3  +  fl“-3jr  =  0. 


(5.10) 


In  particular,  for  an  orthotropic  plate  we  obtain  the  following  equa¬ 
tion  if  we  identify  the  directions  of  the  x  and  y  axes  with  the  princi¬ 
pal  directions  of  elasticity* 

J_  d'JL  it 1  _  2'.\  *L_  .  1  .  d'L~o  fr  m 

£a  dxi  r\~G  dx*dy*  1  /:,  .  dy‘  ’  O.J--W 


are  hei°e  Young's  moduli  for  stretching  (compression)  along  the 
principal  directions  x  and  y;  G  =  G ^  is  the  shear  modulus  characteriz¬ 
ing  the  variation  of  the  angles  between  the  principal  directions  x,  y; 

=  v12  as  the  Poisson  coefficient  characterizing  the  contraction  in 
the  y  direction  for  a  stretching  in  the  x  direction  [see  Eqs.  (2.8)]. 

In  order  to  study  the  stresses  and  strains  in  an  orthotropic  plate  in 
which  a  generalized  plane  stressed  state  is  realized  it  is  sufficient 
to  know  only  four  of  the  nine  elastic  constants:  E Eg,  G ,  v^.  In  the 
following  the  x  and  y  axes  whose  directions  coincide  with  the  principal 
directions  of  elasticity  of  the  orthotropic  plate  will  be  called  prin¬ 
cipal  axes. 

With  an  isotropic  plate  E^  =  Eg  =  E,  G  =  E/ 2(1  +  v)  and  Eq.  (5.11) 


goes  ever  into  a  biharmonic  one** 


(5.12) 


where 


y2^  <?3  | 

dx 3  dy3 

In  detail,  this  equation  reads  as  follows: 

gf,  o  *lF  I  ^  -  0. 
dxi  ‘  dx*  d>'3  '  dyi 


(5.13) 


As  far  as  the  boundary  conditions  are  concerned  (which  go  over 
into  the  conditions  along  the  outline  of  the  plane  figure  S  lying  on 
the  xy  plane)  they  may  be  reduced,  for  given  external  forces,  to  giving 
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the  first  derivatives  of  the  functions  of  the  stresses.  Let  the  plate 
region  S  be  limited  by  an  outer  contour  and  one  or  several  inner  con¬ 
tours  (for  the  sake  of  generality  we  shall  assume  that  the  plate  has 
one  or  several  openings,  or,  in  other  words,  S  is  a  multiply  connected 
region).  The  contour  equations  may  always  be  given  in  parametric  form 
where  the  arc  length  s  as  counted  from  an  initial  point  (O'  on  the  out¬ 
er  contour,  0"  on  the  inner  one)  is  chosen  to  be  the  parameter: 


X  —  x(s),  y  —  y(s)- 


(5.14) 


We  shall  agree  to  call  the  counterclockwise  direction  of  passing  along 
the  curve  positive  [both  for  the  outer  and  inner  one  —  see  Fig.  7*]. 
Then  we  obtain: 

cos  («,  x)  =  -±  -j- ,  cos  (« .  y)  “  =p  . 

n  is  the  direction  of  the  outer  normals  to  the  contours,  the  outer  or 
the  inner  one;  for  the  outer  contour  the  upper,  and  for  the  inner  one 
the  lower  signs.  Substituting  these  expressions  in  the  conditions  (5-5) 
and  integrating  over  the  arc  s  from  the  contour  point  chosen  to  be  the 
initial  one  to  a  variable  point  we  obtain  the  boundary  conditions  for 
given  external  forces  X  .  Y  in  the  form: 


0 

ds+c>- 


(5.15) 


e e2  are  here  constants  which  can  be  fixed  arbitrarily  on  one  of  the 
contours.  After  the  stresses  have  been  found  we  can  find  the  displace¬ 
ments  by  integrating  Eqs.  (5-3). 

If  the  displacements  u*}  v*  are  given  at  the  plate  boundary  we  ob¬ 
tain  the  boundary  conditions  from  (4.3)  by  Integrating  them: 


u  —  u,  v  —  v. 


(5.16) 


In  the  following,  we  shall  omit  the  dashes  over  the  symbols  for 
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stresses  and  displacements  in  the  consider¬ 
ation  of  *"he  generalized  plane  stressed 
state,  in  order  to  simplify  the  denotation, 

and  understand  a  ,  o  .  t  ,  u.  v  to  be  the 

x3  y  xy 

values  of  the  stresses  and  displacements 
obtained  by  taking  the  mean  over  the  thick¬ 
ness. 

§6.  PLANE  DEFORMATION  IN  A  HOMOGENEOUS  BODY 

The  problem  of  plane  deformation  which  is  also  reduced  to  the 
plane  problem  (i.e.,  to  a  two-dimensional  problem)  has  much  in  common 
with  the  problem  of  the  elastic  equilibrium  of  a  plate  in  a  generalized 
plane  stressed  state.  Let  us  consider  a  homogeneous  anisotropic  body 
having  the  shape  of  a  long  cylinder  of  arbitrary  cross  section  which  is 
at  equilibrium  under  the  action  of  forces  distributed  along  the  side 
surface,  and  the  volume  forces  (Fig.  8).  We  assume  that:  1)  at  each 
point  of  the  body  there  is  a  plane  of  elastic  symmetry  which  is  normal 
to  the  generatrix;  2)  the  forces  act  in  planes  normal  to  the  genera¬ 
trix,  and  do  not  vary  along  the  generatrix;  3)  the  strains  are  small. 

It  is  obvious  that  cross  sections  far  from  the  ends  may  be  consid¬ 
ered  plane;  in  this  case  they  are  all  under  the  same  conditions. 

Putting 

u  -  u  (.v,  y),  v  ••  x'(.v,  y),  i:<  ■  -  0,  (6.1) 

we  obtain 

du  du  du  ,  du  \ 

e*  Tx  ’  E V  u  =  d/  *  dy  dx  '  } 

=  T„--  “  Tx:  —  0-  J 

The  fundamental  system  (4.1)  assumes  the  form: 


(6.2) 
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Tl/:  *=  TX2  =  0.  J 


(6.3) 


(6.-4) 


(6.5) 


$..  are  here  constants  which  may  be  called  reduced  strain  coefficients; 

J  5 


they  are  connected  with  a.,  by  the  following  formulas: 

2- J 

O  _  „  a>3aj3 

AW//  A'  ^  tJ  fl33 


(6.6) 


1  « 


(/.  j=  1.  2,  6). 


/'I 


Under  the  assumption  that  the  external  forces 


r 


have  a  potential,  l.e., 


v- _ Y  ■ 

A~  dx  ’  r- 


(6.7) 


Pig.  8. 


we  obtain  formulas  which  are  completely  analo¬ 
gous  to  those  obtained  in  the  preceding  sec¬ 
tion*  : 


av  -  av  ,  „  a*/> . 

JIa? 

0  ^  oQ  a^  ,  /o0  ,  o  ,  a</>  o0  a</>  ,  Q  _ 

Pnfai—  zPn dy  '  "ri2  '  dx* dy*  zpi°a.r  dy*  '  p“3y«  “ 

= (Pl2  +  Pi:)  +  (?I0  +  P:u)  —  (Pll  +  P«) -JjT  • 


(6.8) 


(6.9) 


The  boundary  conditions  reduce  to  the  conditions  at  the  counter  of 
the  cross  section  and  coincide  formally  with  conditions  (5.15)  or 
(5-16)  for  a  plate  in  a  generalized  plane  stressed  state. 

The  formulas  and  equations  given  here  do  not  take  account  of  the 
conditions  at  the  ends  of  the  cylinder;  strictly  speaking,  they  are  on¬ 
ly  correct  for  an  infinitely  long  cylinder.  In  the  case  of  free  ends 
their  influence  on  the  distribution  of  the  stresses  may  be  taken  into 
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account  approximately,  on  the  basis  of  the  Saint-Venant  principle  ac¬ 
cording  to  which  statistically  equivalent  loads  applied  to  the  cylinder 
ends  give  rise  to  identical  effects  in  all  of  its  parts  far  from  the 
ends.  Let  the  cylinder  cross  section  have  finite  dimensions.  We  shall 
put  the  origin  of  coordinates  into  the  center  of  gravity  and  place  the 
x  and  y  axes  along  the  principal  axes  of  inertia  of  the  cross  section. 

Determining  the  stresses  a  ,  o  ,  t  without  taking  account  of  the  con- 

x  y  xy 

ditions  at  the  ends  we  obtain  according  to  Formula  (6.5)  the  normal 
stress  in  the  cross  sections.  In  special  cases  it  may  turn  out  that  it 
is  equal  to  zero  and  then  the  conditions  at  the  free  ends  will  be  ful¬ 
filled.  In  the  general  case,  however,  the  stresses  o  in  each  cross 

z 

section  (and,  consequently,  also  at  the  ends)  are  reduced  to  a  force  P 

directed  along  the  geometrical  axis  (z) ,  and  to  the  moment  with  the 

components  and  M 2  relative  to  the  x  and  y  axes. 

In  order  to  remove  the  "superfluous"  forces  and  moments  at  the 

ends  we  impose  a  distribution  of  stresses  from  force  and  moments  equal 

to  the  values  of  P,  M ^  and  M^,  but  having  opposite  directions,  on  the 

stress  distribution  for  even  deformation.  In  other  words,  the  following 

correction  must  be  added  to  the  stress  o  as  calculated  from  Formula 

z 

(6.5): 


( S  is  the  area  of  the  cross  section,  I ^  and  are  the  moments  of  iner¬ 
tia  with  respect  to  the  principal  axes  of  inertia  x  and  y ) .  If,  howev¬ 
er,  the  cylinder  ends  are  rigidly  fixed  it  is  not  necessary  to  add  any 
correction.  With  the  help  of  the  Saint-Venant  principle  we  may  verify 
that  the  stress  distribution  in  all  parts  of  a  cylinder  of  finite 
length,  except  for  the  zones  in  the  neighborhood  of  the  ends,  will  be 
the  same  as  in  an  infinite  cylinder. 
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In  view  of'  the  nearly  full  agreement  of  the  fundamental  equations 
and  boundary  conditions  for  the  plane  at  stressed  state  and  for  the 
plane  deformation  (there  is  only  a  difference  in  the  coefficients)  both 
problems  are  solved  by  the  same  methods.  Having  obtained  a  solution  for 
the  plane  stressed  state  we  obtain  in  the  same  way  also  a  solution  for 
the  corresponding  case  of  plane  deformation. 

§7-  GENERAL  EXPRESSIONS  FOR  THE  STRESS  FUNCTION 

As  was  shown  in  the  preceding  sections  the  plane  problem  of  the 
theory  of  elasticity  boils  down  to  determining  a  stress  function  F(x , 
y)  satisfying  the  differential  equation  of  fourth  order  (5-9)  or  (6.9) 
and  the  boundary  conditions  on  the  contours  limiting  the  region,  in  the 
region  S  in  the  xy  plane. 

For  the  sake  of  definiteness,  we  shall  consider  the  case  of  the 
generalized  plane  stressed  state.  If  there  are  no  volume  forces  the 
function  F  satisfies  the  equation 


an  ~  2fl*o  dx *  dy  +  (2a‘2  +  dx‘  dy*"~  2fl>o  dTdJ>  +  fl> 1  d  fi  "  °'  (7.1) 

This  equation  may  be  interpreted  in  a  general  form,  by  previously  re¬ 
writing  it  symbolically  with  the  help  of  four  linear  differential  oper¬ 


ators  of  first  order  in  the  following  manner: 

DlD2D3DiF  —  0. 

The  symbol  D ^  (k  =  1,  2,  3>  *0  designates  the  operation 


(7-2) 


Dl.  — 


dy  dx  ’ 


where  p ^  are  the  roots  of  the  characteristic  equation 

— 2a,l0|A3-J-  (2ou  +  owl)|i2  —  2a2#+  a22  =  0. 


(7-3) 


(7.M 


In  the  case  of  an  orthotropic  plate  Eq.  (7.*0  referred  to  the  principal 
directions  of  elasticity  assumes  the  form: 


(7.5) 


The  author  has  proved  that  for  any  ideal  elastic  body  for  which 
the  constants  a^,  2 0.^2  are  finite  and  not  equal  to  zero  the 
characteristic  equation  (7**0  (and  the  corresponding  equation  for  the 
plane  deformation)  may  have  either  complex  or  purely  imaginary  roots , 
and  cannot  have  real  roots.*  Only  limiting  cases  lead  to  an  elimina¬ 
tion  : 

1 )  o22  — 

2)  fl22  ■- *4"  °G0  “  °16  ~  Oj 

^)  flll  ~ "  aIO  “  12  H"  ~ 

In  the  first  case  two  vanishing  roots  are  obtained,  in  the  second  case 
all  four  roots  are  equal  to  zero,  while  in  the  rest  of  the  cases  two 
or  all  four  roots  are  infinite.  In  the  following,  if  no  special  reser¬ 
vation  is  made,  we  shall  exclude  the  limiting  cases  from  consideration 
and  always  regard  the  roots  y^  as  either  complex  or  purely  imaginary 
numbers;  for  these  roots  we  shall  use  the  denotations  |i,.  |i2,  ji, 

Two  principal  cases  are  possible  according  to  the  relationship  be¬ 
tween  the  elastic  constants: 

1)  the  roots  of  Eq.  (7.i|)  are  all  different: 

lh  ~  7  i  ‘  *  —  ?/,  |i2saT.-.8/  (7.6) 

(a,  3,  y>  are  real  numbers,  3  >  0,  6  >  0); 

2)  the  roots  of  Eq .  (7.*0  are  equal  in  pairs: 

Pi  —  1*2— —  (?>°)-  (7.7) 

For  an  isotropic  plate 


I Ih=^2  =  — a  0,  p  ==  1,  (7.8) 


The  numbers  y^  and  will  be  called  the  complex  parameters  of  the 
first  kind  of  the  plane  stressed  state  (or,  correspondingly,  of  plane 


deformation)  or  simply  the  complex  parameters .  The  complex  parameters 
may  be  regarded  as  numbers  which  to  a  certain  degree  characterize  the 
anisotropy  in  the  case  of  the  plane  problem;  their  value  can  be  used  to 
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tK. 


i  jiifi  frnrrifoWtt 


?tf5sdarw»i*. 


indicate  inhowfar  the  body  deviates  from  an  isotropic  one  for  which  al¬ 
ways  jx,  =  1*2  =  /.  In,  I  — |pS|=  1- 

If  the  material  is  orthotropic  and  the  directions  of  the  x  and  y 
axes  coincide  with  the  principal  directions  of  elasticity  then  a ^  = 

=  a2h  ~  ®  anc^  following  three  cases  of  complex  parameters  are  pos¬ 

sible  (the  limiting  cases  are  excluded). 

Case  1:  |i,  =  ^/,  ji2  =  s/  (the  complex  parameters  are  purely  imaginary 

and  unequal) . 

Case  2:  ==  {ji2  =  p/  (the  complex  parameters  are  equal). 

Case  3:  Pi  =  «  +  pf>  {i2  =  — a-f?*- 

Having  rewritten  Eq .  (7-1)  in  the  form  (7*2)  we  may  reduce  its  in¬ 
tegration  to  the  integration  of  four  first-order  partial  differential 
equations . 


In  fact,  if  we  put 


— gj,  DiDiF —  g2,  DiD.iDiF —  g,, 


we  obtain  the  equation 


On  integration  we  find 


n  e  ~?£±  —  n 
lSt  Qy  P'1 


ft  =/i(*-H*i.y)» 


(7.9) 


(7.10) 


(7.11) 


where  is  an  arbitrary  function  of  the  variable  x  +  y^y.  Furthermore, 
from  (7-9)  obtain  the  equations: 


JOil  —  U  Pil^o 
dy  Ox  °1’ 

dy  I1'  Ox  ~~gi' 

OF  -  OF 

ll  V  P^  /)  r  F'i’ 


(7.12) 


Integrating  these  inhomogeneous  equations  one  after  another  we  ob¬ 
tain  the  following  expressions  for  F : 

1)  in  the  case  of  different  complex  parameters 

F  Fi  (x  -f-  y  ,y)  -|-  F2  (x  -|-  ;i,y)  - 1  -  Fa  (x  |  -  uuv) -\-Ft  (x  -|  -  w.j’);  (7 .13) 
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2)  in  the  case  of  complex  parameters  equal  in  pairs 

r-  ^,(v -j- :*,;•)  I  (.v  i  ui3.)/%(.v_!  iij-)  | 

I  r3(*  \  imO-I  (*  I  !‘iV)/\(A--|-a,.y)  ^  ■ 1  ^ 

( F i ,  F are  arbitrary  functions  of  the  variables  x  +  p^y  or 

*  +  vky  )  . 

The  variables  x  +  p-^y  are  complex,  but  not  of  the  usual  type  x  + 
+  iy ,  but  more  complicated  or  general.  Introducing  the  designations 
Z\  —  I'l.V.  Z2-.--X-\-\  >ty,  7,  r=  AT-f  Ji,y.  z2^--x\-Z2y  (7.15) 

for  them  and  bearing  in  mind  that  the  stress  function  must  be  a  real 
function  of  the  variables  x  and  y  we  shall  rewrite  Eqs.  (7*13)  and 
(7*1^)  in  another  form: 

1)  in  the  case  of  different  complex  parameters 

F  —  2  Re  |F,  (2,)  -| -  F2  (*j)];  (  7  - 16 ) 

2)  in  the  case  of  complex  parameters  equal  in  pairs 

F  =  2Re[Fl(7,)-|  IfM)  (7.17) 

(Re  denotes  the  real  part  of  any  complex  expression.) 

In  particular,  for  an  isotropic  body  z  ^  =  x  +  iy  =  z}  ~z  1  =  ~z; 
changing  the  designations  of  the  arbitrary  functions  we  obtain  the 
well-known  expression*: 

F -Re  [7*  (7)-|- •/.(;)].  (7.18) 

Sometimes  it  is  more  convenient  to  introduce  new  variables 


2\  “  Zi~  Z 


where 


(7.19) 


(7.20) 


i _ 1  Ti  ^ _ 1  |- 1 pj 

A,"i  -¥r*  2 

These  variables  differ  from  z ^  and  z^  only  by  constant  factors. 

The  numbers  A^  and  A ^  which  depend  only  on  the  elastic  constants,  all 
things  considered,  will  be  called  complex  parameters  of  the  second  kind 
in  contrast  to  p^  and  p^ •  For  an  isotropic  body  A^  =  A^  =  0;  for  an  an¬ 
isotropic  body  they  are,  in  general,  complex  numbers  whose  absolute 
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values  do  not  exceed  unity.  Designating  arbitrary  functions  of  the  var¬ 
iables  z^  and  z'2  by  0^  and  0 ^  we  shall  rewrite  the  general  expression 
of  the  stress  function  in  the  case  of  unequal  complex  parameters  in  the 
form 

r  -2Re[a,(4)  1  a, (4)].  (7.21) 

If  volume  forces  with  a  potential  U  act  on  the  body  the  stress 
function  satisfies,  generally  speaking,  the  inhomogeneous  equation 
(5*9)  or  (6.9)-  The  general  expression  for  this  function  will  be  writ¬ 
ten  as  the  sum  of  expression  (7-16)  [or,  respectively,  ( 7  - 17 ) >  (7-18), 
(7-21)],  and  a  special  solution  of  the  inhomogeneous  equation;  usually, 
it  is  not  very  difficult  to  find  this  special  solution.  Also  these  cas¬ 
es  were  in  spite  of  the  existence  of  volume  forces  the  function  F  sat¬ 
isfies  the  homogeneous  equation  (7-1)  are  possible.  As  an  example  the 
problem  of  the  distribution  of  the  proper  weight  stresses  in  a  homoge¬ 
neous  body  may  be  used;  in  this  case  the  volume  forces  have  a  potential 
which  depends  linearly  on  the  coordinates,  hence  all  its  second  deriva¬ 
tives  vanish. 

§8.  THE  CONNECTION  OF  THE  PLANE  PROBLEM  WITH  THE  THEORY  OF  FUNCTIONS 
OF  A  COMPLEX  VARIABLE 

As  shown  by  Formula  (7-16)  the  stress  function  in  the  case  of  un¬ 
equal  complex  parameters  is  expressed  in  terms  of  two  arbitrary  analyt¬ 
ic  functions  of  complex  variables  zx  —  x  +  y,.y,  z2  ---  a- ja2  v  or  z\  —  z ).,z,  4  = 

=  z-j-).2z  (complicated  or  generalized).  In  the  case  of  equal  parameters 
we  obtain  one  complex  variable  z^  or  z|. 

If  we  know  the  expression  for  the  function  F  it  is  easy  to  find 
the  expression  for  the  stress  components  and  then  to  obtain  also  the 
formulas  for  the  displacements  by  integrating  Eqs.  (5-3)  or  ( 5 •  *0  • 

Let  us  focus  our' attention  on  tne  case  where  the  complex  parame- 
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ters  are  different,  but  there  are  no  volume  forces.  Introducing  the 
designations 

♦. w - -£ •  ♦:<*•>-£'  < to -g,  (8.D 

we  obtain  the  following  formulas  with  the  help  of  expression  (7.16): 


°x  2  Rc  (z,)  |-  |l5l*2  (Z2)| .  | 

°u  2  Rc  [  T((z,)  1-  4>2(z2)],  \ 

(8.2)  j 

vi) 2  Rc  Iim'I'J  (*’i)  I  |i2'l’J  (*2)l;  j 

1 

u  :  2  Rc  l/vl’,  (z,)  |  /Vl’2(z2))--<oy  !-//0.  | 

! 

< 

V  ’  2  Rc  1 7 , ‘I* |  (Z|)  |  -  <72‘T’2  (Zj)]  -  -j  -  c)A  J 

(8.3) 

Here  we  have  introduced  the  denotations 


~~  ni,!li  1 

M.2 

Pi  - 

nn'A 

1  fl,2 

•  -Vh 

~  "ij!1!  - 

I  ^**2 

1  Igl 

Hi  -11 

<h  -- 

<112l12  ’ 

fl20: 

,  V  (8.4) 

a.2ll. -\  •  -  flJ8.  n,2'i2  t-  —  o20:  J 

u),  are  arbitrary  constants  due  to  the  integration  which  charac¬ 

terize  the  "rigid"  displacement  of  the  plate,  i.e.,  the  displacement  in 
the  xy  plane  without  deformation  (w  characterizes  the  revolution,  and 
u0j  vq  the  translatory  displacement).* 

The  normal  and  tangential  stress  components  on  a  plane  with  arbi¬ 
trarily  directed  normal  n  will  be  found  from  the  formulas: 


3„  —  axcos2(n,  a)-{- otfcos3(/i,  y)-[-2-xy  cos(«,  a:)  cos  (n,  y), 
'»“(V°*)C0S(">  x)cos('1'  yll-'j-t/  lc°s2(«,  A')  — cos2  (n,  y)). 


(8.5) 


Substituting  here  the  expressions  for  a  .  a  ,  r  we  obtain: 

xJ  y J  xy 


o„r^  2Re  {lcos(/j,  y) -|i,cos(n.  a))  «1>,  (z,)  -f 
-)  [cos(n,  y)  ii2cos(/i.  a)Jz<I'2  (z2))t 
"b=  2Rc  {(cos (/!.  y)  -|i,cos(/j,  a)|  X  (8.6) 

X|COS(«.  A)1  4- H,  COS  (fl,  >’)1  T'  (Z,)-f 
-f  (cos(«,*y)  —  ii2cos(n,  a)]  X 
X|cos(/i.  a)  |  |i2cos(/(,  y)|  T2  (z2)J. 

For  the  given  external  forces  X  ,  Y  the  boundary  conditions  assume  the 

n  n 

form  [see  Formulas  (5-15)]: 


.  # 
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If,  however,  the  displacements  are  given  we  obtain  the  following  bound¬ 
ary  conditions: 

2Rc|p,«I'1(z1)  |-/Vl*2(r*)|  —  j 

2  Re  (7,  <!»,  (z,)  |-  (z2)|  =  v'  —  mx  —  v0.  f  (8.8) 


The  equations  given  indicate  the  connection  of  the  stress  and  dis¬ 
placement  components  with  the  functions  of  the  complex  variables.  In¬ 
troducing  the  designations 

*1  ^x\-ay,  jp,  (8.9a) 

.v,  tr-s  jc -|-  tv,  v, -~5v. 

(8.9b) 

then  the  functions  and  4>2  may  be  considered  to  be  functions  of  com¬ 
plex  variables  of  the  ordinary  type 

z,  z2  —  x2  -}-/y2. 

But  if  this  point  of  view  is  adopted  then  the  functions  4^  and  4>2  must 
not  be  determined  in  the  same  region  S  which  is  occupied  by  the  plate 
in  reality,  but,  respectively,  in  some  regions  5^  and  S 2  obtained  from 
S  by  affine  transformation  given  by  Formulas  (8.9a)  and  (8.9b).  Figure 
9  8llustrates  how  regions  and  S 2  are  obtained  from  S. 


Fig.  9- 


Thus,  the  plane  problem  for  an  anisotropic  body  may  be  regarded  as 
the  problem  of  determining  the  functions  4>^(;3^)  and  4>2(a2)  satisfying 
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the  boundary  conditions  (8.7)  or  (8.8)  in  the  regions  S ^  and  S 2  (at 
points  of  the  contours  of  regions  corresponding  to  one  another  in  an 
affine  manner).  In  the  general  case  this  problem  is  rather  complex,  but 
it  is  possible  to  indicate  a  number  of  special  cases  of  regions  for 
which  an  exact  solution  can  easily  be  obtained. 

An  investigation  shows  that  the  functions  and  4>2  must  satisfy 
the  following  conditions  within  their  regions*: 

1)  if  the  region  of  the  plate  S  is  finite  and  simply  connected 

(the  plate  has  no  holes)  then  the  functions  and  4>2  are  holomorphic 

and  single-valued  in  their  regions  5-^  and  S 

2)  if  the  region  S  is  bounded  by  several  contours  or  is  an  infi¬ 
nite  plane  with  a  cut  (the  plate  is  weakened  by  holes),  but  the  equiv¬ 
alent  vector  (the  resultant)  of  the  forces  applied  to  each  of  the  con¬ 


tours  is  equal  to  zero  then  the  functions  and  are  holomorphic  and 
single-valued  in  their  regions  5^  and  S 2; 

3)  if  the  region  S  is  bounded  by  several  contours  or  is  an  infi¬ 
nite  plane  with  a  cut  (the  plate  has  holes)  and  even  if  the  equivalent 
vector  (the  resultant)  on  one  contour  is  not  equal  to  zero  then  the 
functions  and  $2  will  be  multivalued.  If,  e.g.,  there  is  one  hole  in 
the  plate  and  at  its  boundary  act  forces  whose  resultant  has  the  compo¬ 


nents  P  and  P  then  the  functions  4>,  and  will  increase  by  the  in- 
x  y  12  J 

crements  A-^  and  to  be  found  from  the  following  equations**  if  we 
pass  around  along  any  closed  contour  entirely  lying  in  the  region  of 
the  plate  and  encircling  this  hole: 


A(  4-  A2-f-  A,-|-  , 

-  —  ~  p 

hi  A,  4-  h2  -l  -  ^1  AI  4-  ll2  A2  'r= - iT-  . 


ol0  P  x  °\2  P  y 


u2  A  -fu!i  -I  n.2  A  -I  -  |i2  A  - -  .  - 

hi  .  2  J2  I  hi  U1  I  h2  2  an  h  fl„ 

1  1  1  — *  •  1  Q 12  P x  P 1/ 

-  A,  4-  -  VI-  -- A,  I-  -  a2  -  —  4-  •  — 

P-i  P2  Pi  Pa  ^23  "  ^2a  " 


(8.10) 
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If  we  use  the  representation  of  the  function  F  in  terms  of  func¬ 
tions  of  the  complex  variables  zj  and  z ^  according  to  Formula  (7.21)  we 
obtain  instead  of  (8.2)  and  (8.3): 


0-r=  2Re[^(i  ■t->.,)?;(2;H - p! (i | 

2  Re  [  (1  (<)-}-  (1+^)?;(^)1. 

'xu  =  ~  2 Re  Ip,  (1  + ).,)?; (z()  -I  ^(1-h^)?;^  I 

u  =  2  Re  [/>,<?,  (z()  f  p2o2  ( z'2)\  —  wy  u0,  \ 

v  =  2  Re  [  (jlol  (z()  F  ?2?2  (z2)i  4-  i»x  -f  v0.  j 


We  have  here  introduced  the  denotations 


“‘1 
rf?l 


<?;«)- 


<?2(^)-0  4-  y 

o'  <z') 


de3 

d:i 


(8.11) 


(8.12) 


(8.13) 


The  coefficients  p^,  p^,  q^}  q ^  are  determined  from  the  preceding  for¬ 
mulas  (8.4).  The  stresses  a n  and  on  an  arbitrary  plane  are  found 

from  the  formulas  which  will  be  obtained  from  (8.6)  by  replacing  ^(z^) 
and  $2(z  2)  by,  respectively,  the  quantities  (l  |X,)o((2()  and  (l  4-  *.,)  9' (2'). 

The  boundary  conditions  for  the  functions  9^(zp  and  9^(z2)  coincide 
exactly  with  the  conditions  (8.7)  and  (8.8)  for  ^(z^)  and  4>2(z2). 

For  an  isotropic  plate  the  well-known  formulas  of  G.V.  Kolosov  and 
N.I.  Muskhelishvili#  are  obtained  on  the  basis  of  the  general  expres¬ 


sion  (7.18): 


°V  —  4-  2kx„  -  2 120"  (2)  4-  f  (2)] ,  J  (8.14) 

ax-+0y  —  4  Re  \'s'  (2));  / 

2«i  (u  +  iv)  =  v.o  (2)  —  zo'  (z)  — ^  (2).  /  o  ,rv 


Here  (z)  —  (z)\  <?',  i|>  are  the  functions  conjugate  to  9'  and  ip;  y  =  G  is 

3 _ v 

the  shear  modulus;  is  the  Poisson  coefficient. 

For  given  external  forces  X Y the  boundary  conditions  for  the 
functions  9  and  ij>  assume  the  form: 

U 

?W4-*?W  =  * J {IX n y„)rfs  F c  (8.16) 

0 
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(the  upper  sign  must  be  adopted  if  the  outer  contour  is  considered,  the 
lower  one  if  the  hole  contour  is  considered;  a  is  the  integration  con¬ 
stant  )  . 

If  the  displacements  are  given  on  the  contour  of  an  isotropic 
plate  then  the  boundary  conditions  may  be  written  in  the  following 
form : 

*?  (*>  —  z?'  &  —$(*)*=  2n  («*  +  iv’).  (8.17) 

We  shall  not  specially  choose  the  case  of  complex  parameters  equal 
in  pairs;  by  replacing  the  variable  and  changing  the  contour  of  the  re¬ 
gion  S  for  which  the  problem  must  be  solved  it  boils  down  to  the  case 
of  an  isotropic  body. 

The  plane  problem  of  the  theory  of  elasticity  of  an  anisotropic 
body  may  be  reduced  to  integral  equations  of  well  investigated  types, 
in  which  case  various  methods  can  be  applied.  The  reduction  of  the 
plane  problem  to  integral  equations  made  it  possible  to  study  the  prob¬ 
lems  of  the  existence  and  uniqueness  of  its  solution  with  exhaustive 
completeness  and  to  work  out  general  methods  of  obtaining  the  solution 
in  the  general  case.  These  problems  were  treated  in  a  number  of  papers. 
S.G.  Mikhlin  considered  the  plane  problem  for  a  finite  simply  connected 
region  for  given  external  forces  and  reduced  it  to  a  system  of  integral 
equations  with  two  unknown  functions.*  G.N.  Savin  investigated  the  case 
of  an  infinite  region  with  a  cut  (a  plate  with  a  hole).**  D.I.  Sherman 
considered  the  case  of  a  multiply  connected  region.***  In  subsequent 
works  D.I.  Sherman  reduced  the  plane  problem  for  a  multiply  connected 
region  for  given  external  forces  to  one  integral  equation  with  one  un¬ 
known  function.****  The  same  problem  for  the  case  of  given  displace¬ 
ments  was  investigated  considerably  later  by  T.B.  Ayzenberg;  not  only 
did  he  obtain  an  integral  equation,  but  he  also  solved  it  for  the  spe¬ 
cial  case  of  an  anisotro.  ate  having  the  shape  of  a  round  disc.***** 


run*  r? 


The  integral  equation  of  the  plane  problem  with  one  unknown  function 
was  obtained  in  a  somewhat  different  way  also  in  a  work  by  I.  Vekua.* 

We  must  also  mention  the  work  by  V.D.  Kupradze  and  M.O.  Basheley shvili 
in  which  it  is  shown  that  the  plane  problem  may  be  reduced  to  the  de¬ 
termination  of  the  potentials  of  a  simple  or  double  layer;  the  densi¬ 
ties  of  these  potentials  satisfy  well-known  integral  equations.**  Those 
solutions  for  simple  regions  which  we  shall  present  below  were  obtained 
by  comparatively  simple  methods  not  connected  with  integral  equations 
(we  know,  however,  only  one  work  in  which  the  solution  of  a  concrete 
special  problem  was  found  with  the  help  of  integral  equations  —  the 
above-mentioned  work  by  T.B.  Ayzenberg). 

Finally,  we  must  mention  the  optical  method  of  investigating  the 
stresses  in  plates  which  are  under  the  conditions  of  a  generalized 
plane  stressed  state.  The  optical  method  is  very  efficient  if  the 
stresses  in  isotropic  bodies  are  to  be  studied  (particularly  in  those 
cases  where  it  is  cumbersome  to  seek  the  theoretical  solution  of  a 
plane  problem);  it  is  set  forth  in  detail,  e.g.,  in  the  well-known  book 
by  Coker  and  Filon.***  The  problem  of  applying  the  optical  method  for 
studying  the  plane  stressed  state  of  anisotropic  bodies  proves  to  be 
considerably  more  complex  and  only  a  little  work  has  been  done  in  this 
field,  as  yet.  The  most  important  results  in  this  field,  theoretical 
and  experimental  ones,  were  obtained  by  V.M.  Krasnovyy  and  A.V.  Step- 
anovyy . **** 

§9-  DETERMINATION  OF  ELASTIC  CONSTANTS  FOR  A  NEW  COORDINATE  SYSTEM 

When  studying  the  plane  stressed  state  of  an  anisotropic  plate  one 
may  often  encounter  on  the  following  problem:  the  elastic  constants  are 
known  for  some  coordinate  system  x,  y  and  the  elastic  constants  for  a 
new  system  x y  '  must  be  found  where  the  new  system  is  rotated  with 
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respect  to  the  first  one  by  an  angle  9  (Fig.  10).  For  an  orthotropic 
plate  usually  the  principal  elastic  constants  are  given;  it  may,  howev¬ 
er,  prove  that  the  use  of  the  principal  coordinate  system  is  inconven¬ 
ient,  for  some  reason,  such  that  the  conversion  of  the  elastic  con¬ 
stants  and  complex  parameters  is  necessary. 

The  formulas  for  the  conversion  of 
the  elastic  constants  may  be  obtained  in 
the  following  way.* 

Let  us  consider  the  generalized 

— >-  plane  stressed  state  of  an  anisotropic 

x 

plate  whose  mid  plane  is  chosen  to  be  the 

/ 

ip  xy  plane.  Let  .  be  the  elastic  con¬ 

stants  for  the  Xj  y  coordinate  system, 

and  a  .  the  elastic  constants  for  the  new 
i«7 

axes  x'j  y'j  rotated  by  an  angle  <P  about  the  origin  0  with  respect  to 
x,  y.  Assuming  that  in  the  xy  plane  there  are  no  principal  directions 
of  elasticity  we  have  the  equations  of  the  generalized  Hooke's  law  (for 
stress  and  strain  components  whose  mean  values  have  been  taken  over  the 
thickness)  and  the  expression  for  the  elastic  potential: 


EX  ~  ~  0  1 1 0 it-  “I-  °lOTxy’  ] 

“  a\2ix  H  ”1'  ^2G"jy*  |  (  9  •  1  ) 

Ixy  “  "1“  fl263!/  ~l~  flC0Tj  y’  J 

V  - --  Tf  <i12'3x'3i,  +  0lG5xTxi/4-  2  n22°r1  fl263y'x!/+ Y  (  9  •  2  ) 


For  the  new  x'}  y'  system  we  have: 


Ixy  ~  °1G°X  ffl2C^  -t-flc'cTxtf: 

v  “7  +»:,<•;■ -i- -»*-«,+ 

i  l  f  -A  i 


I  n>  .'2 


(9-3) 


(9.4) 


We  shall  express  a  ,  a  ,  t  in  terms  of  a'  o'  x '  for  which  purpose 

x  y  xy  x  y1  xy 
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we  make  use  of  the  formulas  (8.5)  which  in  our  case  assume  the  form: 

°X  —  °'x  cos5  9  -f  a'y  sin2  9  —  2x'xv  sin  9  cos  9. 

°v  =°x  sin2<?-}-o'cos2(?-f2i'tfsin<?cos<?1  (9-5) 

=  («£  —  o')  sin  o  cos  9  -f- x^  (cos2  9  —  sin2  9). 


Furthermore,  we  substitute  these  values  into  the  formula  for  the  elas¬ 
tic  potential  (9*2)  and  compare  the  expression  obtained  with  (9-4). 
Hence  we  find  the  sought  formulas  of  the  elastic-constant  transforma¬ 
tion  in  passing  over  to  new  axes: 

n'n  ~nMcos‘9-}  (2rt12  •  f-  aK)  sin2  9  cos2  9  -|-  o22  sin4  9  -|- 

-\-  (flicc0s?  9  -|~  aia  sin2  9)  sin  29, 
a'a  --  flu  sin4  9  (2cji2 -f-  «C6)  sin2  9  cos2  9  -|-  n.,2  cos4  9  — 

—  (flio  sin2  9  |  fl^cos2  9)  sin  29, 
flli  — rt12-|- (A,,-}- fl22—  2fl12  —  flco) si"2 ?COS2  9 -|- 

-t"  2  («20  «,o)  si"  29  cos  29. 

fltP. fltfo  -2ni2  -flee)  sil.2  9  cos2  o  -|-  ')  (9-6) 


+  2(fl2i 

—  flic)  S'" 

29  cos  2  > 

;  - :i 

r 

a ,2  sin2 

L 

?  «n 

cos2  9  f  -  2  (2fl,i  flClj)  cos  29 

sin  29 

+  ( 

i10cos2x 

>  (cos2  9 

■—  3  sir.2  9)  - \ -  o2C  sin2 

9  (3  cos2  9 

—  sin2  9), 

1  --- 

fljjCOS2 

9  — fl„ 

sii.29  —  ^  (2fl  I2  fl 

co)cos2?] 

sin  29  -J- 

+  L 

ii6sii.29 

(3  cos2  9  -  sin2  9)  -j-  fl2Q  cos2 

9  (cos2  9  - 

•-  3  sii.2  9). 

We  notice  two  invariants,  i.e.,  two  expressions  which  remain  numerical¬ 
ly  equal  on  rotation  by  an  arbitrary  angle  9: 

flii  -4*  °22  2fl|2  —  o,,  -j-  o22  2«,2,|  (9.7) 

o  co  —  ^  fl  12 ===  fl  eo — ^fl,2.  I 

If,  in  particular,  the  plate  is  orthotropic  and  the  directions  of 
the  x  and  y  axes  coincide  with  the  principal  directions  of  elasticity 
the  equations  of  the  general  Hooke's  law  (9*1)  have  the  form: 

1  ^  \ 


e2  V 


(9.8) 


Txy  “  ~(j  Xxy  '  j 

Passing  over  to  new  axes  x' ,  y'  we  obtain  the  equations  of  the 
generalized'  Hooke ' s  law  ( 9 • 3 ) a  and  introducing  "technical  constants"  we 
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rewrite  them  in  the  following  way: 

,  l 


K  x  ^  v  h  e[  *y' 


e'  __  v‘  '  ,  1  /  ,  V2 

v  E'  ax~r-jT°y-\--p 


f  Aix' 
r  e'2  *y' 


(9.9) 


v'  __  At  _/  1  ^2  ,  .  1  , 

,is'  ‘«r  *+?°*+'5r  v 

E2  are  Young  s  moduli;  \>p  v'2  are  the  Poisson  coefficients;  a’  is 
the  shear  modulus  for  the  new  directions;  are  the  secondary  co- 

efficients  which  vanish  In  the  fundamental  system.*  The  moduli  and  co¬ 
efficients  for  the  new  axes  are  determined  by  formulas  resulting  from 
(9.6): 

i;  -  “A  +  (i  - 1;-)  **  f  <«• » I-  . 


F J 

/  ^2 

’»  E'  ' 
C1 


(9.10) 


f  sin2  y 

cos2?  .  I 

/  i 

2v,  \ 

r^~~ 

\0 

“£t)cos2?. 

sin  2o, 

r  cos2  -f 

sin2  ?  I 

f  1 

2v,  \  : 

t  *r~ 

U 

--^)c°s2? 

sin  2c?. 

The  expressions 


-1**4-  _L_  2v'  1  '• 

X  E'2  e[  —  E~~  ~e2 

_L+ly[=  1,  4v>. 

O'  f  3  0  +  fi, 


(9.11) 


will  be  invariant. 

In  practice  j  also  the  following  problem  may  arise:  in  an  ortho¬ 
tropic  plate  the  elastic  constants  referred  to  an  arbitrary  coordi. 

nate  system  x,y  are  known,  and  the  principal  elastic  constants  must 
be  determined. 

The  problem  is  solved  with  the  help  of  the  two  last  formulas  of 


-'17- 


'fl  fiy  im**!  < 


(9.6). 

Let  us  designate  the  principal  axes  by  x'3  y'  and  principal  elas¬ 
tic  constants  by  a'.,  in  the  given  case.  The  unknown  angle  <P  which  is 

T'J 

formed  by  the  a:  axis  with  one  of  the  principal  directions  is  determined 
as  the  minimum  angle  satisfying  simultaneously  the  two  equations: 

n'a °*  (9-12) 

which  will  be  reduced  to  the  following  equations  after  some  simple 


transformations : 


tg  2<? 


aIO  ~j- 

'  “ii  ’ 


tg  1o  =•=  2 


au  'I'  n:‘i  ~  •  2a  x a  •  ■  ace 


(9.13) 


The  condition  for  the  existence  of  identical  solutions  to  these 
two  equations  has  the  form: 

(nia  °2e)(°U  a22  “f*  fl10  "1"  fl2«)  (flU  °22  al0  a2o)--  (g  ^  lj  ) 

s=s(°IO'f'02o)(°U  °22)(°U  4~fl22  ~flI2  flCo)- 

If  this  condition  is  not  fulfilled  there  are  no  principal  directions  in 
the  xy  plane,  i.e.,  the  plate  is  not  orthotropic. 

The  formulas  for  the  recalculation  of  the  given  constants  of  plane 
deformation  3^  .  in  passing  over  to  new  axes  are  identical  with  Formulas 
(9.6). 

Example .  Let  us  assume  that  we  know  the  elastic  constants  of  an 
anisotropic  plate  referred  to  an  xy  coordinate  system,  i.e.: 

fljj  — aH  =  °22  •  °ll"\~a22  OfO  >  0. 

The  condition  of  the  existence  of  principal  directions  (9.1*0  is,  obvi¬ 
ously,  fulfilled.  Equations  (9.13)  assume  the  form: 

tg2tp--=oo,  tg4tp  =  0.  (9*15) 

From  the  first  equation  (9-15)  ’^e  find:  «  =  _,  iE  iE  ,  and  from 

1  4  4  4  4 

the  second  one:  <p  =  o.  -E,  -E,  ,  ...  ;  the  solutions  of  the  first  equation 

are  also  solutions  of  the  second  one.  Consequently,  we  may  put:<?*=4.E. 
There  are  principal  directions  of  elasticity;  they  are  the  directions 


of  the  bisectrices  of  the  angles  between  the  x  and  y  axes.  We  shall 
determine  the  principal  elastic  constants  a!.  from  Formulas  (9.6)  by 

t.  j 

substituting  in  them  the  numerical  values  of  the  a.,  and  <?  =  •£. 

1 0  1  4 


§10.  THE  CONVERSION  OF  THE  COMPLEX  PARAMETERS  IN  PASSING  OVER  TO  NEW 

AXES 

If  the  complex  parameters  of  the  first  kind  y^  and  \i^  calculated 
for  the  x  and  y  axes  are  given  it  is  not  necessary  in  passing  over  to 
the  new  axes  x' ,  y'  to  set  up  anew  and  to  solve  the  fourth-degree  equa¬ 
tion  (7-4).  It  is  not  difficult  to  derive  formulas  from  which  the  com¬ 
plex  parameters  for  any  other  coordinate  system  rotated  with  respect  to 
the  first  one  by  the  angle  <P  can  be  calculated  (see  Fig.  10)  if  the  pa¬ 
rameters  for  the  first  system  are  given. 

We  shall  write  the  equation  for  the  stress  function  F  in  a  symbol¬ 
ic  manner.  In  the  old  x}  y  system  we  have: 

DiD^DJ-  =  0.  (10.1) 

where 

(*“'•**  no-2) 

y^  are  the  roots  of  the  equation 

«n!A<  h(2«,2-h«to)tl2 •— 2«2cll  |-n22“°.  (10.3) 

We  shall  pass  over  to  new  axes  x' }  y  ' ;  the  transformation  formulas  have 
the  form  (see  Fig.  10): 

x‘  —  Arcoso  -|  ,y  sin  <f,  \ 

y'  --  x  sin  o  (•_)' cos'f.  ]  (10.4) 


Expressing  the  derivatives  with  respect  to  x  and  y  in  terms  of  the  de¬ 
rivatives  with  respect  to  x '  and  y'  we  obtain: 


d  d  .  .  d 

_=  coso^-H-smep-^. 

d  '  .  d  -  d 

f-cos?d-v. 


(10.5) 


Reducing  by  a  constant  factor  we  shall  rewrite  Eq.  (10.1)  in  the 
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where 


pj  _  j ? _ m  cos  <f  —  sin  <p  <  d _ ,  _d_ 

k~  d/  cos  *?  - 1-  pa  sin  <f  '  djf'  7)/  ^*di~’ 

•g' d  __  nt  cos  <p  —  sin  <;>  _d_ d  -/  d 

*  cos  f  -f-  j»jt  sin  <f  dx'  dy'  dx'  ' 


(10.7) 


Hence  we  also  obtain  formulas  from  which  the  complex  parameters 
for  the  new  axes  will  be  determined# : 

u'  —  Hi  cos  <j>  —  sin  <f  ,  _  Hacos  sin  y 

Si  cos  9 Hi  sin  if  ’  cos  tp  -(-  |Aa  sin  «p  (10.O) 

Let  us  mention  some  important  properties  of  the  complex  parameters 
which  are  found  from  an  analysis  of  formulas  (10.8): 

1)  If  the  parameters  y  ,  y2  are  complex  numbers  for  some  coordi¬ 
nate  system  x,  y  then  also  the  parameters  y ' ,  y£  for  any  coordinate 
system  x',  y ’  rotated  with  respect  to  the  first  one  by  an  angle  tp  will 
be  complex,  or,  in  particular,  purely  imaginary  numbers.  Conversely,  if 
for  some  coordinate  system  the  numbers  y^,  y2  proved  to  be  real  then 
also  the  corresponding  numbers  y^,  y2  in  an  arbitrary  coordinate  system 
would  be  real  numbers  (which  case  is,  however,  excluded  for  an  elastic 
plate  if  limiting  cases  are  not  taken  into  account). 

2)  If  the  parameters  y^  and  y2  for  some  coordinate  system  x,  y 
were  obtained  unequal  then  also  the  corresponding  y^  and  y^  for  any 
system  x',  y'  rotated  with  respect  to  the  first  one  by  an  angle  <P  will 
be  unequal.  Conversely,  if  for  some  coordinate  system  it  has  turned  out 
that  y-^  =  y2  then  y^  =  y2  for  any  other  system. 

3)  If  for  some  coordinate  system  one  of  the  parameters  proved  to 
be  equal  to  i  =/—l  then  for  an/  other  system  rotated  with  respect  to 
the  first  one  the  corresponding  parameter  will  be  equal  to  i ,  i.e.,  it 
will  not  change  in  the  transition  from  one  coordinate  system  to  anoth- 


With  an  isotropic  plate  both  parameters  are  equal  to  i  for  any  co¬ 
ordinate  system  as  was  already  mentioned. 

It  is  not  difficult  to  obtain  also  formulas  for  the  transformation 
of  complex  parameters  of  the  second  kind  in  the  transition  to  new  axes. 
Let  X i j  X^  be  the  complex  parameters  of  the  second  kind  for  the  i,  y 
coordinate  system  to  be  determined  from  Formulas  (7.20),  A '  ,  A),  the 
same  quantities  for  the  new  system  x'}  y'  which  is  rotated  with  respect 
to  the  first  one  by  the  angle  9: 


,,  i  +  tf  + 


(10.9) 


Substituting  here  the  expressions  from  (10.8)  we  obtain  the  very 
simple  formulas 

=  (10.10) 

Since  the  absolute  value  of  the  complex  number  e  is  equal  to  unity 
it  follows  that 


(10.11) 


or,  in  other  words,  the  absolute  values  of  the  complex  parameters  of 
the  second  kind  retain  constant  values  in  any  rotated  coordinate  sys¬ 
tem,  i.e.,  are  invariants. 

The  formulas  (10.10)  may  be  given  a  simple  geometrical  interpreta¬ 
tion.  Let  for  the  coordinate  system  x,  y  A^  =  +  and  for  the  sys¬ 
tem  x',  y'  Aj£  =  ££  +  From  (10.10)  it  follows  that 


i'k  —  \k  cos  2o  -j-  nk  sin  2?, 

<  =  -lk  £i"  2?L\  cos  2? 

I.  2). 


(10.12) 


If  a  complex  plane  £n  is  introduced  the  complex  numbers  A^  and  A 2 
will  be  represented  on  it  by  vectors  with  lengths  | A ^ |  and  j  A 2 1  which 
begin  at  the  origin  of  coordinates  and,  generally,  have  arbitrary  di¬ 
rections;  the  projections  of  these  vectors  on  the  £  and  n  axes  are,  re¬ 
spectively,  equal  to  £ ^ ,  n^,  and  ^2’  ^he  f°rmulas  (10.12)  show  the 
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transition  to  a  new .coordinate  system  x' }  y’  rotated  with  respect  to 
xt  y  by  an  angle  9  is  equivalent  to  the  transition  to  a  new  system 
n',  rotated  by  an  angle  29  (Pig.  11)  with  respect  to  £,  n.  The  real  and 
imaginary  parts  of  X^  and  Xi,  are  determined  as  the  projections  of  the 
same  vectors  on  the  new  axes  n’* 

To  each  form  of  anisotropy  of  a  body  in 
the  generalized  plane  stressed  state  or  show¬ 
ing  plane  deformation  corresponds  a  couple  of 
completely  determined  vectors  in  the  £n  plane. 
The  lengths  of  these  vectors  are  equal  to  | X  ^  | 
and  |  X ^  |  5  and  the  angle  between  them  9  has  a 
determined  value  if  both  moduli  are  different  from  zero,  and  become  in- 
determined  if  one  of  the  moduli  |X^|  or  both  are  equal  to  zero.  Thus, 
the  anisotropy  of  a  body  in  the  case  of  a  plane  problem  may  entirely  be 
characterized  by  the  numerical  values  of  three  real  quantities  indepen¬ 
dent  of  the  choice  of  the  coordinate  system,  |  X 1 1  ,  |X?|  and  ip. 

The  formulas  expressing  these  quantities  in  terms  of  the  real  and 
imaginary  parts  of  the  parameters  of  the  first  kind  found  for  an  arbi¬ 
trarily  chosen  system  of  coordinates  x,  y  have  the  form: 


IWI-IM-/] 


!  —  (!)»  +  ni 


COS'})  = 

sin  t= 


(1  ■(*  i*)3  "h  °3’ 
i x' i _ i >  i  —  i/LLEEHli! • 

I*2  I  '2 1  V  (l -H)2-!--!3 ’  . 

(1  —  g3  -  P)  (1  -  Ta  —  p3)  4qT 


/  UH- ?)2 + -  ?)3 + °2I  Ki + *)J  +  ill  t(i  -  + f] 

2[(1  _g2  — ^2)t_(1  _-f3  —  03)  °1 _ 

V  !(l+f»2  +  a3J  [(l-ma’JKl  +  V  +  fl  [(I-6)'J  +  73'J  ' 


(10.13) 


(10.14) 


In  the  case  of  the  isotropic  body  |X^|  =  | X 2 1  =  0,  and  9  has  an 
undetermined  value.  In  the  limiting  case  where  the  anisotropy  is  ex¬ 
pressed  in  the  sharpest  manner  y^  and  y2  are  equal  to  zero  or  infinity, 
|X1|  =  | X  2 1  =  1>  9  =  0  ( | X  ^  |  cannot  be  greater  than  one).  If  for  some 
coordinate  system  it  has  proved  that  y^  ,  ”  a’  e  purely  imaginary  n-,rTi- 
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bers  then  the  vectors  expressing  X^  ind  X^  will  have  the  same  or  oppo¬ 
site  directions,  and,  therefore,  ip  =  0  or  ip  =  tt  . 

§11.  THE  ELASTIC  CONSTANTS  FOR  SOME  ANISOTROPIC  PLATES 

Many  research  workers,  among  whom  W.  Voigt  occupies  an  outstanding 
position,  were  concerned  with  problems  of  the  experimental  determina¬ 
tion  of  the  elastic  constants  of  various  crystalline  substances  (miner¬ 
als).  The  numerical  values  of  the  elastic  constants  for  many  minerals 
are  given,  e.g.,  in  the  course  on  crystal  physics  by  V.  Voigt*  and  in 
the  work  by  Auerbach,**  references  on  this  problem  are  also  to  be  found 
in  an  article  bv  Geckeler.***  V/lthout  presenting  here  those  data  which 
refer  to  crystals  we  shall  give  the  numerical  values  of  the  elastic 
constants  for  three  anisotropic  materials  (plates)  of  noncrystalline 
origin:  for  pine  wood,  delta  wood,  and  plywood. 

1.  Natural  wood  (pine  wood).  Let  us  con¬ 
sider  a  rectangular  plate  cut  out  of  natural 
wood  with  regular  annual  layers,  as  shown  in 
Fig.  12.  If  the  inhomogeneity  and  the  curva¬ 
ture  of  the  layers  is  neglected  three  planes 
of  structure  symmetry  can  be  distinguished  in 
it,  which,  at  the  same  time,  are  also  the  planes  of  elastic  symmetry; 
one  of  them,  yz,  is  normal  to  the  wood  fibers,  the  second  (tangential) 
one,  xy,  is  parallel  to  the  planes  of  the  annual  layers,  and  the  third 
(radial)  one,  xz  ,  is  orthogonal  to  the  first  two  planes.  All  planes 
parallel  to  those  mentioned  are  also  planes  of  elastic  symmetry,  and 
the  wood  may  in  first  approximation  be  regarded  as  a  homogeneous  ortho¬ 
tropic  material.  The  equations  of  the  generalized  Hooke's  law  will  be 
written  in  the  forms  (2.7)  and  (2.8);  nine  different  elastic  constants 
enter  into  them.**** 
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Let  a  plate  whose  plane  faces  are  parallel  to  the  annual  Lsy—rs 
(the  plate  Is  not  necessarily  rectangular)  be  In  a  generalized  plane 
stressed  state.  The  equations  of  the  generalized  Hooke's  law  which  con¬ 
nect  the  values  of  the  stress  and  strain  components  whose  mean  values 
have  been  taken  over  the  thickness  are  then  written  as  follows: 


v«  i  1 

"it*  °v> 


(11.1) 


7xy—  Q  xry 


The  x  axis  Is  here  directed  along  the  fibers;  Is  Young's  modu¬ 
lus  for  the  stretching  (compression)  along  the  fibers;  E 2  Is  Young's 
modulus  for  the  stretching  (compression)  along  the  directions  lying  In 
the  plane  of  the  annual  layer  and  normal  to  the  fibers;  v,,  are  the 
corresponding  Poisson  coefficients  (£^2  =  E G  is  the  shear  modu¬ 
lus  for  the  planes  of  the  annual  layers;  the  dashes  by  which  the  mean 
values  were  designated  are  discarded. 

We  shall  give  the  numerical  values  of  the  elastic  constants  from 
Eqs.  (11.1)  for  pine  wood,  taken  from  a  work  by  A.L.  Rabinovich*: 


£,  —  l  •  I0r,k.g/cm2  E2  —  0,012  •  lO^he/crr2! 


v,  =  0,01 , 


G  0,075  •  105  ke/ cni 


(11.2) 


On  the  basis  of  these  data  we  obtain  the  following  values  of  the 


complex  parameters: 


|i,  =  3,2G/,  (i2  =  1 ,50/,  ^ 

>.,=--  —  0,530,  Aj  =  —  0,198,  \ 

]X,  |  =  0,530,  I  >.2 1  =  0, 198,  <J>  =  0.  j 


(11.3) 


If  the  x  and  y  axes  change  places  with  one  another  we  shall  obtain: 


|i,  =  0,307/,  n2  —  0,068/,  ) 
X,  =0,530,  X2  =  0,198.  ) 


(11.-4) 


If  the  elastic  constants  for  the  principal  directions  are  known,  i.e., 


the  longitudinal  and  the  tangential  one,  we  find  the  constants  from 
•  formulas'-. (9".  10).* arid  -for  an  arbitrary  direction  in  the  xy  plane.  Thus, 


Young's  modulus  for  an  angle  <P  with  the  a:  direction  will  be  deter¬ 
mined  from  the  formula 


f°s4?-|  (  y  --  2v,j  sln=  v  cos=  v 


(11.5) 


Figure  13  shows  the  diagram  of  the  variation  of  with  the  vari¬ 
ation  of  cp  for  pine  wood  taken  from  the  mentioned  work  by  A.L.  Rabino¬ 
vich  (page  41)  . 

2.  Delta  wood.  Slablike  delta  wood  is  produced  of  a  number  of  wood 
layers  (plywood)  which  have  been  impregnated  by  pressing  in  resin;  one 
layer  whose  fibers  are  perpendicular  to  those  of  the  rest  of  the  layers 
is  placed  over  ten  layers  with  identical  fiber  direction. 

In  first  approximation,  a  plate  of  delta  wood  may  be  considered  to 
be  a  homogeneous  orthotropic  plate  one  plane  of  elastic  symmetry  of 
which  is  normal  to  the  fibers  of  the  predomj  ant  direction,  and  the 
second  one  is  parallel  to  the  mid  plane.  For  a  plate  of  delta  wood  in  a 
generalized  plane  stressed  state  the  equations  of  the  generalized 
Hooke's  law  hold  (11.1)  (the  mid  plane  is  chosen  to  be  the  xy  plane, 
the  direction  of  the  predominant  fibers  is  chosen  to  be  the  direction 
of  the  x  axis )  . 


- Knuoan  r  -  - 
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Fig.  13-  A)  Curve. 


For  the  mean  elastic  constants  we  may  choose: 


.  •-  -'3,05  10“  kg/cm-  l:2  -  -  0,467  •  l(F’k.g/c:;,-| 

v2:-0,02.  G  — ■  0,22  •  10“  ivg/em^  J 


(11.6) 
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The  corresponding  complex  parameters  are  equal  to: 


Pi  —  3,62/,  (4»o,yon/, 

X,  =  —  0,56*7,  X2  *=  0,172,  (11.7) 

|X, j  =  0,567,  |  X2 1  =  0, 172,  ^  =  k. 

If  the  y  axis  is  directed  along  the  fibers  rather  th?n  the  x  axis 
we  obtain: 

ji,  =  0,276/,  ji2 -- 1 ,4 16/,  1 

X,  =0,567,  X2  =  —  0,172.  J  (11.8) 

Figure  14  shows  the  diagram  of  the  variation  of  Young’s  modulus 
p  with  the  variation  of  the  angle  9.* 

3.  Plywood .  Also  plywood  may  serve  as  an  example  of  an  anisotropic 
material.  For  the  sake  of  definiteness,  we  shall  focus  our  attention  on 
birch  plywood  which  is  produced  of  an  odd  number  of  wood  layers  (ply¬ 
wood)  glued  to  each  other  by  a  bakelite  film  and  distributed  symmetri¬ 
cally  to  the  central  layer;  in  this  case  the  directions  of  the  fibers 


of  neighboring  layers  are  mutually  perpendicular  (Fig.  15).  The  plywood 
plate  is  inhomogeneous,  but  if  the  plane  stressed  state  is  studied  it 
may  be  regarded  as  homogeneous  and,  moreover,  orthotropic,  in  the  first 
approximation.  One  of  the  three  planes  of  elastic  symmetry  coircides 
with  the  mid  plane,  the  second  one  is  perpendicular  to  the  fibers  of 
the  outer  layers  (or,  as  they  are  called,  to  the  casing  fibers),  and 
the  third  one  is  orthogonal  to  the  first  two  planes. 


Fig.  14.  A)  Curve. 


Considering  the  generalized  plane 
stressed  state  of  the  above-mentioned  plywood 
plate  we  choose  the  mid  plate  to  be  the  xy 
plane,  and  the  x  axis  parallel  to  the  casing 
fibers.  The  equations  of  the  generalized 
Hooke's  law  for  such  a  plate  regarded  as  an 
entirety  will  be  written  in  the  form  (11.1) 
where  E^,  E v,,  must  be  understood  to  be  the  mean  elastic  con¬ 
stants  for  the  plate  as  a  whole;  the  latter  depend  on  the  elastic  con¬ 
stants  of  the  wood  layers,  their  number  and  thickness.*  We  present  the 
numerical  values  (the  normalized  ones)  of  the  constants  E^,  and  G 
and  Young's  modulus  E '  for  a  stretching  under  an  angle  of  45°  to  the 
casing  fibers  for  three-layer  plywood  with  a  thickness  of  1;  1.5;  2; 
2.5;  3;  4  and  5  taken  from  the  "Handbook  of  the  Airplane  Constructor"**: 

E,  “1,2  •  lO’-kg/cm^/ij  0,G  •  KPkg/cm'^  ,  ^  ^ 

G  ^  0,07  •  lO'-kg/cm^  /;'  =.=  0.2 1  •  lO-kg/cm^  k 

In  the  "Handbook"  the  Poisson  coefficients  are  not  given,  but  they  can 

be  calculated  from  the  first  formula  (9-10)  by  putting  9  =  45°  in  Iz 

and  substituting  the  well-known  values  (11.9).  Hence  we  obtain: 
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(11.10) 


v,^  0,071.  ->2  =-  0,036. 

t 

The  complex  parameters  have  the  following  values: 

~--4.ll/,  ii2-.=  0,343 /.  | 

X,  =-0,609,  ),r»  0.489.  j  (11.11) 

|  X,  |  =--0.609,  |  X2 1  r-.  0,489,  ) 

If  we  direct  the  x  axis  across  the  casing  fibers  rather  than  along  them 
we  obtain: 

ji,  “  0,243/,  |i2=-=  2.91/,  \ 

Xt  =  0,009,  Xa»— 0.489.  J  (11.12) 

Figure  16  shows  a  diagram  of  the  variation  of  with  the  varia¬ 
tion  of  the  direction  constructed  on  the  basis  of  (11.5)  and  the  numer¬ 
ical  values  ( 11 . 9 )- ( 11 • 10) . 

§12.  THE  PLANE  PROBLEM  FOR  A  BODY  WITH  CYLINDRICAL  ANISOTROPY 

In  §§  5  and  6  the  general  equations  of  the  plane  problem  for  a  ho¬ 
mogeneous  body  were  derived,  in  which  parallel  directions  passing 
through  different  points  are  equivalent  in  the  sense  of  the  elastic 
properties.  In  a  completely  analogous  way  we  may  also  obtain  the  gener¬ 
al  equations  of  the  plane  problem  for  a  body  with  cylindrical  aniso¬ 
tropy  .  * 

Let  us  consider  the  elastic  equilibrium  of  a  plate  of  constant 
thickness  with  cylindrical  anisotropy  under  the  action  of  forces  dis¬ 
tributed  along  the  boundary  and  of  the  volume  forces.  With  respect  to 
the  elastic  constants  we  shall  make  the  following  assumptions: 

1)  the  axis  of  anisotropy  g  is  normal  to  the  mid  plane  of  the 
plate  (the  point  of  intersection  of  the  axis  of  anisotropy  with  the  mid 
plane  which  will  be  called  pole  of  anisotropy  in  the  following  may  lie 
either  inside  the  region  of  the  plate  or  outside  or  at  the  boundary); 

2)  at  each  point  there  is  a  plane  of  elastic  symmetry  normal  to 
the  axis  -of  anisotropy  (and,  consequently',  parallel  to  the  mid  plane); 
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The  surface  and  volume  forces  will  be  as- 

[S 

- -  sumed  parallel  to  the  mid  surface,  distributed 

_ symmetrically  with  respect  to  this  plane  and 

>  slightly  varying  according  to  the  thickness. 

y  '  w’  The  strains  will  be  regarded  as  small. 

"z 

^  The  axis  of  anisotropy  will  be  chosen  as 

the  2  axis  of  the  cylindrical  coordinate  system 
r,  0,  a,  directing  the  polar  axis  x  arbitrarily  in  the  mid  plane  (Pig. 
17)  • 

Let  us  designate  by  h  the  thickness  of  the  plate,  by  /?,  0  the  pro¬ 
jections  of  the  volume  forces  (per  unit  volume)  on  the  coordinate  di¬ 
rections  r,  0  (Z  =  0)  and  consider  the  values  of  the  stress  components 
and  displacement  projections  averaged  over  the  thickness: 


hi  2 

h/2 

\°'dZ' 

i 

0',dz, 

-hi  2 

-h/2 

h/2 

el  i 
> 

il 

h'  2 
f 

J  '»dZ 

-h/2 

-/«/2 

h!  2 

h>  2 

[  u,  <lz, 

i 

J”  il, i  <iz. 

—  h/2 

-h/2 

(12.1) 


we  shall 

introduce  the 

designations : 

h/2 

A/2 

(12.2) 

if- 

"  )  1 

)  J 

-  h,2 

-A/2 

;  •  du  r 

if  :  "  '  dr 

1  dm i  ,  II  r 

'  Z,:zr  do  V 

7  .  .1  1  dll  6  "6 

1  r  l '  r  d&  *  dr  r 

(12.3) 

and  consider  the  case  where  the  volume  forces  have  a  potential  U(r,  0), 
i.e.,  are  determined  by  the  formulas 

7p  tt  1  dl)  ( i  o  L  ) 

0  -  -  yW.  (  1 2  *  1  ) 

Carrying  out  the  operations  of  taking  the  mean  values  over  the 
equilibrium  equations  in  cylindrical  coordinates  (1.4)  and  the  equa- 
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tions  of  the  generalized  Hooke's  law  corresponding  to  the  given  case 
of  anisotropy  and  neglecting  a  we  obtain  the  system 


ifr 

dr 


Z 

1  d-7 


•fill  _i_  j _ fi_L  i  _?Ir«  .  i  .  o- 

dr  >  r  dO  ^  r  r  ”  ’ 


tr  —  On3r  -(-  « 12°'1  ~ f“  0lG'rV 

£|i  ~  fll23r  "4*  °223i  "I"  °2CTfV 
Trl  ~  "}■  °2G38 4  ^GC^fO1 


(12.5) 


(12.6) 


Eliminating  the  displacements  from  the  expressions  (12.3)  we  ob¬ 
tain  the  compatibility  equation 


fir  r 


d2  (rlh)  d-(r r,  i)  dcr  _  n 

'5TT. - •  ^  i  - 


(12.7) 


d/-a  dr  c)0  '  dr 

We  shall  satisfy  the  equilibrium  equations  (12.5)  by  introducing 
the  stress  function  F(v}  8)  such  that  in  the  case  of  the  isotropic 
body : 


°r  ~  7 


1  fil-L  JL .  fJL  -i.u 

dr  ^  r 3  dQa  I  u' 


ir5  ... 


_ C?2 

dr 


(12.8) 


On  the  basis  of  the  compatibility  equation  (12.7)  and  the  rela¬ 
tionships  (12.6)  and  (12.8)  we  obtain  a  differential  equation  which  is 
satisfied  by  the  stress  function: 


0>F  9  1  O'r 

Tr I  7  ’  dr3  dO 

■4-(2« 

l  ^  1  d'/' 

i2-t-«(C;  -r,-  • 

o„  f. 

Ifi  r a  drdO’<  ' 

l 

°u  r, 

d«A  ,  „  1 

•  dhy  4-  2«32  v 

d*r 

dr3 

,0  1  \  1  , 

-  -(2„12  1  fl,o)>r  •* 

1  d*F 
~/atc>  ri  ’  4oa' 

1 

<7 1,  • 

da/-’ 

dra' 

o/  i  \  1  da/-'  . 

2(°tr,4*  fl2c)  ~ri~  ‘  jj(j‘  1 

'  (2flu  4*  ^ai’  _l 

V  1 

•  °k)  ry  ’ 

dar  , 
d'l'a 

.  1  dF  1  O/ 

.  1  df 

ic  r  ax>)  -t  •  4o'-  - 

(12.9) 


d3U 


1  dr-U 


\  frU 


—  •  («i2  +  °22>  |-  (n:-.-|- <V,)  >  ‘  drdil'  (nn"4'fl>a);2'  ‘  d0= 

.  /  o  .  1  dU  .  .  ,  .  1  dU 

"4“  (°U.  ”n22  ~  fll2 )y  ■  ~d}~  4  (flic4  fl2o)/.'J  ’  ■ 


This  equation  corresponds  to  Eq .  (5-9)  for  a  homogeneous  plate.  It 


is  considerably  more  complex  than  Eq.  (5-9)  and  contains  arbitrary 


functions  F  of  different  orders,  from  the  first  to  the  fourth  one,  and 
not  only  of  the  first  order  as  was  the  case  with  the  homogeneous  equa¬ 
tion.  In  view  of  the  complexity  of  Eq.  (12.9)  it  is  not  possible  in 
this  case  to  find  a  general  expression  for  F  in  terms  of  arbitrary 
functions  analogous  to  the  expressions  (7-16),  (7-17)  or  (7.21). 

If  a  plate  with  cylindrical  anisotropy  is,  at  the  same  time,  also 
orthotropic,  i.e.,  has  three  planes  of  elastic  symmetry  at  every  point, 
one  of  which  is  parallel  to  the  mid  plane,  the  other  one  passes  through 
the  axis  of  anisotropy,  then  Eqs.  (12.6)  will  be  written  in  the  form: 


'^Tr0'-*9" 


(12.10) 


E^,  Eq  are  here  Young's  moduli  for  the  stretching  (compression) 
along  the  principal  directions  r  and  0;  v0  are  the  Poisson  coeffi¬ 

cients  and  G^q  is  the  shear  modulus  for  the  principal  directions  r,  0. 
For  this  case  Eq.  (12.9)  simplifies  and  assumes  the  following  form: 

).  .  O'H  ,  /  1  2vr\  I  O'H  .1  1  <)'/•'  2  1  0*F 

0r*  "  \<V»  l:r)  r*  Or"  d’l-  /:>  '  >'•*  '  t>5'  ^  /•»  '  V  dr* 

(  1_  2v,  \  l  0*F  __  1  1  CM'  . 

'  Vo, -6  *  "t;)r*  '  Or  “ '  Hr  ■  r*  '  Or*  ' 1 ' 

4.  fa  L : V  -I.'. !  .1 .  fJL  .1. .  .1. .  . .. 

'  \  Hr  1  U,  J  r{  Ob*  1  ~i:r  r 3  Or 


(12.11) 


----  f 4?0  ,  1  -  vr  I  O'-U  ,  /  2  1  |  y\  1  Off] 

1  Or*  1  ,*;r  ’  }i  0'H  '  V;5  Hr  /  r  Or  J ' 


The  boundary  conditions  for  the  given  forces  at  the  plate  boundary 
may  be  reduced  to  prescribing  the  first  derivatives  of  the  stress  func¬ 
tions  9 F/Ov  and  9F/90  at  the  contour  of  the  region  occupied  by  the 
plate. 


The  problem  of  plane  deformation  is  completely  analogous  to  the 


problem  of  the  plane  stressed  state  of  the  plate.  If  the  body  shown  in 
Fig.  8  (§6)  has  the  property  of  cylindrical  anisotropy  with  the  axis  of 
anisotropy  z  directed  parallel  to  the  generatrix  then  Eqs.  (12.5)- 


(12.9)  in  which  only  the  a.  .  have  to  be  replaced  by  the  reduced  strain 

i -J 

coefficients 


Pi  )  =  °H 


a33 


(/.  y  =  1.  2.  6). 


(12.12) 


hold  for  it. 

Besides  a  ,  0a  and  t  q  also  the  stress  a  acting  in  the  cross  sec- 
rJ  0  r0  z  ° 

tions  and  equal  to 

0230(1  °36V,)'  (12.13) 

is  obtained  in  this  case. 

P.N.  Zhitkov  considered  the  generalized  plane  stressed  state  of  an 
orthotropic  body  having  cylindrical  anisotropy  in  which  the  moduli  of 
elasticity  are  functions  of  the  coordinates  r  and  0.  In  this  case  a 
more  complex  equation  of  fourth  order  with  variable  coefficients*  is 
obtained  instead  of  Eq.  (12.11). 


Manu¬ 
script 
Page 
No . 

29* 
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•pa^-e  107 . 


-  62  - 


30 


32 

35 

37 

39 

41* 

41** 

42 

43* 

4  3  *  * 

143### 


N.I.  Muskhelishvili  chooses  that  direction  to  be  the  positive 
direction  of  passing  along  the  contour  for  which  the  region 
remains  on  the  left  side,  i.e.,  counterclockwise  for  the  out¬ 
er  contour  and  clockwise  for  the  contours  of  the  openings 
(see  his  book  mentioned,  pages  113,  143) • 

See  our  works  mentioned  in  §5* 
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The  determinant  of  this  system  is  equal  to 


In  the  case  of  unequal  complex  parameters,  obviously, 
d  >  0. 
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Chapter  3 

THE  BENDING  OF  PLANE  ANISOTROPIC  BEAMS  AND  CURVED  GIRDERS 
§13-  SIMPLEST  CASES 

In  this  chapter  we  consider  several  cases  cf  stress  distribution 
under  the  action  of  bending  loads  in  a  rectangular  plane  plate,  a 
wedge-shaped  console  of  rectangular  cross  section,  and  in  a  curved  gir¬ 
der  having  the  form  of  a  part  of  a  plane  circular  ring.  In  all  cases  we 
assume  that  at  each  point  of  the  body  there  is  a  plane  of  elastic  sym¬ 
metry,  parallel  to  its  mid  surface  (which  is  taken  to  be  the  xy  or  r6 
plane ) . 

Let  us  start  from  the  simplest  cases  of  the  equilibrium  of  a  homo¬ 
geneous  anisotropic  rectangular  plate  of  constant  thickness  h  which  is 
in  a  generalized  plane  stressed  state  under  the  action  of  forces  dis¬ 
tributed  along  its  boundary.  In  all  cases  where  a  homogeneous  beam  Is 
considered  we  assume  that  the  equations  of  the  generalized  Hooke's  law 
connecting  the  values  of  the  stress  and  strain  components  whose  mean 
has  been  taken  over  the  thickness  have  the  form: 

Ex  ~~  n  1  iax '  1  °igLi r  ) 

Ey  |  (13.1) 

7  a y  ~  0  lGaa  "I'  °2G',y  "  i  \i  V  > 

If  the  plate  is  orthotropic  and  the  principal  directions  are  cho¬ 
sen  to  be  the  directions  of  the  x  and  y  axes,  then  the  coefficients 
al6’  a26  are  ec^ua-'-  to  zero,  and  the  rest  Is  more  conveniently  expressed 
in  terms  of  /oung  moduli,  Poisson  coefficients,  and  the  shear  modulus 
(the  principal  ones): 
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Ityffl*  >ra irt  A  r<4t*2tn .  1 


-- £r- 


r  'o'- 


(13.2) 


The  solutions  for  the  simplest  cases  are  elementary  and  we  present 
them  without  derivation. 

1.  Stretching .  A  rectangular  plate  is  stretched  by  normal  forces  p 
which  are  uniformly  distributed  along  its  two  sides  (Fig.  18). 

3y ~ 'sy ~ 0;  F^lpy-  (13.3) 

(p  is  the  intensity  of  the  forces  or  the  force  per  unit  area) . 
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Fig.  18 


|o«lpk.  } 

-'HI 

•  I 

/ 

/  2 

- *-/-*— 

— *-VJ|,pl  — 


i 

ly 

I 

— >*  — v-  — >-  — >- 

.  i 

1 

.|o„|fb 

t“77 

i  / 

f 

li 

1 

' 

■  /  i 

li 

— * — t-  ^ — i.- 

-< - i - >- 

1 

Oy.tl 

Fig.  19 


The  same  stress  distribution  is  obtained  as  in  a  stretched  iso¬ 
tropic  plane,  and  the  deformations  are  determined  from  Eqs.  (13.1): 

tj==flu  P<  eu=-aiiP>  Txu  —  nibP-  (13 -4) 

A  nonorthotropic  plate  is  elongated  under  the  action  of  stretching 
forces  in  the  direction  of  the  forces,  and  is  contracted  in  the  perpen¬ 
dicular  direction  (if  only  a ^  <  0)  and,  besides,  is  distorted  in  the 
xy  plane:  the  rectangular  plate  becon.es  oblique  (see  the  dotted  lines 
in  Fig.  18).  The  distortion  is  determined  by  the  constant  a-^;  an  or¬ 
thotropic  plate  remains  rectangular. 

, >H  h  h<— 


Fig.  20 
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2.  Shear.  Along  the  boundaries  of  a  rectangular  plate  tangential 
forces  of  an  intensity  t  are  uniformly  distributed  (Pig.  19).  We  have: 


0X  —  Oy  0,  —  t, 

ex  ~  °1C^'  rt2! 


/;  F  —  —  txy, 
-  T xu  ~~  rtuc^- 


(13-5) 

(13.6) 


A  nonorthotropic  plate  experiences  elongations  and  lateral  con¬ 
tractions  according  to  the  signs  of  and  besides  the  shear  in 

the  xy  plane  which  is  determined  by  the  constant  agg.  An  orthotropic 
plate  experiences  pure  shear  without  elongations. 

3.  Pure  -hear.  Forces  giving  rise  to  moments  M  (in  kg  *  cm)  are 
distributed  along  the  two  sides  of  a  beam-plate  (Fig.  20). 

We  have : 


°u-  z-  J  )'<  cu:  ~  1 


(13-7) 


The  same  stress  distribution  is  obtained  as  in  an  isotropic  beam 
(if  no  account  is  taken  of  the  local  stresses  in  the  neighborhood  of 
the  ends  which,  according  to  the  Saint  Venant  principle,  practically 
have  no  influence  on  the  stresses  in  zones  far  from  the  loaded  surfac 


The  displacements  of  the  beam  particles  [found  by  integrating  Eqs. 


(13-1)]  are  equal  to: 


u  —  4  (auxy  l •  2*  nio y2) “  u*y -f  "0- 

M 

V  ”  27  ("i2>’'  ~ \-  I-  % 


(13.8) 


Here  to,  uQ)  are  constants  expressing  the  "rigid"  displacement  of  the 
beam  in  its  mid-surface,  i.e.,  which  is  not  accompanied  by  deformation. 
The  first  of  expressions  (13.8)  shows  that  the  cross  sections  of  a  non¬ 
orthotropic  beam  do  not  remain  plane;  the  distortion  depends  on  the 
constant  .  The  cross  sections  of  an  orthotropic  beam  are  not  dis¬ 
torted  in  deformation. 
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The  equation  of  the  curved  beam  axis  for  fixed  ends  x  =  0  and  x  = 


=  l  has  the  form: 


'.'-(IX-  A;), 


(13.9) 


where  n  is  the  ordinate  of  the  curved  axis. 

The  curvature  of  the  curved  axis  is  equal  to 


(13-10) 


The  functional  relationship  between  the  curvature  of  the  axis  and 
the  moment  of  flexure  is  the  same  as  in  the  case  of  an  isotropic  beam, 
but  instead  of  the  modulus  E  (which  is  the  same  for  all  directions  in 
an  isotropic  beam)  the  modulus  E'  for  stretching  (compression)  along 
the  axis  occurs. 


§14.  BENDING  OP  A  CONSOLE  BY  A  TRANSVERSE  FORCE 

A  beam  with  a  cross  section  having  the  form  of  a  narrow  rectangle 
is  fixed  at  one  end  and  is  bent  by  a  transverse  force  P  applied  to  the 
other  end  (Fig.  21).  The  solution  is  obtained  with  the  help  of  a  stress 
function  in  the  form  of  a  polynomial  of  the  fourth  degree* 


V’-i (li|-1) 


The  stress  components  are  determined  by  the  formulas: 


-4 


0 y  ==0, 


(14.2) 


These  stresses  satisfy  exactly  the  conditions  on  the  long  sides  y  =  +_ 
and  in  the  cross  sections  they  reduce  to  a  force  and  a  moment  balancing 
the  external  force  P. 

,  In  an • prthotropic  beam  in  which  the  axial  direction  x  is  the  prin- 
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Fig.  21 


cipal  one  a-^g  =  0,  and  the  same  stress  distribution  is  obtained  as  in 
an  isotropic  beam*: 

°x~- ■  j  v  °*  W:  £-(4- -y-)-  (1^ *3) 


For  a  beam  with  which  the  coefficient  a^g  is  not  equal  to  zero 
(the  case  of  a  nonorthotropic  beam  or  an  orthotropic  beam  with  which 
the  axial  direction  x  is  not  the  principal  one)  the  stress  a  is  dis- 

X 

tributed  according  to  a  parabolic  law  rather  than  a  linear  one,  along 
the  cross  section.  The  diagram  of  the  distribution  of  o  over  the  cross 

X 

section  is  shown  (at  an  arbitrary  scale  and  for  a^g  >  0)  in  Fig.  22; 
the  dotted  line  shows  the  stress  distribution  in  an  isotropic  beam.  The 
greatest  normal  stress  is  obtained  at  the  points  y  =  b/2  or  y  =  —  b/2 
of  the  fixed  cross  section;  for  a^g  >  0  it  is  equal  to 


ep/  /  att  b  \ 
iib's  \  1  „r  ’  31  ) 


(14.4) 


Fig.  22 


(compressive  stress)  and  for  a^g  <  0 
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(stretching  stress). 

We  note  that  the  formula  for  the  curvature  of  the  curved  beam  axis 
(both  an  orthotropic  or  nonorthotropic  one)  has  the  same  form  as  in  the 
case  of  pure  bending,  i.e., 


1  _  M 

7”"  j 


(14.6) 


but  in  this  case  the  moment  of  flexure  varies  along  the  beam  length: 


M^  —  Px. 


(14.7) 


The  parabolic  distribution  law  of  normal  stresses  in  cross  sec¬ 
tions  is  not  reflected  in  the  equation  of  the  curved  axis  which  has  the 
same  form  as  in  the  case  of  an  isotropic  beam: 


v-  vv,  (^' 

6/:  j  J 


(14.8) 


E.  Reissner  particularly  considered  the  limiting  case  of  an  ortho- 
tropic  beam  where  Young's  modulus  E 2  for  the  y  direction  perpendicular 
to  the  x  axis  is  negligibly  small  compared  to  the  modulus  E ^  for  the 
axial  direction.  The  solutions  obtained  were  used  by  him  to  study  the 
stresses  and  strains  in  a  detail  having  the  shape  of  a  case.* 


§15.  BEAM  BENDING  BY  A  UNIFORMLY  DISTRIBUTED  LOAD 

The  stress  distribution  In  a  beam  which  is  uniformly  loaded  along 
Its  whole  length  is  obtained  with  the  help  of  a  stress  function  having 
the  form  of  a  fifth  degree  polynomial.  The  arbitrary  constants  entering 
this  polynomial  may  always  be  chosen  such  that  the  stress  on  the  long 
sides  exactly  satisfy  the  boundary  conditions,  and  on  the  short  sides 
reduce  to  forces  and  moments  balancing  the  external  load.  We  shall  pre¬ 
sent  the  solutions  for  two  cases  jf  end  fixing.** 

1.  Console .  A  beam  with  a  cross  section  having  the  form  of  a  nar¬ 
row  rectangle  is  fixed  at  one  end  and  bent  by  a  normal  load  q  (per  unit 
length),  which  is  uniformly  distributed  along  one  of  the  long  sides 
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(Fig.  23). 

The  following  formulas  are  obtained  for  the  stress  components: 


qx*y  .  q 
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(15-1) 


The  moment  of  flexure  M  and  the  crosscut  force  N  in  an  arbitrary  cross 
section  x  are  equal  to: 


M  ■  -  N  -  qx. 


(15.2) 


The  first  terms  of  the  expressions  o  and  t  are  the  stresses  deter- 

x  xy 

mined  by  the  elementary  theory  of  bending,  and  the  second  terms  which 
depend  on  the  elastic  constants  are  the  additional  stresses  A o  and 

X 

At  which  are  not  taken  into  account  by  the  elementary  theory.  The 
xy 

formulas  for  the  normal  and  tangential  stresses  in  the  cross  section 
[the  first  and  the  second  of  (15-1)]  may  briefly  be  written  in  the  fol¬ 
lowing  way: 


M  ,  . 

—  ~j~y  Mv 


v4(r-»1'Hv  1 

For  an  orthotropic  beam  with  which  the  direction  of  the  x  axis  coin¬ 
cides  with  one  of  the  principal  directions  we  obtain  from  (15*1): 


(15.3) 
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Here 
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(15.5) 
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Hence  it  is  evident  that  the  distribution  of  the  stresses  a  and  t  in 

y  xy 

an  orthotropic  beam  does  not  differ  from  the  distribution  in  an  ortho¬ 
tropic  beam.  In  the  case  of  an  isotropic  material  m  =  1.* 

Determining  the  displacements  u  and  v  by  integrating  Eqs.  (13.1) 
we  obtain  the  equation  of  the  curved  axis  and  the  depth  of  curvature 
(the  maximum  flexure  of  the  axis): 

«**  i  '?■  (15,6) 

/"  ''w  (3"'«  I  1"«‘  3  "in)'  (15.7) 

The  first  term  in  the  expression  for  f  is  the  depth  of  curvature, 
determined  by  the  elementary  theory,  and  the  second  one  is  the  correc¬ 
tion  obtained  on  the  basis  of  a  more  rigorous  theory  of  the  plane 
stressed  state. 

The  curvature  of  the  curved  axis  is  determined  by  the  formula: 

r-'r  ■!-&(*,.  M*-}-*).  (15.8) 

In  this  case  the  law  of  proportionality  between  the  curvature  of 
the  curved  axis  and  the  moment  of  flexure  is  no  longer  valid;  the  ex¬ 
pression  determined  by  the  elementary  theory  must  be  supplemented  by  a 
constant  correction  term  which  depends  on  the  elastic  constants  and  the 
dimensions  of  the  cross  section. 
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2.  A  beam  on  two  supports.  For  a  beam  hinged  at  the  ends  and  bent 

by  a  uniform  load  (Fig.  2 *0  the  formulas  for  a  and  t  obtained  are 

y  xy 

.the  same  as  for  the  console  shown  in  Fig.  23,  and  the  stress  a  is  de- 
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termined  by  the  formula 


2  3)1 
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(15-9) 


The  expressions  for  a  and  t  _  may  be  written  in  a  short  manner  in 

x  x  zy 

the  form  (15-3),  but  in  this  case 


m  N„.:qx  (15.10) 

and  the  correction  A  a  has  a  somewhat  different  value  (the  constant  a,/r 

x  ]  6 

will  enter  with  a  minus  sign). 

We  give  here  the  equation  of  the  curved  axis  and  the  formulas  for 
the  depth  of  curvature  and  the  curvature: 


(15-11) 
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(15.13) 


Using  the  stress  function  in  the  form  of  an  integral  polynomial 

also  the  stress  distribution  in  a  homogeneous  beam  under  the  action  of 

the  proper  weight  may  be  obtained.  Having  solved  this  problem  we  come 

to  the  following  conclusion.  The  distribution  of  the  stresses  a  and 

x 

t  due  to  the  proper  weight  obtained  in  a  beam  fixed  at  one  end  or 
xy 

supported  at  the  ends  is  exactly  the  same  as  in  a  beam  which  is  loaded 

by  uniformly  distributed  normal  forces  with  an  intensity  of  q  =  ybh 

(per  unit  length),  where  y  is  the  specific  weight  of  the  material.  As 

to  the  normal  stresses  a  in  the  longitudinal  sections  expressing  the 

2/ 

action  of  the  longitudinal  beam  layers  one  each  other  they  are  in  both 
cases  determined  by  the  law 
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§16.  BEAM  BENDING  UNDER  A  LOAD  WHICH  IS  DISTRIBUTED  ACCORDING  TO  A 

LINEAR  LAW 

With  the  help  of  a  stress  function  having  the  form  of  a  sixth-de¬ 
gree  polynomial  it  is  easy  to  obtain  the  solution  for  a  beam  loaded  by 
normal  forces  distributed  along  the  length  according  to  a  linear  law. 

As  in  the  cases  considered  earlier  the  solution  will  exactly  satisfy 
the  conditions  on  the  long  sides  and  approximately  those  at  the  short 
ones  where  the  stresses,  generally  speaking,  will  be  reduced  to  moments 
and  forces.* 

1.  Console .  The  beam-p±ate  is  fixed  at  one  end  and  bent  by  a  nor¬ 
mal  load  distributed  according  to  a  linear  law.  Placing  the  coordinate 
axes  as  in  Fig.  25  we  give  the  equation  of  a  load  referred  to  the  unit 
length  in  the  form: 

?==  7of  (16.1) 


Here  qQ  is  the  maximum  value  of  the  load  (at  the  place  of  fixation). 


Fig.  25 


The  moment  of  flexure  and  the  crosscut 
force  are  equal  to: 

(16.2) 

The  final  formulas  for  the  stress  compo¬ 
nents  read: 


(16.3) 


In  the  formulas  ( 1 6 . 3 )  the  first  terms  of  the  expressions  for  o 

X 


and  t  are  the  stresses  obtained  from  the  elementary  theory,  and  the 

xy 

second  terms  are  the  corrections  A a  and  At 

x 


given  by  the  rigorous 
xy 


theory . 
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The  equation  of  the  curved  axis  is  obtained  by  determining  the 


displacements  u  and  v ;  it  has  the  form 

"iw'x 


x(-‘  -  3,)^  3/-.v  |  m 


(16. H) 


The  depth  of  curvature  and  the  curvature  are  determined  from  the 


formulas : 


f  qn‘x  _  qj>-v  (  W i  _  3. 
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(16.6) 


The  correction  term  in  the  formula  for  the  curvature  is  a  linear 


function  of  x. 


2.  A  beam  on  two  supports.  A  beam-plate  supported  at  the  ends  is 


bent  by  a  load  whose  equation  has  the  form 


(16.7) 


where  qQ  is  the  maximum  value  of  the  load  (Pig.  26) 


We  present  the  formulas  for  the  moment  of 
flexure,  the  crosscut  force,  and  the  stresses: 
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The  equation  of  the  curved  axis  and  the  expression  for  its  curva¬ 
ture  will  be  in  this  case: 

7]-.--=  f2orJi{:ur'  1  15/v‘  iOI'x*  ni)/'A?  !  7/«.v  1  75/-)  -  (16.10) 

1  *-  ,!-v  3,,>' 

1  /U  ^  /!/;,  \  ,  „v  (16.11) 

7s-£ly‘,''8«£,y/V o  ' '  1 


-  77  - 


1 


The  determination  of  the  solution  for  a  nonorthotropic  beam  does 
not,  in  principle,  present  any  difficulties,  but  all  calculations  and 
final  formulas  and  equations  will  be  more  cumbersome  (owing  to  the  fact 
that  the  constants  and  are  different  from  zero). 

§17.  BEAM  BENDING  BY  AN  ARBITRARY  LOAD 

Using  a  stress  function  in  the  form  of  an  integral  polynomial  the 
stresses  in  a  homogeneous  beam  acted  upon  by  a  normal  load  which  is 
distributed  along  the  whole  length  according  to  the  law 

i- S>.  (;•)*•  w.n 

1 

may  be  found.  If  the  load,  as  a  function  of  x,  is  given  in  the  form  of 
a  polynomial  of  degree  n  then  the  corresponding  stress  function  must  be 
taken  in  the  form  of  an  integral  polynomial  of  degree  n  +  5  with  re¬ 
spect  to  x  and  y.  It  may  be  represented  In  the  form  of  a  sum  of  homoge¬ 
neous  polynomials 

n4  5 

y)>  (17.2) 

where 

Pk(x,  y)  ■■  -  Akoxh  •  |-  Akixu" '.v  |  Akzxk-  ?y':  -J-  •  •  •  +  /WI>  ( 17 . 3 ) 
and  the  A ^  are  constant  coefficients.  To  the  polynomials  of  zeroth  and 
first  degree,  obviously,  correspond  stresses  equal  to  zero,  and  they 
may  be  discarded.  The  polynomials  of  second  and  third  degree  satisfy 
the  equation  for  the  stress  function  (7-1)  for  arbitrary  values  of  the 
coefficients.  Each  of  the  polynomials  of  higher  degrees  -  fourth, 
fifth,  etc.  —  contains  four  arbitrary  coefficients,  and  the  rest  of  the 
coefficients  are  expressed  in  terms  of  these  four  coefficients.  This 
fact  may  easily  be  verified  by  requiring  that  the  function  P^  be  a  so¬ 
lution  to  Eq.  (7-1)  (i.e.,  substituting  into  the  left-hand  side  of 
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this  equation  and  putting  the  result  of  the  substitution  equal  to  ze 
ro) . 


It  is  alv.ays  possible  to  dispose  of  the  arbitrary  constants  enter¬ 
ing  the  expression  (17.2)  such  that  the  stresses  exactly  satisfy  the 
conditions  on  the  long  sides  of  the  beam.  On  the  short  sides  (i.e.,  at 
the  ends)  it  is,  in  general,  not  possible  to  satisfy  the  conditions  ex¬ 
actly  by  the  function  (17.2);  it  is  only  possible  to  require  that  the 
stresses  at  the  ends,  depending  on  the  method  of  their  fixation,  be  re¬ 
duced  to  forces  and  moments  balancing  the  external  load. 

If,  e.g.,  we  want  to  obtain  the  stress  distribution  in  a  beam- 
plate  due  to  a  load  given  in  the  form  of  a  quadratic  function  of  x  (ac¬ 
cording  to  a  parabolic  law)  the  stress  function  must  be  chosen  in  the 
form  of  a  seventh-degree  polynomial,  or,  which  is  the  same,  in  the  form 
of  a  sum  of  homogeneous  polynomials  from  the  second  to  the  seventh  de¬ 
gree,  inclusively.  The  solution  is  obtained  in  a  rather  cumbersome  form 
which  cannot  be  reduced.  We  only  note  that  in  all  cases  where  the  load 
is  given  by  Eq .  (17.1)  the  final  formulas  for  the  normal  and  tangential 
stresses  in  the  cross  section  have  the  form: 


M 

°x ''  J 
N 
27 


y- 1  A:b" 


(17. 4) 


r(-4  -JV’2)  t-  Axjy.  ) 

where  M  and  N  are  the  moment  of  flexure  and  the  crosscut  force  in  the 
given  section.  The  first  terms  are  the  stresses  obtained  according  to 
the  elementary  theory  of  bending,  and  the  second  ones  are  the  correc¬ 
tion  terms  not  taken  into  account  by  the  elementary  theory.  An  analo¬ 
gous  form  has  also  the  expression  for  the  curvature  of  the  curved  axis 

V  :  '(J):  (17.5) 

the  second  term  is  not  taken  into  account  by  the  elementary  theory. 

The  more  general  case  of  the  elastic  equilibrium  of  an  anisotropic 
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rectangular  plate  (band)  acted  upon  by  normal  and  tangential  forces  on 
both  long  sides  was  studied  by  A.  A.  Kurdyumov  .*  This  author  seeks  the 
stress  function  in  the  form  of  a  sum 

F--  2/*O0.*‘  (17.6) 

*  -  0 

and  gives  a  method  of  determining  the  coefficients  (which  are  poly¬ 
nomials  with  respect  to  powers  of  y)  by  taking  account  of  the  boundary 
conditions  and  the  equilibrium  conditions.  A  somewhat  different  method 
of  solving  the  same  problem  for  an  orthotropic  band  ("method  of  succes¬ 
sive  approximations")  was  proposed  later  on  by  L.N.  Vorob'yev.** 

If  a  load  is  distributed  along  a  beam  according  to  a  more  complex 
law  particularly  in  those  cases  where  only  a  part  of  the  beam  length  is 
loaded  the  stress  distribution  may  be  obtained  with  the  help  of  Fourier 
series.  We  shall  consider  the  way  in  which  this  method  is  applied  with 
the  help  of  the  example  of  an  orthotropic  beam  supported  at  the  ends 
and  bent  by  a  normal  load  distributed  symmetrically  with  respect  to  the 
middle  according  to  an  arbitrary  law.  The  other  cases  of  a  single-bay 
beam  —  a  console  and  a  beam  on  two  supports  loaded  by  an  asymmetric 
load  may  be  studied  by  the  same  method  with  unimportant  modifications 
in  the  details.*** 

Let  the  planes  of  elastic  symmetry  be  parallel  to  the  beam  faces, 
and,  consequently,  the  axial  direction  be  the  principal  one. 

With  the  coordinate  axes  placed  as  shown  in  Fig.  27,  we  shall  ex¬ 
pand  the  load  q,  as  a  function  of  i,  in  a  Fourier  series  in  the  inter¬ 
val  (—  ly  l)  where  this  load  is  given.  The  series  will  contain  only  co¬ 
sines  and  a  constant  term 

V  —  <7o  ■}“  7  hi  cos  n~j~  •  (17.7) 
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The  boundary  conditions  on  the  long  sides  y  =  +  i/2  have  the  form: 


for  y---. 


V  ',j/:  ;0; 
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(17-8) 


The  equation  for  the  stress  function  has  the  form: 


J.  ,  /I  _.2v,\  J«r  .  i  .«)'/••  ;0 
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(17.9) 


The  stress  distribution  due  to  the  constant  load  qQ  is  known  to  us 
[see  Formula  (15-9)  and  the  second  and  third  formulas  (15. 1)].  The 
function  giving  the  stress  distribution  due  to  the  load 

mr.x 

(Jin  ~i  • 

will  be  sought  in  the  form 


_  ,  mr.x 

f  m 1  ~  J in  (y)  ~i 


(17.10) 


Substituting  the  function  into  Eq .  ( 17 • 9 )  we  obtain  the  ordinary 
differential  equation  for  the  function  f  : 


//'■  - (',  B (7)7::. -i- < 17 • 1 1 > 


The  form  of  the  function  f  depends  on  the  roots  of  the  characteristic 

J  m 


equation 
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If  all  moduli  E  2,  E  t  G  are  finite  arid  not  equal  to  zero  three 
cases  are  possible. 

Case  1 .  The  roots  are  real,  unequal;  we  shall  designate  them  by: 

'  1  (v,  >  0.  s.t  >  0). 

Case  2.  The  roots  are  real,  equal;  we  shall  lea  innate  them  by: 

■'-s  (s>0). 

Case  3.  The  roots  are  complex;  we  shall  designate  them  by: 

s.'.tl,  s  '- 11  (s  >  0,  / >  0). 

Purely  imaginary  roots  cannot  be  obtained  since  the  numbers  8-^  and  8, 

are  connected  with  the  complex  parameters  of  the  plane  stressed  state 

by  simple  relations  s2  =  -ip  ,  =  —ip  [see  Eq .  (7-5)]. 

In  case  1  the  stress  function  F  has  the  form: 
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(4^,  BmJ  Dm  are  arbitrary  constants,  ch  and  sh  are  the  hyperbolic 

functions ) . 


In  case  2 


Fm  'I  (Cm  I  (17. 1H) 


In  case  3  F  can  be  represented  as  follows: 
m 


('l.ch^.|-/»M*l,*7?)cos/7 


C„  ,  smr.y  i/nr. v\  .  /mr.v  1  nir.x 
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(17.15) 


In  order  to  construct  a  solution  for  the  beam  shown  in  Fig.  27  we 
assume  a  stress  function  in  the  form  of  a  sum  of  expressions  (17.13) 
[or,  respectively,  (17.1*0  and  (17.15)].  Moreover,  from  formulas  (5.7) 
(for  U  =  0)  we  determine  the  corresponding  stresses,  add  to  them  the 
stresses  due  to  the  constant  load  q0,  and  require  tnat  the  conditions 
(17.8)  be  satisfied.  From  the  boundary  conditions  we  obtain  a  system,  cf 


82 


equations  for  the  determination  of  the  constants  A  ,  B  ,  C  ,  L)  (for 
each  m  a  separate  system  Is  obtained);  we  fl nd  all  constants  by  solving 
these  equations.  As  a  result,  we  obtain  formulas  for  the  stresses  in 
the  form  of  series  of  rather  complex  structure.  The  stresses  at  the 
beam  ends  may  be  reduced  to  moments  with)  the  hielp  of  whiich  we  shall  get 
rid  of  the  superposition  of  the  solution  for  thie  case  of  pure  bending. 

Problems  of  this  kind  for  an  anisotropic  beam,  apparently,  have 
not  yet  led  to  numerical  results. 

P.P.  Kufarev  and  V.A.  Sveklo  have  given  the  general  solution  of 
the  problem  of  the  elastic  equilibrium  of  an  infinitely  long  anisotrop¬ 
ic  band  loaded  along  the  boundaries  by  normal  and  tangential  forces.* 
Directing  the  x  axis  parallel  to  the  boundaries  the  authors  assume  that 
the  external  forces,  as  functions  of  x,  are  absolutely  integrable  in 
the  interval  (-°°,  +°°)  and  may  be  represented  in  the  form  of  Fourier  in¬ 
tegrals.  The  functions  and  in  terms  of  which  the  stresses 

are  expressed  are  determined  in  the  form  of  double  integrals  with  infi¬ 
nite  limits. 

§18.  THE  BENDING  OF  A  COMPOSITE  (MULTILAYER)  BEAM 

With  the  help  of  stress  functions  in  the  form  of  integral  polyno¬ 
mials  the  stress  distribution  for  several  cases  of  beam  bending  may  be 
obtained  where  the  beam  consists  of  an  arbitrary  number  of  anisotropic 
bands  of  identical  thickness.  We  shall  here  consider  only  the  case  of 
an  ort'notropic  console  bent  by  a  force  and  a  moment.** 

Let  be  given  a  beam  soldered  or  glued  together  of  an  arbitrary 
number  of  orthotropic  bands  of  identical  thickness,  but  with  different 
elastic  properties;  one  of  its  ends  is  rigidly  fixed,  and  the  other  one 
is  acted  upon  by  a  load  resulting  in  a  moment  M  and  a  transverse  force 
P.  The  stresses  in  each  layer  as  well 'as  the  equation  of  the  bent  axis 
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and  the  bending  strength  must  be  determined. 

Identifying  the  origin  of  coordinates  with  the  topmost  point  of 
the  free  end  we  place  the  x  axis  along  the  upper  edge,  as  shown  in  Pig. 
28.  We  shall  number  the  layers  consecutively,  starting  from  the  topmost 


layer,  and  introduce  the  following  designations:  n  is  the  number  of 

layers;  l  is  the  beam  length;  b  is  the  height;  h  is  the  thickness 

(identical  for  all  bands);  u, ,  v,  are  the  stress  com- 

x  y  xy  k*  k 

ponents  and  displacements  in  the  kth  layer;  t 

(k) 

G  are  the  elastic  constants  (the  principal  ones)  for  this  layer; 

and  b ^  are  the  distances  from  the  upper  edge  to  the  upper  and  low¬ 
er  boundaries  of  the  kth  layer  (k  =  1,  2,  . . . ,  n ;  bQ  =  0 ,  bn  =  b ) . 

The  stress  components  (the  mean  values  taken  over  the  thickness 
will  be  expressed  in  terms  of  the  stress  function  F ^  (for  each  band 
separately ) 


0(A)  _  0(A)  —  l  k-  -(A) 

x  c)  y'J  '  U  Ox-  J'J 


Ox  Oy ' 


(18.1) 


The  function  F ^  satisfies  the  equation 

_1  **  ,  /  '  ,  J  ^..0  MR  Pi 

dx<  F.\k>  Jo.x'-Oy'-  1  Oy*  ’  V  ' 

The  displacements  projections  (also  mean  values  over  the  thick¬ 


ness)  will  be  determined  from  the  equations 


Ouk  I 

,  C<*>  .-.O'M, 

a.v 

dl'fc  v<A>  1 

—  :  -  1  •  o<''  i  ■  C11*, 

dy  t\k>  r  /:'/•>  y 

dy  d.v  G1*' 


(18.3) 


The  boundary  conditions  on  the  upper  and  lower  edges  have  the 


form : 


i  or  y  ---•  0  cy’  - " '%  :  :  °!  | 
:or  y  -  t>  ^ -■*  -  °-  / 


(l8.il) 


Since  slipping  of  the  bands  is  excluded  we  have  the  following  con¬ 
ditions  on  the  contact  surfaces. 


for  y---t>k  . 


cl*1' 

1)  ;  ;(*•) 

-(k- 

1)  t(A) 

V 

V  ’ 

'zy 

Tlf 

"k 

1  «*. 

vk- . 

(18.5) 


The  stresses  ^  n  each  cross  section  must  balance  the  external  force 
and  moment  (this  is  also  valid  for  the  end  sections  x  =  0 ,  x  =  7); 
hence  follow,  in  addition,  the  conditions 


„  S 


«  S 


(18.6) 


The  solution  is  obtained  with  the  help  of  stress  functions  of  the 


form 


/-'*  -  Akxy  |  -  Bkf-  i  Ckxf-  - 1- l\y'  |  F.kxy\  ( 1 8 . 7  ) 

which  satisfy  Eq .  (18.2)  for  arbitrary  values  of  the  coefficients. 

The  final  results  boil  down  to  the  following.  The  stress  compo¬ 
nents  are  determined  by  the  formulas: 


{k  - ---  1 ,  2 . «); 


(18.8) 
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V  i  i 


/>;  w  i  (v!  n  ,)^) 


--.S'j  V (/’,  /'i.  ,) /m1  I  (V  -ft* ,.,)M‘ 


(/j;  =  2.  3 . n  -  I); 


G  Pl:[l) 


6  pi:t») 

-  IS,  ~Xb„-t-  y)S, ](/>„■■  y). 


(18.9) 


Here  we  have  Introduced  the  designations: 


5,  =  2  (ft* :  -ft*-,)^’. 

*«l 

52  --  ijCftl-ft!-,)^. 

*  1 

S,..  2(4-4-.)ef. 

A  =  1 


5  =  45,S3  -3 Si 


The  neutral  axis  is  at  a  distance  of 


S2 

Vo  oc  i 


(18.10) 


(18.11) 


from  the  upper  edge,  it  is  impossible  to  predict  which  layer  will  con¬ 
tain  this  axis. 

The  equation  of  the  bent  axis  (i.e.,  the  line  into  which  the  neu¬ 
tral  axis  goes  over  in  bending)  has  the  same  form  as  for  a  homogeneous 
console  with  some  digidity  D : 


■H  =  Kn  (*9  -  3/2*  4-  2/3)  -  £  (*  -  /)». 


(18.12) 


This  rigidity  is  determined  by  the  formula: 


D  — 

125i  ‘ 


(18.13) 


For  the  curvature  of  the  bent  axis  an  expression  coinciding  with 
that  given  by  the  elementary  theory  of  bending  is  obtained: 


1  Mnff 
?  d  • 


(18.14) 


We  nctqthat  among  ’all • elastic  constants  only  Young's  moduli  for 
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the  axial  directions,  E ^  ,  enter  all  above-mentioned  formulas.  All 

formulas  simplify  to  a  certain  extent  if  the  layers  have  the  same 
height  equal  to  b/n.  In  particular,  the  rigidity  formula  (18.13)  as¬ 
sumes  the  form 


.( ■; 


Pig.  29 


l)  :  l\J. 


(18.15) 


where  J  =  hb  /12  is  the  moment  of  inertia 
of  the  section  of  the  whole  beam,  and  E ^ 
is  a  constant  connected  with  Young's  modu¬ 
li  in  the  following  way: 


?l  II 


4  )>]  /i\k)  •  ]>]  (3*2  -3*  |  1)  3 


^  _  k  ■-*  1  k  1 


|  X  /;<*><»  1)1 


k  -1 


(18.16) 


The  distance  of  the  neutral  axis  from  the  upper  edge  is  in  this 


case  equal  to 


b  k- 1 

yo  ~~  2/7  « 

X 

k  =  l 


(18.17) 


For  a  beam  soldered  or  glued  together  of  two  bands  with  heights 
and  b  —  b^  (Fig.  29)  we  obtain: 


(A1  ,Rv)(25,y  S2), 


/r(2) 

J2)  _  .  JI). 

Ox--.,,,  Ox. 

52y). 

GP/r'2) 

S,/>  5,y)(/»  >-)• 


(18.18) 


(18.19) 


Here 


5,  •  V:'.l)  !  (/'  &0 


s,. 

.  i.  i  f.?\  I  //,  /, 


(l8-20) 


i!(/:!,)f  |  2/»,(fr  -/’,)(2/'*  /,/’i  1  I  (*’  /(i )(/;V)'-  J 

Example .  A"  beam  is  composed  of  two  bands  with  a  height  ratio  of 
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1:35  an<3  a  ratio  of  the  moduli  for  the  longitudinal  directions  of  1:9. 
We  must  distinguish  two  cases. 

Case  1 .  Ej  ^  =  E^3  E^2^  =  9E^}  i.e.,  the  upper,  narrower  band  has 
a  lower  Young's  modulus. 

Using  formulas  (18 . Il)-(l8.20)  we  obtain  the  following  results. 

The  neutral  axis  lies  in  the  zone  of  the  second  band  and  its  dis¬ 
tance  from  the  upper  edge  of  the  beam  is  yQ  =  0.6l£.  Introducing  the 
abbreviations 


M-Px 


p 

p=^  hb' 


we  obtain  the  following  values  of  the  stresses  a  and  t  at  the  upper 

x  xy 

face,  on  the  contact  surface  of  the  bands,  on  the  neutral  line,  and 


near  the  lower  face: 


(o.rVo-=  — l,G!w,  (Vxy)u^o  —  0; 

(0x,)j/  =  i; i  ~  —  0,95 in,  —  - —  8,51  m\ 

^b;\  ~~  ( ~xy)y  =  b/l  —  0,32 p\ 

(p(x)u-u,  ~  0,  ■  — 1.84p; 

(°a:  )i/«4  —  9,35 III,  (~xl)u°b  ~  0. 


(18.21) 


In  a  homogeneous  console  the  maximum  normal  stress  is  equal  to  6 m 
and  the  maximum  tangential  stress  is  equal  to  1.5p. 


7if~l  ITTf 


K  ,  0.61b 


_ Jf f/p==ziL.  M  i 

_  _ ------  s_  | _ i  b 

I  *  | 


Fig.  30 
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The  distribution  of  the  stresses  o  and  t  in  the  cross  section 

x  xy 

is  shown  in  Fig.  30.  The  dotted  lines  are  the  curves  showing  the 
stresses  in  a  homogeneous  console. 

Case  2.  E ^  =  9E^,  E^^  =  E ^ ,  i.e.,  the  upper  band  has  a  higher 
Young's  modulus. 

The  neutral  axis  coincides  with  the  contact  line  of  the  bands  y q 
=  0.25 b.  The  stresses  at  the  characteristic  points  have  the  following 


values : 


(o*Vo 

12///, 

(^),  o' 

■■  0; 

(3x')y  !/o  “  : 

fax*)//  l/a  -0, 

(T.i  !l)n  !/a  r 

(T-<  »/)•/  //a  l.f'/'i 

(18.22) 

4//;, 

tflh  b 

--0. 

The  diagrams  showing  the  distribution  of  the 
in  the  cross  section  are  shown  in  Fig.  31* 


stresses  o  and  t 

a:  xy 


Comparing  the  diagrams  of  Fig.  30  and  31  we  may  notice  that  the 
maximum  stresses  are  obtained  in  a  band  with  great  Young's  modulus.  In 
both  cases  the  maximum  normal  stress  In  a  composite  console  exceeds 
(considerably  enough)  the  maximum  stress  in  the  same  homogeneous  con¬ 
sole  . 
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§19.  BENDING  OP  A  BEAM  WITH  VARIABLE  MODULI  OP  ELASTICITY 

In  the  preceding  section  we  considered  a  beam  in  which  the  modu 
of  elasticity  vary  discontinuously  along  the  height,  i.e.,  when  we  p 
from  one  layer  to  the  neighboring  one.  It  is  not  difficult  to  obtain 
solution  also  for  a  beam  with  moduli  of  elasticity  varying  continuou 
along  the  height.  We  restrict  ourselves  to  the  case  of  an  orthotropi 
console  with  which  the  principal  directions  are  parallel  to  the  sides, 
and  which  is  bent  by  a  force  P  and  a  moment  M  (Pig.  32). 

We  shall  assume  that  the  beam  experiences  small  strains  and  is 
governed  by  the  equations  of  the  generalized  Hooke's  law: 


da  1  v, 

dx  :  '  /:,  ^  "  );2  V 
dv  ■  -  v<  „  i  I 

dy  '  fi-j  V 

du  dv  I 
dy  '  dx  ’  "  (j 


(19.1) 


where  E E and  G  are  arbitrary  continuous  functions  of  y . 

The  stress  components  (the  mean  values  over  the  thickness)  satisfy 
the  equilibrium  conditions 

dix  diri/  _  dirt/  ds..  /  r\  ^ >  \ 


dox  dxj...  d  di,, 

dx  I"  dyU  :  ‘  + 


(19.2) 


and  the  boundary  conditions 

iipn  y  0,  y--  b  ay:-=\xu-~  0.  (19-3) 

Besides,  in  each  cross  section  the  stresses  must  balance  the  external 
load;  hence  follow  other  three  conditions: 
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Fig.  32 
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We  shall  assume  that  the  perioral  character  of  the  stress  distribu¬ 
tion  In  the  (riven  beam  Is.  the  same  as  lri  a  hornoir,enoous  console,  1  .  e .  , 


^  h ' X /' O').  [  fly)-  09-5) 

These  express.  1  ons  satisfy  the  equations  of  equilibrium  (19-F);  t hi e 
unknown  function  f(y)  will  bo  determined  from  Kqs.  (19-1)  and  the  con¬ 
ditions  (19-3)  and  (19-,t)-  From  the  first,  two  equations  (19-1)  we  find 
the  displacements;  they  will  be  expressed  in  terms  of  f(y ).  Requiring 
that  u  and  v  satisfy  also  the  third  equation  (19-1)  we  obtain  the  equa¬ 
tion 


(19.6) 


Hence  we  find  the  expression  for  the  function  f(y): 


/(y)  r  J/:',v</v  !  </J  </y  \  r,  (19-7) 

where  c}  d ,  e  are  arbitrary  constants.  All  arbitrary  constants  will  be 
determined  from  the  conditions  (19*3)  and  (l8.*0.  As  a  result  we  obtain 
the  following  final  expressions  for  the  stress  components: 

G(,w  r.x) 


hS 


Oy  =0, 


g  n 


hS  t  09  -Wv. 


(19.8) 


Here 


k 

b 

5. 

■  S':,,,), 

S.  .  2  J  v  Wy. 
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0 

6  b 

/  r  V 

S  12 

/  /:,  '/V  •  J  /:• 

i.v-'O'  J  /:i  v'O* 

rj  0 

\u  / 

(19-9) 


The  neutral  axis  where  a 

x 


0  is  at  a  distance  of 


.V 


5, 

2.SV 


(19.10) 


from  the  upper  face. 
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The  expressions  for  the  displacements  which  we  shall  not  present 
here  show  that  a  console  with  variable  moduli  is  bent,  as  a  homogeneous 
console  with  a  rigidity  D  equal  to 


D  -hS,  (19.11) 

and  Eq .  (18.12)  and  formula  (18.1*1)  prove  to  hold  for  it. 

Only  Young's  modulus  Ej  for  the  axial  direction  x  enters  the  for¬ 
mulas  for  the  stresses  and  the  rigidity;  the  rest  of  the  moduli  of 
elasticity  are  not  selected  in  the  values  of  the  stresses  and  the  ri¬ 
gidity.  The  displacements  u  and  v  of  any  point  off  from  the  neutral  ax¬ 
is  will  depend  on  G  and  v^3  the  modulus  Eg 3  however,  will  not  enter  any 
formulas . * 

Let,  e.g.,  the  modulus  E ^  vary  along  the  height  symmetrically  with 
respect  to  the  geometrical  axis  of  the  beam  and  be  expressed  by  a  quad¬ 


ratic  function  of  : 


E.  *=*/:? -I -5,  (2.V 


(19.12) 


For  such  a  beam  the  neutral  line  coincides  with  the  geometrical  axis 
y  =  b/2.  The  stress  components  will  be  determined  by  the  formulas: 


°x  ~  hbz 


°v  ---■  0. 


(19.13) 


Xy  n 

~  in" - »\  r /-i  \ -  t (l>2  --Uy-\-  If-)  (by  - -y* 


For  the  rigidity  we  obtain  the  formula 

d  ---  r.f, 

where  J  is  the  moment  of  inertia  of  the  cross  section  and 


(19-1*0 


Ex  ^1:1  1-0.15/:,.  . 


(19.15) 


Example  .  The  Young's  modulus  of  a  beam  for  the  axial  direction  is 
given  by  formula  (19-12)  where  the  ratio  of  its  maximum  value  to  its 
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minimum  value  is  equal  to  5.  Two  cases  are  here  possible. 

1)  The  maximum  value  E ^  is  at  the  outer  edges; 

(^i)i/-o  — ;  5 (/? ,)»/.. fc/2,  El'=16c;. 

The  normal  stress  in  each  section  achieves  the  maximum  values  at 
the  beam  edges,  and  the  tangential  stress  on  the  neutral  axis.  Putting 


M-Px 
"l  ""  '  f,b*  ' 


P  . 
lib  ‘ 


we  obtain  on  the  basis  of  formulas  (19.13) 


(19-16) 


The  diagram  of  the  distribution  of  the  stresses  o  and  t  in  the 

x  xy 

cross  sections  is  shown  in  Pig.  33  (the  dotted  lines  show  the  variation 
of  the  stresses  in  a  homogeneous  beam,  for  which  o  =  6m,  t  = 

=  1.5 p ) . 

2)  The  maximum  value  of  E ^  is  on  the  natural  axis; 

(£i  Vo  -  0,2  (/i,  Vi/2,  E"  -  -  3,2/iJ. 

The  maximum  value  of  the  tangential  stress  is  obtained  on  the  neu¬ 
tral  axis,  and  the  normal  stress  attains  the  maximum  values  at  the 
points  of  the  section  which  are  at  a  distance  of  0 .  l8£>  from  the  outer 
edges : 
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«W;4.9G'».  W  1.73/a  (19.17) 

At  the  points  y  =  0  and  y  =  h 

ax  ■  • 2,31  //i ,  xxy  -  0.  (19. l8) 

The  distribution  of  the  stresses,  in  particular  the  normal  ones,  dif¬ 
fers  remarkably  from  the  distribution  in  the  preceding  case;  it  is  gi 
en  in  Fig.  3^. 


§20.  THE  DEFORMATION  OF  A  WEDGE-SHAPED  CONSOLE  BY  A  FORCE  APPLIED  TO 
ITS  TOP 


Let  us  consider  the  elastic  equilibrium  of  a  wedge-shaped  console 
of  rectangular  cross  section  in  which  the  broad  end  is  rigidly  fixed, 
under  the  action  of  a  force  P  applied  to  its  top.  It  is  assumed  that 
the  console  material  is  homogeneous  and  anisotropic,  but  generally  not 
orthotropic  (the  existence  of  planes  of  elastic  symmetry  parallel  to 
the  mid  surface  is  always  assumed). 

We  shall  regard  the  console  as  an  infinite  wedge,  i.e.,  as  a  body 
whose  region  is  limited  by  two  infinite  straight  lines  starting  from 


the  top  0.  We  shall  choose  the  wedge  top  to  be  the  origin  of  coordi¬ 
nates  and  place  the  x  axis  arbitrarily  in  the  mid  plane;  we  shall  also 
use  polar  coordinates,  counting  the  polar  angles  8  from  the  x  axis.  We 
shall  designate  the  angles  of  inclination  of  the  faces  to  the  x  axis 
by  and  \p2  (obviously,  the  angle  at  the  top  is  equal  to  +  ij >2)  and 
the  angle  of  inclination  of  the  force  to  the  x  axis  by  w  (Fig.  35). 

The  problem  consists  in  choosing  such  a  solution  of  Eq.  (5-10) 
which  permits  the  equilibrium  conditions  and  the  conditions  on  the  fac¬ 


es  to  be  satisfied: 


for  0  —  •  '[f,  find  0  r  - 

°8  :  VI  r  :  0, 


(20.1) 


and  will  determine  the  stress  components  tending  to  zero  with  increas¬ 
ing  distance  from  the  top. 
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As  is  shown  by  an  investigation*  the  stress  function  giving  the 


solution  of  the  problem  has  the  form 

/•'  •  =  /-‘I*,  {<>),  (20.2) 


where  is  a  function  of  the  polar  angle  only,  which  will  be  found 

from  Eq .  (5-10).  To  determine  this  function  Eq .  (5-10)  should  be  writ¬ 
ten  in  the  symbolic  form  (7-2): 


^VWV' :  o.  (20.3) 

The  operators  in  polar  coordinates  assume  the  form 

DA,  (sinO  ;iacos'j  )  jj.  |  (cos  0  |  jt*  sin  0)  y  ^  (20.^4) 

(k  -  1,  2.  3,  4). 

The  function  <P  will  be  determined  in  four  stages,  by  successive 
integration  of  four  first-order  equations  after  which  the  stress  compo 
nents  in  polar  coordinates  will  be  found  from  the  formulas: 


I  <)/••  1  d'F 

r  Or  *  r  ‘-  lh-  ’ 


d'-r 

’■'"■on' 


..  &  /’/• 
Or  0  6 


((>-)•  <20-5) 


Omitting  all  intermediate  calculations  we  shall  present  the  final 
formulas  for  these  stresses: 


1  A  cos  0  |  II  slu  0 

r"  I ■  0) 


°'i ' 


Vi 


0, 


(20.6) 


where 

/.('))  rtuCos* 'i  2dic  in 'j  cos'- ')  |  (-’</, 3  |- 

|  aM)  Mil-  0  c«»i?  l>  2«2,j  sin’  0  cos ')  |  nosin’  0.  (20.7) 

Obviously,  the  boundary  conditions  (20.1)  are  fulfilled,  and  the 
stress  tends  to  zero  with  increasing  distance  from  the  point  where  the 
force  is  applied. 

The  arbitrary  constants  A  and  B  are  determined  from  the  equilibri 
urn  conditions  of  the  wedge  part  cut  out  by  a  circular  section  of  arbi¬ 
trary  radius  r  described  from  the  top  as  the  center  (the  dotted  line  i 
Fig.  35) •  We  obtain  the  following  equations  for  these  constants: 
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A 

J' 

cos2  0  f  sin  0  cos  b 

L(»)<1"  >  J  L( 'I) 

d<) 

P 

,  COS(0 
h 

‘t'l 

-  T'l 

A 

J 

• 

sin  0  cos  0  f  »ln-  0 

•  1.(0)  d"  i  «  1  /.((,) 
■"*. 

<l') 

P  . 

.  -  SHI <0 
h 

(20.8) 


( h  is  the  wedge  thickness). 

The  calculations  simplify  if  the  console  is  orthotropic  and  the 
direction  of  its  axis  coincides  with  the  principal  one.  Then 

sin'  o 


.  cos'  0  .  n  2'A  ...  ,  sin'  o 


(20.9) 


In  the  given  case  the  function  L(0)  is  the  reciprocal  value  of 
Young's  modulus  E ^  for  the  radial  direction  L  =  l/£  [see  the  first 
formula  (9-10)  where  we  must  put  <p  =  0], 

The  calculation  of  the  integrals  entering  Eqs.  (20.8)  for  an  or¬ 
thotropic  wedge  is  not  very  laborious.  We  present  here  the  expressions 
of  the  corresponding  indefinite  integrals  for  the  case  where  the  com¬ 
plex  parameters  are  purely  imaginary  and  unequal: 

Pi  r  '-P*.  Il2‘  7,1 • 


!i  —  l  t-r  cos5  H  d<)  -  -  J  -  |1  arcl-  (?  t-  fJ)  '<>  aicly  (5 1»  0)1. 

J  fljj  \  f 

i  ff.  . .  1  .  CD'.- 0  |  '/'sin-O 

T-  /:r  mi*  0  cos  0  (lb  ;-s  -  ..In  n  .  . 

J  r  2nu  o  )  i « h -  0  |  o  pm 1 0 

j  si..5  0  ,/0  -  .  ^  (,..1  . ^  aid”  (1 1-  0)  |  A  arcljj  (S  !•;  0)j . 


/. 


(20.10) 


The  formulas  for  the  stresses  in  the  case  of  equal  complex  param¬ 
eters  ([*,  -•  Pa ; anci  in  case  3  (|Lj  3  I  ?«•  iu---  a  \-fr)  may  always  be  ob¬ 
tained  from  the  formulas  for  the  case  of  purely  imaginary  unequal  pa¬ 
rameters  by  passing  to  the  limit,  6  tending  to  6,  or,  respectively,  by 
replacing  8  and  6  by  the  quantities  6  +  ai  and  8  —  at . 

We  must  make  the  following  remarks  with  respect  to  the  general 
character  of  the  stress  distribution.  The  stress  distribution  in  a 
wedge  which  is  deformed  by  a  force  is  "radial"  or  "ray-like";  the  radi¬ 
al  stress  at  an  arbitrary  point  is,  at  the  same  time,  the  principal 
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stress,  whereas  the  other  principal  stress  Og  acting  on  the  radial  sur¬ 
face  is  equal  to  zero.  According  to  the  relationship  between  the  elas¬ 
tic  constants  and  the  angle  of  inclination  tu  three  cases  are  possible: 


Pig,  yj  Fig.  yj.  A)  Compression;  B)  stretching. 


1)  all  parts  of  the  wedge  are  compressed,  2)  all  parts  of  the  wedge  are 
stretched,  and  3)  there  is  a  neutral  line  on  which  all  stresses  vanish 
in  the  region  of  the  wedge;  on  one  side  of  the  neutral  line  the  materi¬ 
al  is  compressed  and  on  the  other  one  it  is  stretched  (Fig.  36abc). 

The  position  of  the  neutral  line  with  respect  to  the  x  axis  is  de¬ 
termined  by  the  angle  0  for  which 

tg0or=-A.  (20.11) 

The  points  where  the  principal  stress  has  the  same  value  oQ, 
positive  or  negative,  lie  on  a  fourth-order  curve;  on  one  side  of  the 
neutral  line  there  are  the  curves  corresponding  to  the  compressive 
stresses  (negative  Oq) ,  and  on  the  other  side  the  curves  corresponding 
to  the  stretching  stresses  (positive  o^).  The  equation  of  the  family  of 
curves  of  equal  stresses  in  Cartesian  coordinates  have  the  form 

2olc.v<'_y  |  (2nu-|  ■acc)x2y-  —  2a26xy3  \- n22y*  — • 

—  ;V-|-/)O.V-| -By)'  =0. 

°0 

These  curves  are  always  closed  although  only  some  arcs  lie  in  the 
region  of  the  wedge;  they  all  pass  through  the  top  and  touch  the  neu¬ 
tral  line  at  this  point.  We  shall  encounter  on  other  curves  of  this 
type  in  the  following  chapter. 


97 


For  a  console  of  an  Isotropic  material  the  stress  components  wi 
be  found  from  the  formulas  (the  x  axis  is  placed  along  the  axis  of  sj 


metry,  the  angle  at  the  top  is  equal  to  24O 


IP  ( cos  i-.  cos  0  sin  <  >  sill  0  \  „  tnr\  -I~>\ 

r[ 2^1  sin j  v-vr-  -0.  (20.13) 


r  hr 

The  curves  of  equal  stresses  become  circles  passing  through  the 
top  and  touching  the  neutral  axis . 

We  note  that  in  a  wedge  with  cylindrical  anisotropy  (with  a  pole 
of  anisotropy  at  the  top)  the  stress  distribution  due  to  a  force  does 
not  depend  on  the  elastic  constants  and  exactly  coincides  with  the  di 
tribution  in  an  isotropic  wedge  of  the  same  form  [formulas  (20.13)]. 


§21.  THE  BENDING  OF  A  WEDGE-SHAPED  CONSOLE  BY  A  MOMENT 

Let  a  wedge-shaped  console  as  considered  in  §20  be  bent  by  a  mo¬ 
ment  M  applied  to  the  top. 

We  shall  place  the  polar  axis  x  along  the  symmetry  axis  of  the 
wedge.  The  angle  at  the  top  will  be  designated  by  24)  (Fig.  37).  As  be¬ 
fore,  we  consider  the  console  as  an  infinite  wedge.  On  the  faces  the 
following  conditions  must  be  fulfilled:  for  0  =  +4) 

oj  —  O.vi  =.0;  (21.1) 

besides,  the  stress  components  must  tend  to  zero  with  increasing  dis¬ 
tance  from  the  top.  The  stress  function  which  makes  it  possible  to  sat¬ 
isfy  these  conditions  and  the  equilibrium  conditions  has  the  form* 

F-<I>o(0)  (21.2) 

(it  does  not  depend  on  r).  With  the  help 

of  the  symbolic  representation  (20.3)  of 

the  equation  for  the  stress  function  the 
function  will  be  determined  in  four 
stages  by  integrating  four  first-order 
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equations . 


As  a  result  we  obtain  the  following  formulas  for  the  stress  compo¬ 
nents  satisfying  the  conditions  (21.1): 


A 

°rr 
08  :  '  0. 

A  cos  ‘JO  •  ros  2f< 
'/•*■  L\b) 


Vo 


(21.3) 


Here 


A(b)  c?n  cos' fJ  -  2(/lC sin  0  cos’1  0  j- 

•|  j  oi0)  sit.-  0  cus!  0  sii.:l  0  cos  0  l-<i„sia‘0. 


(21.4) 


The  constant  A  will  be  determined  from  the  equilibrium  conditions 
of  the  wedge  part  cut  out  by  a  circular  section  (the  dotted  line  in 
Pig.  37)  and  proves  to  be  equal  to 


hi _  r_ 

7i  '  ♦ 

j  cos  20  -  -  cos  2 

J  M«> 


(21.5) 


-t 

In  the  case  of  an  orthotropic  console,  in  which  the  principal  di¬ 
rection  coincides  with  the  direction  of  the  geometrical  axis  x  and  the 
complex  parameters  are  purely  imaginary  and  unequal  we  have: 


J  ~-r(oy  - --  rf0  2  (A  si n2 '!» —  /3cos2  <}>),  (21.6) 

where  and  I ^  are  integrals  to  be  calculated  from  the  formulas 

(20.10) . 


If  the  principal  direction  in  an  orthotropic  console  does  not  co¬ 
incide  with  the  direction  of  the  geometrical  axis  it  is  more  convenient 
to  choose  it  as  the  direction  of  the  x  axis;  instead  of  (21.3)  we  ob¬ 
tain  somewhat  more  complex  formulas. 

With  respect  to  the  general  character  of  the  stress  distribution 
we  must  note  that  when  the  bending  is  carried  out  by  a  moment  this  dis¬ 
tribution,  is  no  longer  "-radial"  (the  tangential  stress  t  q  is  not  equal 
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to  zero,  and,  therefore,  a is  not  a  principal  stress).  If  in  the  case 
of  console  deformation  by  a  force  the  stresses  varied  inversely  propor¬ 
tionally  to  the  distance  from  the  point  where  the  force  is  applied  then 
the  decrease  of  the  stresses  in  the  case  of  deformation  under  the  ac¬ 
tion  of  a  moment  of  flexure  will  be  more  rapid:  they  vary  inversely 
proportionally  to  the  square  of  the  distance  from  the  point  where  the 
moment  is  applied. 

In  an  isotropic  console  the  stress  distribution  is  determined  by 
the  formulas: 


_  2A1 _ 

h  (sin  2-}.  —  1-'j  cos  2- jo 


sin  20 
'  /*  '• 


Oq  --  0, 

M  cos'-20  -  -  cos  “2-'j 

’M  " '  h  (sin  if: :  if  cos2f)  ‘  K  '  , 


(21.7) 


If  the  wedge  has  cylindrical  anisotropy  and  the  pole  of  anisotropy 
coincides  with  the  top  the  equations  of  the  generalized  Hooke's  law 
will  be  written  for  it  in  the  form  (12.6).  The  stress  function  for  such 
a  wedge  satisfies  Eq.  (12.9)  where  V  =  0,  and  in  the  case  of  bending  by 
a  moment  (Fig.  37)  has  the  form 

F  'I’ii  CO (H  cosmO  1  /?  sin  /;0)t  •*''  |  Cr’-j  />.  (21.8) 

where  s  and  fn  +  ni  are  the  roots  of  the  equation 

rt„s3-f-2*10*2-|  (2<»„-|  2<; u  |  of6).c  |  2(«,0  |  «20)  -•=  0.  (21.9) 

In  particular,  for  an  orthotropic  wedge  with  cylindrical  anisotropy 

.F  =  A  cos/iO  {  n  sin/iO  |  CO  |  D,  (21.10) 


where 


n  I  f  2  i 

>  1  On 


(21.11) 


The  constants  B,  C  are  determined  as  in  the  case  of  a  homogene¬ 
ous  wedge,  from  the  conditions  on  the  faces  and  the  equilibrium  condi¬ 
tions  . 


100  - 


101 


we  obtain  the  following  expression  for  9 : 


'f(O)  M  ((</  f)sin-0  |  (<jJ  c-  ■  j  b ■  </’)  sin  0  cos  0  | 

-I  I  /-)  a  (c-  |  ,F) |cos=0)  X 

y  .  sin- 0  |  ?u  .-.111  0  cu>  0  |  ( a ’  |  b”)  fo  /-  0 
X  11  sin3  0  |  mu  0  cos  0  |  (r-  |  if')  cosJ  0 

rf(  i(n  r)  />"'  (sin  0  j  a  cos  0)  cos  0  •  j  • 

-{•!(«  c)-  I  <!-  ^-|  •  |sii.2  0  - 1  2(1  sill  0  cos  0  |  {<r  6J)cosz0))X 

X^l"  >\ni  |°fl£os0'  1  f)rf.I(si"  0  -|.CCOs0)cos0  - 


(22.8) 


—  I(fl  cf  !  b 2  rf-|- |sin-  0  j  2f  sill  Ocns 0  |  (r2  rf2)cos°0))X 

.  .  ,  d  cos  0 

X  arcltl '  Sjn  o  |  t  cos  6”  ’ 

The  general  formulas  for  the  stress  components  have  the  form: 


ar  --  -  -  2  A  cos  20  2/3  sin  20  j  C(2?  |  ?")  |  D,  } 

<V .«  2  (A  cos  20-|-  B  sin  20 -|  C?-|-D),  ’  l 

2/1  sin  20  -2ffcos20  ■ '  j 


(22.9) 


The  constants  fl,  C3  D  will  be  determined  from  the  boundary  cc 
ditions  (22.5);  the  final  expressions  are  complex,  and  we  cannot  give 


them  here.  The  stresses  in  a  console  bent  by  a  uniformly  distributed 
load  do  not  depend  on  the  distance  r. 

For  a  console  of  an  orthotropic  material  the  expression  for  the 
function  9  Is  simpler,  but  in  the  case  of  an  Isotropic  material  a  =  c  = 
=  0,  b  =  d  =  1,  and  we  obtain  the  quite  simple  function  =  0. 

The  stress  function  for  an  Isotropic  console  has  the  form: 

F  ---  r7  (A  cos  20  --J  -  /3  sin  20  )  CO-j-D).  (22.10) 

Among  other  cases  of  bending  of  a  console  by  a  continuously  dis¬ 
tributed  load  we  mention  the  bending  by  normal  forces  varying  according 
to  a  linear  law  q  =  q^x  (Fig.  39),  taking  account  of  the  proper  weight. 
In  this  case  the  stress  distribution  in  an  anisotropic  console  exactly 
coincides  with  the  distribution  of  the  same  isotropic  console.  This  is 
the  case  because 


F  |  Hx-y  |- 

+  c.xy -[-zi/' 


(22.11) 


for  arbitrary  values  of  the  constants  is  a  solution  both  of  Eq.  (5.10!' 
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and  the  biharrnonic  equation.  If  the  loaded  .aide  is  horizontal  then  i 
any  homogeneous  console,  both  anisotropic  and  isotropic,  shown  in  Pi 


39,  the  stres.se:;  due 
:  roper  weight  will  be 


to  the  external  load  with  account  taken  of  the 
determined  from  the  formulas: 


v  (!' d;; |  i).!:: ?■:.(.  2jrc«sa-». 


v  * 


j  y 


ft  I  °v  v 


(22.12) 


••  /;  i.  t  h<  'Ci.;;  .  .  h-  i.d.t,  y  is  the  .pacific  we  ight  of  the  material). 

'f h<"  anisotropy  of  tin-  material  will  only  influence  the  strains  and  d 
:  lacemonts  whose  ex; pf s:  i ons  will  depend  on  the  elastic  constants. 

The  solution  for  the  general  case  of  bending  of  an  anisotropic 
console  under  the  action  of  a  load  distributed  along  the  faces  accord 
i  nr  to  an  arbitrary  law  or'  riven  in  the  form  of  concentrated  forces  v  '  s 
ibtained  by  V.  K.  Abramov . *  The  console  was  regarded  as  an  infinite 
wedge;  the  solution  was  found  with  the  halp  of  a  Mellin  integral  and 
th  stress  components  are  represented  in  the  form  of  integrals. 

Another  method  of  solving  this  problem  was  proposed  by  P.P.  Kufa- 
I'L'V**;  the  expressions  for  the  stresses  are  also  represented  in  the 
form  of  integrals  with  infinite  limits.  The  general  solutions  mentioned 
were  not  led  to  numerical  results,  as  yet. 

All  things  set  forth,  with  appropriate  variations  in  details,  may 
be  referred  also  to  a  wedge  with  cylindrical  anisotropy  with  which  the 
t  de  of  a  n  i  sot  r'opy  coincides  with  the  top.  In  the  case  of  bending  by  a 
mi  form  load,  o.g.,  (Fig.  3^)  the  stress  function  has  the  form: 

/  fq  b'!<  K.IW.T  I  />•  in  .-id)  «•  j  tv  |  /)|,  (22.13) 


v’:  ore  n  and  n  have  the  same  values  as  for  the  wedge  bent  by  a  momc:  t 
i  F.q .  (  M.'i)  ].  Id.  particular,  for  an  orthotrop  i  e  wedge  with  cylin- 
1  I'd  cal  asymrne*:  r.v  wt  ■  ht  tin: 


/  r  (  1  i  .i  ,  •:')  :  />  mi:  n'l  j  t")  j  /)) 


.  Pi ) 


§23.  PURE  BENDING  OF  A  CURVED  GIRDER  WITH  CYLINDRICAL  ANISOTROPY 

Let  us  consider  the  elastic  equilibrium  of  a  curved  girder  in  the 
form  of  a  part  of  a  plane  circular  ring  under  the  action  of  forces  ap¬ 
plied  to  the  ends  and  reduced  to  moments.  We  assume  that  the  girder  has 
the  property  of  cylindrical  anisotropy  in  which  case  the  pole  of  aniso¬ 
tropy  is  at  the  common  center  of  the  circles  whose  arcs  form  the  outer 
and  the  inner  edges  of  the  girder.  Besides  the  planes  of  elastic  symme¬ 
try  parallel  to  the  mid  surface  we  do  not  assume  any  elements  of  elas¬ 
tic  symmetry.  Fig.  40  shows  a  section  of  the  girder  through  the  mid 
plane.  The  pole  of  anisotropy  is  assumed  to  be  the  origin  of  coordi¬ 
nates,  the  polar  axis  x  is  directed  along  the  axis  of  symmetry.  We 

shall  designate  by  a  and  b  the  inside  and 
the  outside  radii,  by  c  the  ratio  a/b ,  by  h 
the  thickness  of  the  girder,  and  by  M  the 
value  of  the  moments.  We  shall  assume  the 
angle  between  the  end  radii  to  have  an  arbi¬ 
trary  value  smaller  than  2ir. 

Fig.  40  The  equations  of  the  generalized 

Hooke’s  law  will  be  written  in  the  form: 

~  f '  O  123,j  '  h  "lOVi* 

*i  “  niSr  ■  i  a  w3-,  -1  •  02 uv„  (23.1) 

II  I  ~ :  aHpr  *1*  ^00 ~r'r 

The  stress  components  (mean  values  over  the  thickness)  are  ex¬ 
pressed  in  terms  of  the  stress  function  F(r}  0)  according  to  the  formu¬ 
las  (12.8)  where  U  =  0,  and  the  function  F  satisfies  Eq.  (12.9)  (where 
we  also  must  put  U  =  0).  The  conditions  on  line  constituting  the  girder 
outline  are  obvious:  on  the  curves  r  =  a  and  r  =  b  the  stresses  are 
equal  to  zero,  and  at  the  ends  the  stresses  are  reduced  to  the  moments 
M. 
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The  solution  is  obtained  with  the  help  of  the  function  F  which 


does  not  depend  on  the  polar  angle  0.*  The  function  looks  as  follows: 

r-  fo{r)  A  I  />•/=  (  <?,'•*  |  /);<*.  (23.2) 

where 

k  (23.3) 

and  ,  Eg  are  Young's  moduli  for  the  stretching  (compression)  in  the 
radial  and  tangential  directions  r  and  8  which  are,  in  general,  no 
principal  directions  of  elasticity. 

Having  determined  the  constants  from  the  boundary  conditions  we 
obtain  the  following  final  expressions  for  the  stress  components: 


M 

r.  i  -  <rAii  /, 

>  )  1  -  c-,:  1 

’r  ’  b-hg 

[■  i  *  ft  (i 

U )  J  ’ 

M 

r\k  1  ,  1  -  C ’•  '  ,  / 

'  b  \* ' 1 1 

V  '  b-hg 

vr-  o. 

ft)  1  i  < 

<r)  J’ 

Here 

1  —  cS  k  (1  -fftnp  Ar-  (l-.ffc  ')J  /  pp  c\ 

g  ^  -  -  -k  -T  T  .  ; .  f,,  -  I  -  f,  ,  •  •  ,  •  (23.5) 

The  stress  distribution  obtained  is  the  same  for  all  cross  (radi¬ 
al)  sections  and  depends  only  on  the  ratio  of  the  constants  a22^a22‘ 

The  normal  stress  Oq  in  the  cross  section  is  neither  governed  by  a  lin¬ 
ear,  nor  a  hyperbolic  law. 

The  normal  stresses  on  the  outer  and  inner  contours  are  equal  to: 


,  >  A!  *  | (1-| 

- .rcs* 

M  (I  A)  c-k  |  '2l;<k  1  (1  |  k) 

{  ~  bVig  "  '  1  -  c-'A 


(23-6) 

(23-7) 


One  of  these  values  will  be  the  maximum  for  the  whole  girder,  but 
which  cannot  be  indicated  beforehand  if  the  numerical  value  of  k  is  un¬ 
known.  The  displacements  u^j  u g  in  the  radial  and  tangential  directions 
may  easily  be  determined  from  Eqs.  (23-1). 
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We  note  that  in  the  case  where  a 


V  k  =  1 


11  a  22'  i-e’ *  Er  ~ 

formulas  for  the  stresses  coincide  exactly  with  the  formulas  for  the 

isotropic  girder#: 


M 

b  'hg 

l>"l'g 


o’]  c 

(i  r-  |  c'in c[i  |  (*)3]  (i  on/-). 


(23.8) 


where 


*  (In  c)2. 


(23.9) 


§24.  THE  BENDING  OF  A  CURVED  CURVILINEAR-ANISOTROPIC  GIRDER  BY  A  FORC.i 

APPLIED  TO  ITS  END 

Let  a  curved  girder  having  the  shape  of  a  part  of  a  plane  circular 
ring  be  fixed  at  one  end  and  be  deformed  by  forces  distributed  at  th>- 
other  end  and  resulting  in  a  force  P  applied  to  the  center  of  the  se  - 
tion.  It  is  assumed  that  the  girder  has  the  property  of  cylindrical 
anisotropy  with  the  pole  in  the  center  of  the  circles  whose  arcs  form 
the  girder  outline.  We  shall  choose  the  pole  to  be  the  origin  of  coor¬ 
dinates,  place  the  polar  axis  x  along  the  radius  corresponding  to  th<* 
loaded  end,  and  designate  by  w  the  angle  of  inclination  of  the  force  to 
the  x  axis  (Fig.  ^1).  The  value  of  the  angle  between  the  end  sections 
will  be  assumed  arbitrary,  but  not  more  than  2 tt . 

To  start  with,  we  shall  concentrate  our  attention  on  the  case  of 
an  orthotropic  girder  with  cylindrical  anisotropy  which,  besides  the 
plane  of  elastic  symmetry  parallel  to  the  mid  plane  has  two  other  ones 
at  each  point:  the  radial  and  the  tangential  one.  In  this  case  = 

~  a26  =  0  an<^  t^ie  eQuati°ns  °f  the  generalized  Hooke's  law  may  be  wr  t- 
ten  in  the  form  (12.10): 
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T  rl 

(the  dashes  over  the  denotations  for  the  stresses  and  strains  are  omil 
ted )  . 

To  determine  the  stress  function  F  we  use  Eq .  (12.11)  in  which  U 
=  0  must  be  put.  The  solution  is  obtained  with  the  help  of  a  stress 
function  of  the  form* 

/'  /,  (/•JcosO  I  /■ (0  M,i ,J  (.-l/1*  |  /•/'  ■*  |  C7  |  Hr  In  r)  cos  0  | 

1  >  |  ■  H'r1  ■  ?  |  C'r  |  /J7  In /)  bin  0.  (2^.2) 

A,  B}  ...j  D'  are  here  arbitrary  constants  and 

?  }/  I  I  1  ^  I  ^  j/  1  -|.g(i  2vr)  I- A.  (2H.3) 


Having  determined  all  constants  from  the  conditions  at  the  bound¬ 
aries  v  -  a  and  r  =  b ,  where  o ^  =  t^0  =  0,  and  requiring  that  the 
stresses  at  the  free  end  result  in  a  force  P  we  obtain: 


V  uSl  v[(i)J  1  c,{rJ  1  !->• 

'A)'1  (l  MrP  '  £,]si'“0l»). 
-  ■  wC,'/K vf  -£,]cos<"  i->- 


(2^.-4) 


We  have  used  here  the  denotations: 


£,  -p(I-  o’)  |  (1  j-c?)lnc.  (24.5) 

The  normal  stresses  obtained 
are  maximum  in  the  girder  section 
perpendicular  to  the  line  of  action 
of  the  force;  in  these  sections  the 
tangential  stresses  vanish.** 

The  tangential  stresses  attain 
maximum  absolute  values  in  the  sec¬ 
tions  on  the  line  of  action  of  the 
force;  the  normal  stresses  are  there 
equal  to  zero.  In  any  given  section 
8  =  0q  the  normal  stress  oQ  will  be 

obtained  maximum  near  the  inner 
boundary  r  =  a;  it  is  enupi  * 
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§i(l_2,r)-f|»|==3,  (24.7) 

then  B  =  2  and  the  stress  distribution  will  be  exactly  the  same  as  is 
obtained  in  an  isotropic  girder*: 


= *£;  (t + £l  (f)’  -  (' + c!)4] sl"  <*  +  “>•  1 

(2"-8) 

,rt  ”  ^  [t + c’  (4)'  ~  < 1  +  £,#os  (0 + ”): 

gl=l_c*-f(l  +  c*)lnc.  (24.9) 

A.S.  Kosmodamianskiy  studied  the  more  general  case  where  the  gir¬ 
der  shown  in  Fig.  4l  is  not  orthotropic  [the  coefficients  and  ^ 
of  Eqs.  (23.1)  are  not  equal  to  zero,  and  the  stress  function  satis¬ 
fies  Eq.  (12.9)  where  U  =  0].  The  solution  for  this  case  is  found  with 
the  help  of  the  stress  function** 

p  =  (/l/-‘+P+«< Dr  In  r)e*-\-  (24  10) 

4-(^4rl+9-#<  -j-  Br'  -?-**  Cr  -f-  Dr  In  r)  t ~Ji. 

Ay  By  Cy  D  are  he r e  arbitrary  constants,  generally  complex,  to  be  de¬ 
termined  from  the  boundary  conditions  and  the  conditions  at  the  free 
end;  Ay  By  C,  D  are  the  conjugate  quantities; 

•-S’  ?=/"' 

A.S.  Kosmodamianskiy  considered  also  numerical  examples  and  constructed 
diagrams  of  the  stress  distribution  in  the  sections  of  a  nonorthotropic 
girder  with  given  elastic  constants  for  several  values  of  the  ratio  c. 
The  analysis  of  the  results  obtained  enabled  him  to  make  a  number  of 
conclusions  the  most  important  of  which  boil  down  to  the  following: 

1)  the  maximum  value  of  the  stress  afl  by  far  exceeds  the  maximum 


108  - 


jim 


UMlviiir.itJ  lt-i 


values  of  a and  and  is  obtained,  as  in  the  case  of  the  orthotropic 
girder,  at  the  inner  boundary  of  the  section  (for  v  =  a); 

2)  the  constant  does  not  affect  the  value  of  the  stresses; 

3)  with  decreasing  ratio  b/a  the  distribution  law  of  the  normal 
stresses  across  the  section  ipproaches  a  linear  one,  and  the  distribu¬ 
tion  law  of  the  tangential  stresses  tends  to  a  parabolic  one. 


§25.  THE  BENDING  OP  A  CURVED  CURVILINEAR-ANISOTROPIC  GIRDER  UNDER  A 
DISTRIBUTED  LOAD 

The  solution  of  the  problem  of  the  bending  of  a  curved  girder  un¬ 
der  a  load  uniformly  distributed  along  the  curvilinear  edge  may  be  ob¬ 
tained  with  the  help  of  a  stress  function  in  the  form  of  a  sum 


F  =  /o  (0 + A  (0  cos  0  -f-  f\  (r)  sin  0 . 


(25.1) 


The  first  term  has  the  form  (23.2),  and  the  second  and  the  third 
ones  are  determined  by  Formula  (2^.2)  for  an  orthotropic  girder,  and  for 
a  nonorthotropic  one  by  Formula  (2^.10).  All  constants  will  be  found 
from  the  boundary  conditions  which  can  always  be  satisfied  exactly  at 
the  curvilinear  boundaries,  while  at  the  ends  the  filfillment  is  ap¬ 
proximate  . 

Let  us  consider  as  an  example  an  orthotropic  girder  with  cylindri¬ 
cal  anisotropy,  supported  at  the  ends  and  bent  by  a  normal  load  which 
is  uniformly  distributed  along  the  outer  boundary  (Fig.  *J2).  The  common 
center  of  the  circles  bounding  the  girder  which  is  at  the  same  time  al¬ 
so  the  pole  of  anisotropy  will  be  chosen  to  be  the  origin  of  coordi¬ 
nates,  and  the  axis  of  symmetry  will  be  identified  with  the  polar  axis 
x.  We  shall  assume  that  both  supports  are  hinged  and  designed  such  that 
the  support  reactions  form  the  same  angles  \p  with  the  axis  of  symmetry. 
We  shall  designate  by  q  the  load  per  unit  length  and  by  2  qp  the  angle 
between  the  end  sections  of  the  girder  which  is.  In  general,  not  equal 
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to  2^  (?  <  y)  • 

The  boundary  conditions  on  the  curvilinear  sides  have  the  form: 

for  r  —  a  o,r=0,  —  0; 

for  r--/>  gr-~  —  S-,  xf)  —  0. 

At  the  ends  the  stresses  will  result  in  a  radial  force  (reactioi 
R  and  in  a  tangential  force  i?Q ;  the  following  conditions  must  be  ful¬ 
filled  there: 


(25.2) 


for  0  =  ±r  9 


Fig.  42 


j0,dr  =  -£  =  - 

a 

6 

J  a,r  dr  ==  0, 

a 

6 


^  sin  f  sin  (9  —  »}>) 
A  cos  <J< 


(25.3) 


sin  f  cos  (y  —  <j<) 
A  "  cos  <j» 


Putting  f*  =  0  we  determine  the  con¬ 
stants  entering  expression  (25.1)  from  the 
conditions  (25.2)  and  (25-3)  and  obtain  the 
following  final  formulas  for  the  stresses: 


[p+ <3*  (i)*"-  R*  (r)‘*‘j + ffe  X  .  • 


(25.4) 


Here  we  have  used  the  designations: 


T  •  ■  'V 


P=2^--1  ){l_cik)gVHk-  !)(1 
— f-  2/t (A  — |—  1 ) cfc  + 1  ( 1  —  Cfc - »)  —  (*2  —  1)(1  -f  c)(l  —  c2fc)//il, 

Q  =  2ik-  i)  (1  -  ^  g[-(k-\)(\-  c'-)  -  2  kc*  ( 1  -  c*-»)  + 

4-(A  — l)(l  -f-c)(l  — cft+‘)/«l.  (25.5) 

*  =  21F+I)  (1  -  [(^+»)cifen-^)-2^M(i-c^ »)- 

—  (A-f  l)(l  +  c)c2'*0  —  c‘-*)«|. 

_ a  _ sin  V  sin  (?—<■'). 

.  o  COS  * 

k,  g j  6  and  g  are,  respectively,  determined  from  the  formulas  (23.3), 
(23.5),  (24.3),  and  (24.5). 

The  normal  stresses  aQ  in  an  arbitrary  section  0  =  0Q  attain  the 
maximum  values  either  at  the  inner  boundary  r  =  a  or  at  the  outer  one 
r  =  b  according  to  relationships  between  the  parameters  k,  B  and  other 
parameters  entering  formulas  ( 25 • 4 )-( 25 . 5) .  At  these  points  we  have: 

W.-itf’+Q**-'  - **-*-■)•  -^(l_c()!2i^«coseo;  (25.6) 

(«>)•“  T  (',+'3ft-«,+^(i-rf)^=i!coSe,  (25.7) 

For  an  isotropic  girder  we  obtain  the  following  formulas  instead 
of  the  formulas  (25.4)  and  (25.5): 

er  =  j[P  +  Q+2Qln  j  +  r(t)  ]  + 

,,  =  -S[p+3Q-t-2Qln£-R(})’]+  <25'8> 

+U3r-‘:(7)’-^7}^>-^ 

^ = 4;  [t + ^  (r)-  < '  +  t] 

P= —1(2(1— c2)  — 4c2  Inc  — 4c*  (Inc)1 -f- 

— f-  2c2  ( 1  -J-c)mlnc  —  (1  —  c2)(l  -h  c)  ml, 

— 1[  — (1  —  cJ)-(-2cJlnc  +  (l  —  c2)(l  4-c)ml.  (25.9) 

R----  — -1[  — (1  —  c2)  -J—  2  In  c  —  2(1  -f-c) /re  In  c] 


(25.9) 


-  Ill  - 


(the  expressions  for  g  and  g ^  have  the  forms  (23.9)  and  (24.9)]. 

At  the  end  points  of  the  section  0  =  0n  of  an  isotropic  girder  the 


•—2 


normal  stresses  are  equal  to: 


(aOa  =  ^  12  (1  -  c*)  In  c  —  (1  +  c)  (1  -  cl  +  2  In  c)  m]  — 


_?£.  (i  —  c*}  0o; 

'  '  COS  6  U 


(25.10) 


hgvcy'  "  '  cost 
(*,)6  =  [(1  —  c1)*  -\-  4c2  (In  cY  —  2  ( 1  -f-  c)  ( 1  —  c*  -f  2 c2  In  c)  m\  -{- 


+  2Z.  (1  _  c2)  cos  0U.|  (25.11) 

'  hgiy  '  cost  ul 


If  the  device  of  the  supports  Is  such  that  the  reactions  to  them 
have  parallel  directions  we  obtain  ?  =  0,  /«~1;  the  formulas  for  the 
stresses  simplify  a  little. 

For  a  semicircle  arc  supported  at  the  ends  as  shown  in  Fig.  ^3  and 
loaded  by  a  uniform  normal  pressure  we  have: 

9  =  ^-.  t  —  °.  m  —  1 , 
cos  (®  —  t)  —  0." 

The  stress  components  will  not  de¬ 
pend  on  the  angle  0  and  will  be  found  from 
the  formulas : 

k*+‘i 


9'==‘!'[/>+q(t)  +r[t)  ]• 

(rj.,,a5-ia> 


t*=o.  .  . 

The  coefficients  P,  Q,  R  are  determined  from  the  formulas  (25-5) 
in  which  we  must  put  m  ~  1. 

It  is  relatively  easy  to  obtain  a  solution  also  for  the  general 
case  where  the  curved  girder  having  the  form  of  a  part  of  a  plane  ring 
is  deformed  by  normal  and  tangential  forces  distributed  along  the  cur¬ 
vilinear  sides  in  an  arbitrary  manner.  Each  of  the  given  forces  must  be 
espanded  in  a  Fourier  series,  i.e.,  represented  in  the  form 

<7o  +  S  (<7„  cos  «0  si  n  ,l*0-  (25.13) 

n-1 

The  stress  function  must  be  sought  in  the  form 
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(25.14) 


F  =  f0(r)  4  CO  +  ArQ  sin  0  4-  B  rO  cos  0  4* 

4-  S  l/„  (0  cos  «0 +/*(/•)  sin  rtOl. 

Each  of  the  functions  fn(r)  and  /*(r)  will  be  determined  from  ordinary 
differential  equations  which  are  obtained  on  the  basis  of  Eq .  (12.9) 

[or  (12.11)  in  the  case  of  an  orthotropic  girder].  All  constants  enter¬ 
ing  expression  (25-14)  will  be  found  from  the  conditions  on  the  curvi¬ 
linear  sides  and  at  the  ends;  the  first  conditions  can  always  be  exact¬ 
ly  satisfied,  the  second  one  only  in  an  approximate  manner. 

§26.  THE  STRESS  DISTRIBUTION  IN  A  RING-SHAPED  PLATE  WITH  CYLINDRICAL 
ANISOTROPY 

Let  us  consider  the  elastic  equilibrium  of  a  plate  having  the 
shape  of  a  whole  circular  concentric  ring  with  cylindrical  anisotrop  ' 
and  compressed  along  the  outside  and  inside  outlines  by  uniformly  dis¬ 
tributed  normal  forces.  We  shall  assume  that  the  pole  of  anisotropy  co¬ 
incides  with  the  ring  center  and  that  there  are  no  elements  of  elastic 
symmetry  except  for  the  planes  parallel  to  the  mid  plane.  Having  solved 
this  problem  we  shall  in  the  same  way  obtain  the  solution  of  an  analo¬ 
gous  problem  concerning  the  stress  dis¬ 
tribution  in  a  tube  of  a  material  with 
cylindrical  anisotropy,  under  the  action 
of  internal  and  external  pressures.  The 
latter  problem  for  a  tube  with  cylindri¬ 
cal  anisotropy  of  a  special  form  was 
solved  by  Saint  Venant  and  Voigt .# 

As  was  already  indicated  we  consider 
the  more  general  case  of  a  nonorthotropic 
ring  to  which  corresponds  a  nonorthotrop¬ 
ic  tube. 
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Choosing  the  pole  of  anisotropy  (the  ring  center)  to  be  the  orif. 


of  coordinates  we  shall  place  the  polar  axis  x  arbitrarily  (Fig.  44). 


We  shall  designate  by  p  and  q  the  values  of  the  internal  and  external 


pressure  per  unit  of  surface  and  by  a  and  b  the  inside  and  outside  rc 


dii  of  the  ring, 


The  stresses  will  be  found  with  the  help  of  the  stress  function 


(23-2)  independent  of  0  and  represented  by  the  formulas* 


(26-i) 


Trt  =  0. 


Here 


f- 


(26.2) 


The  distribution  of  the  stresses  is  the  same  for  all  radial  sec¬ 


tions  and  depends  only  on  the  ratio  of  the  Young's  moduli  for  stretch¬ 


ing  (compression)  in  the  tangential  and  radial  directions.  The  stress 


distribution  obtained  is  the  same  both  in  an  orthotropic  and  a  nonor¬ 


thotropic  ring  for  which  and  a2g  are  not  equal  to  zero.  The  influ¬ 


ence  of  the  radial  planes  of  elastic  symmetry  will  show  up  only  after 


deformation:  if  there  are  such  planes  the  radial  sections  remain  plane; 


if  there  are  no  such  planes  the  radial  sections  are  distorted. 


The  displacements  of  the  plate  points  in  radial  and  tangential  di¬ 


rections  and  u0  will  be  found  from  Eqs.  (23.1)  expressing  the  gener¬ 


alized  Hooke's  law.  We  present  the  formulas  for  the  displacements  in  an 


orthotropic  plate  ("rigid"  displacements  not  accompanied  by  deformation 


are  eliminated): 


Oi  =  0. 


E\  (1  —  c2k)  + 1  ?)  (*  v»  )  (y)  + 

+  (^-^fc-‘)C*  +  l(A+ve)(±)*], 


(26.3) 
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E g,  vQ  are  here  elastic  constants  for  the  directions  r,  0  (the  princ 
pal  directions)  from  the  equations  of  the  generalized  Hooke's  law 
(24.1) . 

If  the  anisotropic  material  has  Young's  moduli  equal  for  the  ra 
al  and  tangential  directions  the  stress  distribution  obtained  is  the 
same  as  in  an  Isotropic  ring.  Putting  k  =  1  we  obtain  the  well-known 
Lame  solution  from  formulas  (26.1)*: 

„  —Pc'~‘ 7 


a,  =  P^Zl  _  £ZL<!  C2  (IV 
r  1  —  c2  i  —  ca  c  V,  r  /  * 

a,  4  i  PSZJL  cz  (IV 

vi  ~  0. 


(26.4) 


One  special  case  is  worth  mentioning.  If  we  put  a  =  0  and  p  =  0 
in  formulas  (26.1)  we  obtain  the  stress  distribution  in  a  solid  disk 
with  cylindrical  anisotropy  compressed  on  the  edge  by  normal  forces  q: 

—  ?(j)  .  o»= -?*(£)  •  (26.5) 

In  an  isotropic  disk  the  material  will  be  compressed  uniformly, 
but  in  a  curvilinear-anisotropic  disk  the  stresses  will  vary  along  the 
diameter.  For  disks  of  materials  for  which  C5>  Er,  £>1  and  the  stresses 
decrease  the  nearer  we  get  to  the  center,  and  in  the  center  become  ze¬ 
ro.  If,  however,  E Q  <  Ep  then  k  <  1  and,  as  is  seen  from  formulas 
(26.5)j  the  stresses  will  tend  to  infinity  with  decreasing  distance 
from  the  center,  and,  close  to  the  center,  i.e.,  the  center  of  aniso¬ 
tropy,  a  stress  concentration  takes  place.  The  curves  giving  the  stres 
distribution  of  and  a0  along  the  disk  diameter  are  shown  in  Fig.  4 

for  k  =  1,  k  >  1  and  k  <  1 . 

The  formulas  for  the  stresses  in  a  tube  with  cylindrical  aniso¬ 
tropy  under  the  action  of  internal  and  external  pressures  p  and  q  have 
the  form  (26.1),  hut  for  a  tube 


£  _  -tf  Pn  __  1/  alla33~fl|3 
T  a2Za33  ~  a23 


(26.6) 


115 


fit** 


Besides,  in  the  cross  sections  of  a  tube  with  fixed  ends  acts  a 
normal  pressure 


(26.7) 


With  the  help  of  a  stress  function 
of  the  form  (25.1*0  the  solution  for  the 
general  case  of  elastic  equilibrium  of  a 
ring  may  be  obtained  when  arbitrary  nor¬ 
mal  and  tangential  forces  (fulfl?  _ing  the 
equilibrium  conditions)  are  distributed 
along  its  inside  and  outside  boundaries 
r  =  a  and  v  =  b.  To  start  with,  it  is 
necessary  to  represent  the  functions  ex¬ 
pressing  the  distribution  of  the  normal 
and  tangential  forces  along  the  boundaries  in  terms  of  Fourier  series 
(25.13).  We  shall  restrict  ourselves  to  these  general  remarks,  all  the 
more  since  apparently  none  of  the  problems  of  this  kind  for  a  curvilin¬ 
ear-anisotropic  ring,  except  for  the  above-mentioned  one,  has  been  fin¬ 
ished. 


§27.  THE  STRESS  DISTRIBUTION  IN  A  COMPOSITE  CURVILINEAR-ANISOTROPIC 

RING 

Let  us  consider  the  following  problem.  Let  be  given  a  round  plate 
with  a  round  opening  at  the  center,  composed  of  an  arbitrary  number  of 
layers  having  the  shape  of  concentric  rings  of  the  same  thickness  h, 
and  the  property  of  cylindrical  anisotropy.  We  assume  that  each  layer 
is  orthotropic  where  the  poles  of  anisotropy  of  all  layers  are  at  the 
center,  and  the  layers  are  connected  with  each  other  in  a  rigid  manner, 
i.e.,  they  are  soldered  or  glued  together  at  the  contact  surfaces. 

Along  the  boundary  of  the  opening  and  the  outside  boundary  the  normal 
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forces  are  uniformly  distributed.  The  stresses  in  each  layer  must  be 
determine  1 . 

An  analog  of  this  problem  is  the  problem  of  the  stress  distribu¬ 
tion  in  a  multilayer  curvilinear-anisotropic  tube  which  is  acted  upon 
by  internal  and  external  pressure. 


Fig.  46 


We  shall  choose  the  plate  center  (the  pole  of  anisotropy)  to  be 
the  origin  of  coordinates  ar.u  place  the  polar  axis  x  along  an  arbi¬ 
trary  radius  (Fig.  46).  We  introduce  the  designations:  n  is  the  number 


of  layers;  a,  b  are  the  inside  and  outside  radii  of  the  whole  composite 

ring;  p,  q  are  the  internal  and  external  pressures  on  the  unit  area; 

a  a  are  the  inside  and  outside  radii  of  the  layer  No.  m; 

m—1  m 

o','"),  t|y>,  «<»•),  uu»)  are  the  stress  components  and  displacement  projec¬ 
tions  and  £(;" i,  [■<«»,  are  the  elastic  constants  (for  the  principal  di¬ 

rections  r3  0)  from  the  equations  of  the  generalized  Hooke's  law  of  the 
type  (24.1): 


C  =  a,ll~t  k 
am 


i/ft 
Y  4”' 


(27.1) 


(the  subscript  m  indicates  the  number  of  the  layer;  m  =  1,  2,  . . . ,  n; 
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a0  “  a‘  ar>  =  bh 

The  stress  components  satisfy  the  boundary  conditions: 


for  r  =  a  a<|>  =  —  p,  t<i>  =  0; 
f  o  r  r  =  b  oj,")  =  —  q,  t<5>  =  0. 


(27.2) 


On  the  contact  surfaces  of  adjacent  layers  we  have  the  conditions: 


for  r  =  am_x  a<r’l,-')  =  o^‘h  =  x<y>, 

yO'*-  0  =.- 


(27.3) 


It  is  obvious  that  the  stresses  and  displacements  in  each  layer 
will  only  depend  on  the  distance  v  where  Ug77^  =  0.  Designating  by  q^_ 
and  q  the  normal  forces  acting  on  the  inside  and  outside  surfaces  of 
the  wth  layer  we  obtain  with  the  help  of  formulas  (26.1)— (26. 3)  of  the 
preceding  section: 

r 1 4-  \ 


(27.4) 


““  -  [<*»  -  *->  fc)*” + <*- + (t)‘“]  - 

- irQgf<*- - 'i"*) (£)*"+<*-+*■»» C-r)*“]  (27.5) 

(/7i  =  1 1  2.  ...  i  h,  7o  =  P*  7 it  =  7)1 

These  expressions  satisfy  the  boundary  conditions  (27.2)  and  the 
first,  the  second,  and  the  fourth  condition  of  (27.3).  Requiring  that 
the  radial  displacements  of  adjoining  points  of  neighboring  1  -ers  be 
equal  we  obtain  the  equations  for  the  determination  of  the  unknown 


forces  q  : 
n  m 


7»ll+l*»»  I  Ia»»f  1  I- 7l»®»»P»»  7w-l®»l-l®w  ® 

(m  — -  1 ,  2,  ....  n  —  I). 


Here  we  nave  used  the  designations: 


(27.6) 


I 


2  *„ 


£»m 
*  *  vm 


-rzfl-jpr* 

I  ixea»+l\ 

\  •  I-*,*1/ 


{21 .1) 


Eq.  (27-6)  is  in  its  idea  analogous  to  the  three-moment  equation 
in  the  theory  of  solid  beams,  and  it  may  be  called  "three-force  equa¬ 
tion." 

Assigning  to  m  successively  the  values  of  the  integers  from  1  tc 
n  —  1  and  paying  attention  to  the  fact  that  q Q  and  q are  given  and 
equal  to  the  given  pressures  p  and  q}  we  shall  gradually  determine  all. 


forces  q^,  and,  at  the  same  time,  also  the  stresses  in  each  layer. 


The  normal  stresses  in  the  radial  sections  near  the  inside  and 
outside  surfaces  of  the  layer  No.  m  will  be  found  from  the  formulas 


/•aim))  _  ?»/»-!  (1  -|-  em  m)  2 qmc™ 

'  *  ' « _  .  Vcl  ’  ft 


m-i 


m 


m* 


1q  c*,n  +  l  _  q  /.  , 

_  tii-1  >»  *  *  c"»  >  L 

(  l  - - *■ 

w 


(27.8) 

(27.9) 


We  shall  mention  the  main  results  for  a  ring  glued  together  frc..i 
two  curvilinear-anisotropic  rings  and  loaded  by  an  external  pressure 
only  (Fig.  117). 

In  this  case  n  =  2,  qQ  =  p,  q^  =  0  and  we  obtain  from  Eq .  (27.6) 

only 

<7,  =  2/?ch+1ft,X,  (27.10) 

where 

1 


X*=  — 


(»-*?■) 


ftt ' 


c. 


r“*“» 

1  JO 

/r(‘)  / 
+  0 

r.  i+cr’ 

l,l!| 

cf-  0 

k*  1  _  ,2*. 
V  ‘  C2 

+  v8 

rip 

rip 

ft,  —  |/ 

411  ’ 
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Prom  formulas  (27.8)  and  (27-9)  we  obtain  the  following  values  of 
the  normal  pressure  Oq  near  the  inside  surface  v  =  a,  the  contact  sur¬ 
face  t  -  and  the  outside  surface  r  =  b  : 


w^2pV.,.2_-ki+fih. 

i  —  C| 

(oj*>)4  =  tyw  ■ 

X  Cj 


(27.12) 

(27.13) 

(27.14) 

(27.15) 


The  maximum  stress  for  the  whole  composite  (double)  ring  will  be 
found  from  one  of  formulas  (27-12)— (27.15) »  but  from  which  cannot  be 
said  beforehand.  Finally ,  the  problem  of  the  maximum  stress  can  be 
solved  only  by  giving  the  numerical  values  of  the  ratios  of  the  moduli 
of  elasticity  and  the  radii. 

If  the  layers  from  which  the  ring  is  com¬ 
posed  are  not  orthotropic  the  stresses  will  be 
determined  by  the  same  formulas  (27.4),  (27-8), 
(27.9)  or  (27.12)— (27-15) >  but  in  this  case 

the  quantities  _L  J.  -3-  must  be  replaced 

£r  ’  £» 

by  the  constants  a223  and  a12’  resPec_ 

tively,  from  the  equations  of  the  generalized 
Hooke's  law  (23. 1).  In  a  nonorthotroplc  ring 
the  displacements  u g  are  not  equal  to  zero, 
and  the  radial  sections  will  be  distorted  for  this  reason. 

The  formulas  for  the  stresses  in  a  composite  multilayer  tube  (case 
of  plane  deformation)  are  obtained  from  the  formulas  for  the  stresses 
in  a  ring  by  replacing  the  constants  a.  .  in  the  latter,  respectively, 

1 0 

by  the  quantities 
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Py  =  fly 


QttPja 

«3S 


{/,  y=l,  2,  6). 


§28.  THE  STRESS  DISTRIBUTION  IN  A  RING  WITH  VARIABLE  MODULI  OP  ELAS¬ 
TICITY 

Let  us  assume  that  with  the  curvilinear-anisotropic  ring  shewn  in 
Pig.  44  which  is  deformed  by  uniformly  distributed  pressures  p  and  q 
the  moduli  of  elasticity  are  not  constant,  but  arbitrary  functions  of 
the  distance  r.  We  consider  the  behavior  of  the  solution  of  the  problem 
if  an  orthotropic  ring  experiencing  small  deformations. 

If  the  radial  planes  are  planes  of  elastic  symmetry  it  is  obvious 
that  the  stress  distribution  will  only  depend  on  v  in  which  case  all 
points  will  be  displaced  along  the  radii  in  the  deformation.  Conse¬ 
quently,  «,  =  0,  ur  =  tir(r),  Tri  —  0,  and  from  the  third  equation  of  the  gener¬ 
alized  Hooke's  law  t  _  =  0.  For  the  three  unknown  functions  a  ,  oa  and 

r  0  rJ  0 

u p  we  obtain  three  equations  (in  which  the  primes  denote  the  deriva¬ 
tives  with  respect  to  the  sole  variable  r)  : 


q'4--a'~il==o 
r  *  r 


vr  ,  1 

-Tr°'  +  Tta'- 


(28.1) 

(28.2) 


Er,  E0,  v  v0  -  are,  respectively,  Young's  moduli  and  the  Poisson  coeffi¬ 
cients  for  the  principal  directions  of  elasticity  (of  radial  r  and  tan¬ 
gential  0)  of  the  function  of  the  variable  r.  Eliminating  the  displace¬ 
ment  u from  Eqs.  (28.2)  we  obtain: 


Br 


(28.3) 


The  stress  function  does  not  depend  on  0;  F  =  f0(r);  consequently, 


Substituting  these  expressions  into  (28.3)  we  obtain  the  equation  for 
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the  function  f  Q : 


ft+(y -§)/J+(^-T-^-)^=°  (28.5) 

The  general  integral  of  this  equation  with  variable  coefficients  has 


the  form 


/' = (28.6) 
where  7,,  <pa  are  linearly  independent  special  solutions  to  Eq.  (28.5), 


and  A  and  B  are  arbitrary  constants;  hence 

or=*A  ’i-j-fl’a, 
r  r  1  r  . 

°i  =  A<?[  +  A?,- 


(28.7) 


The  constants  i4  and  B  will  be  determined  from  the  boundary  conditions: 


f or  r  —  a  0, 
for  r  —  b  3 


r  =  —  P  '<  \ 
'r  —  -  <?•  J 


(28.8) 


To  determine  the  special  solutions  and  q>2  we  must  know  how  EQ 

and  Vq  depend  on  r.  Particularly  simple  will  the  determination  of  these 
special  solutions  be  in  the  case  where  the  Poisson  coefficients  are 
constant,  and  Young's  moduli  vary  along  the  radius  according  to  a  power 


Er  =  Ernr”\  E)  —  Etmrm, 
£ 

=  const, 


(28.9) 


where  m  is  an  arbitrary  real  number,  positive  or  negative,  integer  or 
fraction.  In  this  case,  Eq.  (25. 5)  is  Integrated  with  elementary  func¬ 


tions,  and  we  obtain: 


where 


¥1  =  rn>,  =3 


"l  =  T  [ V  ,;‘2  4  ~  mve)  +  OT]  - 

n2  =  y  [  ]/" ,rt*  +  4  (ft*  —  ttiv,)  —  /»  j  , 


(28.10) 


(28.11) 


Designating  by  c  the  ratio  of  the  radii:  3  =  a/b  we  obtain  the 


wing  stress  distribution: 


fOJ 


1  _c".  +  «. 


. ».(fr 


1  _C"|>«I 


VI  =  0. 


(28.12) 


For  constant  moduli  (m  =  0)  we  have  =  k,  and  we  obtain  t 

formulas  (26.1)  derived  above  from  (28.12). 

With  somewhat  different  denotations  Eq .  (28.5)  was  obtained  in  a 

work  by  P.N.  Zhitkov. #  This  author  considered  also  the  special  cases 

where  Young's  moduli  and  the  Poisson  coefficients  are  linear  function 

of  the  distance  r  and  they  are  represented  by  exponential  functions 

(in  both  cases  the  ratio  Ea/E  is  assumed  constant).  P.N.  Zhitkov  shows 

9  v 

that  the  moduli  of  elasticity  depend  on  the  distance  v  in  this  way  for 
pressed  wood  (page  2(.  of  his  work).  In  both  cases  Eq .  (28.5)  assumes 
a  rather  complex  form  and  its  solutions  are  expressed  in  terms  of  hy- 
pergeometrical  series  or  degenerate  hypergeometrical  functions. 
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Chapter  4 

THE  STRESS  DISTRIBUTION  IN  AN  INFINITE  ELASTIC  MEDIUM 

§29.  ELASTIC  SEMIPI.ANE  LOADED  ALONG  THE  BOUNDARY 

In  this  chapter  we  shall  consider  the  stress  distribution  5 
a  plane  elastic  medium  with  straight  boundary  loaded  along  the 
boundary  ("elastic  semiplane")  as  well  as  in  an  infinite  medium 
whose  section  is  limited  by  a  parabola  and  a  hyperbola.  Besides, 
we  shall  consider  the  problem  of  the  elastic  equilibrium  of  an  un¬ 
limited  plane  medium  under  the  action  of  concentrated  force  and 
moment.  For  the  sake  of  definiteness,  we  shall  deal  with  a  gener¬ 
alized  plane  stressed  state;  all  results  obtained  are  also  trans¬ 
ferred  to  the  case  of  plane  deformation. 

Let  us  consider  an  elastic  homogeneous  anisotropic  plate 
with  a  straight  edge  along  which  forces  acting  in  the  mid  plane 
are  distributed.  If  the  dimensions  of  the  plate  in  the  direction 
of  the  straight  edge  and  in  other  directions  are  great  compared 
to  the  length  of  the  loaded  part  of  the  edge  then  it  is  possible 
to  get  an  idea  of  the  stress  distribution  by  simplifying  the  prob¬ 
lem,  i.e.,  considering  the  plate  to  be  an  infinite  plane  elastic 
medium  with  a  straight  boundary,  in  other  words,  an  elastic  semi¬ 
plane  . 

There  are  several  methods  of  solving  the  problem  of  stress 
distribution  in  an  elastic  semiplane.  The  first  method  which  is 
based  on  the  use  of  Fourier  integrals  is  particularly  convenient 
in  the  case  of  an  orthotropic  semiplane.  We  shall  set  forth  brief¬ 
ly  its  principle  and  the  way  of  its  application.* 

We  shall  choose  the  following  restrictions:  1)  the  medium  is 
orthotropic,  in  which  case  the  directions  parallel  and  perpendic¬ 
ular  to  the  straight  boundary  are  the  principal  directions;  2) 
the  load  is  applied  to  the  end  part  of  the  boundary,  distributed 
symmetrically  with  respect  to  the  center  of  the  loaded  part  and 
results  in  a  finite  resultant.** 

We  shall  choose  the  center  of  the  loaded  part  of  the  bound¬ 
ary  to  be  the  origin  of  coordinates,  place  the  y  axis  along  the 
boundary  and  the  x  axis  into  the  semiplane  (Fig.  48).  We  shall 
designate  the  normal  and  tangential  components  of  the  load  re¬ 
ferred  to  unit  length  by  N(y)  and  T(y)\  N  will  be  an  even  func¬ 
tion  of  y ,  and  T  an  odd  function.  The  stress  function  satisfies 
the  equation 
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I  <W  I  (l_  SNA  dip 

£,*  tb:‘ ~t~\0  Ej  dxidy* 


+J_.^  =  0 

'  Ei  dy* 


+ 


(29.1) 


(volume  forces  are  not  considered). 

We  shall  represent  the  functions  N  and  T  In  terms  of  Fourier 
Integrals;  we  obtain:* 


where 


cos  ay  da, 


00 

T(y)=  ~  J  x(a)sinqyrfa. 

# 


(29.2) 


CO 

♦  (*)  =  J  N(Tl)cosaT]dTj, 


00 

z(*)  =  J  r(-n)sin  ai)  (/•>). 

9 


(29.3) 


With  increasing  distance  from  the  boundary  the  stresses  must 
tend  to  zero,  and  at  the  boundary  itself  the  following  conditions 
must  be  satisfied: 

for  x  =  0  am  =—jN(y),  xxy=  j  T(y)  (29.4) 


(as  always,  h  is  the  plate  thickness). 


The  solution  will  be  obtained  with  the  help  of  a  stress  func¬ 
tion  of  the  form 


F  =•  f  [a,  x)  cos  ay  da. 


(29.5) 


The  form  of  the  function  <I>(a,  x )  depends  on  the  roots  of  the  equa¬ 
tion 


(29.6) 


Denoting  these  roots  by  —  “»•  —  ai  and  comparing  (29.6)  with  Eq. 
(7.5)  which  is  satisfied  by  the  complex  parameters  y i  and  y2  we 
note  that 
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(29.7) 


B,  =  ■ 


I  ►  ' 


B,  =  ■ 


.Pu  *  H 

and,  therefore,  u \  and  u 2  cannot  be  purely  imaginary  numbers . 

The  following  three  cases  are  possible: 

Case  I.  The  roots  of  Eq.  (29.6)  are  real  and  unequal: 

—  uv  —u2  0h>0,  ua>0). 

2.  The  roots  are  real  and  in  pairs  equal  to  one  another 

—  b  (a  >  0). 

Case  3.  The  roots  are  complex 

u±vlf  —  u±vl  (a  >  0,  v  >  0). 


In  Case  1 

4>(a,  x)  =  Ae-u‘KC-\-Be-u^UD  (29.8) 

( ,  B  are  arbitrary  constants;  terms  becoming  infinitely  large 
with  increasing  x  are  discarded  in  this  expression  and  in  the  two 
following  ones). 

In  Case  2 

•*  • . 

4>(ct,  x)  =  (A-\-Bx)e~u*B. 

■x  , '  *  r 

In  Case  3 

V  (a,  j:)  =  (/!  cos  vouc  -j-  B  sin  vox)  e~v*x. 

The  coefficients  A  and  B  depend  on  the  parameter  a.  Fulfil¬ 
ling  the  boundary  conditions  (29. 4)  we  obtain  for  Case  1: 


(29.9) 

(29.10) 


v  *  - 

•  — X(a)(e~li*ax  —  e'***)]  cos  ay  da, 

00  -  • 

°*  =  (29  11} 
“f'X(a)(uJ€_u,ax — a*e_,'»l,3!))  cos  ay  da, 

•  OO  • 

^•arTaf-aa)  J  I'S’ (“)“»“* • 

— -.X(a)(Bte_“,*i —  u2e-v>'ix)]  sinay  da. 

In  order  to  be  able  to  calculate  stresses  for  a  given  load  dis¬ 
tribution  with  the  help  of  these  formulas  we  must  calculate  the 
integrals  ip(a)  and  x(oO  and,  on  substitution  of  the  values  found 
into  (29.11)j  carry  out  the  integration.  If  the  distribution  law 
of  the  load  is  simple  the  calculation  of  the  integrals  does  not 
encounter  on  particular  difficulties. 
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The  formulas  for  the  two  other  cases  of  roots  may  be  obtained 
from  (29.11)  by  passing  over  to  the  limit,  putting  «!-*•«.  a1~*  u 
or  (in  Case  3)  replacing  and  u2  by  the  quantities  u  +  vi  and 
u  —  vi. 

The  solution  for  the  case  of  an  antisymmetric  load  where 
N(y)  is  an  odd  and  T(y)  an  even  function  of  y  is  found  in  a  com¬ 
pletely  analogous  manner  with  the  help  of  the  stress  function 


F  =  J  ^‘(a.  x)  sin  ay  da.  (29.12) 

■  V~  .  \ 

The  function  ¥  has  exactly  the  same  structure  as  the  function 
according  to  which  case  of  roots  is  under  consideration  it  will 
be  determined  by  Formula  (29-8),  (29*9)  or  (29.10). 

Another  method  of  solving  the  problem  for  the  semiplane  is 
based  on  the  use  of  several  properties  of  Cauchy  integrals  and  is 
a  generalization  of  the  well-known  method  of  Academician  N.I. 
Muskhelishvili  to  the  case  of  an  anisotropic  body.  By  this  method 
we  were  the  first  to  obtain  the  solution  of  the  problem  of  stress 
distribution  in  an  elastic  anisotropic  sernlspace  in  which  the 
state  of  the  so-called  generalized  plane  deformation  is  realized 
(where  the  planes  of  elastic  symmetry  parallel  to  xy  are  absent). 
The  solution  of  the  plane  problem  is  obtained  automatically  from 
the  solution  for  the  generalized  plane  deformation  if  the  strain 
coefficients  a  1  4  ,  ou,  aK,  au,  a36,  aM,  aM.  are  put  equal  to  zero  in  the 
latter.  This  solution  will  be  presented  without  derivation.* 


i«w 


0 


Fig.  49 


Assuming  that  the  elastic  semiplane  is  not  orthotropic  in 
the  general  case  we  will  refer  it  to  a  coordinate  system  in  which 
the  x  axis  is  directed  along  the  boundary,  and  the  y  axis  outward, 
as  shown  in  Fig.  49.  We  shall  designate  by  N(x)  and  T(x)  the  nor¬ 
mal  and  tangential  components  of  the  load  (per  unit  length).  We 
shall  assume  that  the  resulting  vector  of  the  forces  distributed 
along  an  arbitrary  section  of  the  boundary  is  finite  and  tends  to 
a  certain  limit  if  the  ends  of  the  section  move  to  infinity;  as 
to  the  rest,  the  force  distribution  may  be  completely  arbitrary. 

The  functions  $1(21)  and  $2(22)  in  terms  of  which  the 
stresses  are  expressed  [see  (8.2)]  will  be  determined  from  the 
formulas : 
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t*i  —  M-a  2n*A 


CO 

I 


«)+7-(j) 
5  — 


dl 


*ito>--H=H"SS£  J  — r=i; —  dl 


(29.13) 


G.N.  Savin  proposed  another  method  of  solving  the  problem 
considered  based  on  the  Schwartz  formula  which  is  known  from  the 
theory  of  functions  of  a  complex  variable;  it  expressed  an  anal¬ 
ytic  function  in  terms  of  its  real  part  given  on  the  contour.* 


All  methods  indicated  may  be  used  to  determine  the  stresses 
in  a  semiplane  and  in  those  cases  where  the  displacements  (second 
fundamental  problem)  are  given  at  the  boundary  rather  than  the 
forces;  in  the  general  case,  the  procedure  of  solution  remains  the 
same  as  in  the  case  of  given  forces. 


Somewhat  more  complex  is  the  situation  in  those  cases  where 
partly  forces  and  partly  displacements  are  given  at  the  boundary 
(problems  of  mixed  type).  The  problems  of  the  action  of  one  or 
several  rigid  stamps  on  an  elastic  semiplane,  e.g.,  belong  to 
them. 


The  solutions  of  a  number  of  problems  of  this  type  were  ob¬ 
tained  by  G.N.  Savin**  and  L.A.  Galin.*** 

The  problem  of  the  contact  of  an  elastic  semiplane  and  an 
elastic  cylinder  (as  a  special  case  of  the  problem  of  the  contact 
of  two  elastic  anisotropic  bodies)  without  and  with  account  taken 
of  the  frictional  forces  was  considered  by  G.N.  Savin  and  D.V. 
Grilitskiy . ****  M.  Sokolovskiy  gave  the  solution  of  the  problem 
of  the  contact  of  an  infinitely  long  elastic  band  and  an  elastic 
anisotropic  semiplane  (an  infinite  beam  on  an  elastic  base,  bent 
by  a  normal  force).  It  is  assumed  that  there  are  no  frictional 
forces  on  the  contact  surface  and  the  band  cannot  be  detached 
from  the  semiplane.  The  solution  is  obtained  with  the  help  of 
Fourier  integrals.***** 

§30.  THE  ACTION  OF  A  CONCENTRATED  FORCE  AND  MOMENT  APPLIED  TO  THE 

BOUNDARY 

If  we  want  to  obtain  the  stress  distribution  due  to  a  normal 
concentrated  force  P  applied  to  the  point  0  on  a  straight  bound¬ 
ary  of  an  infinite  elastic  medium  (Fig.  50)  we  shall  first  con¬ 
sider  a  normal  load  distributed  uniformly  along  a  small  section 
of  the  boundary  having  the  length  2  e  around  the  point  0  with  a 
resultant  equal  to  P. 

We  shall  restrict  ourselves  to  the  case  of  an  orthotropic 
setniplane  in  which  the  principal  directions  of  elasticity  are 
parallel  and  perpendicular  to  the  boundary.  Using  the  first  meth¬ 
od  set  forth  in  §29  we  substitute  the  following  values  of  the 
load  components  into  Formulas  (29.11): 
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i  , 


N=-sr  - 

N  —0 
7=0.  7 


•  ..  t 


— «<.y  <«.  ■;  . 

—  oo  <  ^  —  t  h  *  <  ^  <  oo; ' 


All  Integrals  entering  (29.11)  are  easily  computed;  the  results 
will  depend  on  e.  Letting  then  e  pass  to  zero  we  obtain  the  fol¬ 
lowing  formulas  for  the  stresses  due  to  a  concentrated  force:* 


%hk 

(y2 +  “?-**)  + 

P(a  i  +  “a) 

• 

*hk 

(y*  +  «?■**)  (y‘  +  «t*2) 

P  (“t  +  “1) 

** 

1.  J  f  ..2  t  .l  x  ..2  2\ 

(30.1) 


-/*)• 


This  solution  is  derived  for  Case  1  where  the  roots  of  Eq. 
(29.6)  are  real  and  unequal.  The  solution  for  Case  2  is  obtained 
from  (30.1)  by  putting  u1  =  u2  =  u.  and  the  solution  for  Case  3  by 
putting  =  a -f- vl,  u2  =  a — oi. 


Passing  over  to  polar  coordinates  we  obtain: 

,  _  p  -f  “2)  cos  6 
/  .  *A/£j£i  ‘  rL  (6)' 

a,  =  ==i). 


Here 


is<U  .  (\  2 v,\  .  .  sin* fl 

sr+fe~*)sm8cos  0+~£T 


(30.2) 


(30.3) 


As  we  have  already  remarked  the  function  £(0)  has  a  certain 
physical  meaning  —  it  is  a  quantity  which  is  the  reciprocal  value 
of  Young's  modulus  for  stretching  (compression)  in  radial  direc¬ 
tion:  L  =  1/E  . 

v 

Formulas  (30.2)  show  that  the  stress  distribution  is  "radial" 
or  "ray-like";  this  was,  of  course,  to  be  expected  since  the  semi¬ 
plane  may  be  regarded  as  a  wedge  with  a  top  angle  of  tt.  The  stress 
or  which  is  the  principal  one,  decreases  inversely  proportionally 

to  the  distance  r  and  for  given  r  =  const  varies  with  varying  an¬ 
gle  0  according  to  a  rather  complex  law. 

The  points  at  which  the  stress  a ^  has  the  same  value  Oq,  po¬ 
sitive  and  negative,  lie  on  fourth-order  curves;  the  equation  of 
the  family  of  these  curves  has  the  form: 


%■ +(*-?}) 


(30.4) 


These  curves  are  all  closed,  symmetric  with  respect  to  the 
line  of  action  of  the  force  (the  x  axis)  and  touch  the  boundary 
of  the  semiplane  x  =  0  at  the  point  0  where  the  force  is  applied, 


1  j  u.  i  I- .  w ;  -j*  an. 
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Fig.  50 


The  investigation  of  Eq .  (30.2)  and  Eq.  (30.^)  leads  to  the 
following  results  : 

The  stress  o  attains  its  maximum  absolute  value  ot:  the  line 
v 

of  action  of  the  force  0  =  0  if 


-L_ 

Q  Ei  ^  E,  ' 


4  +  2n,\i 

__1| 

2 

3  +  />vt  \ 

f»  ) 

£» 1 

G 

ft  1 

(c) 
(o’  ) 


then,  besides  the  direction  of  the  force  action,  there  are  two 
other  directions  for  which  |o  |  attains  maximum  values;  the  an¬ 
gles  determining  these  "dangerous"  directions  in  the  medium  will 
be  found  from  the  equation 


tg  0  =  —  1/ 


4  +  2^, 


If  both  Conditions  (c)  and  (c’)>  or  even  one  of  them  is  not 
fulfilled  the  maximum  of  la  |  on  the  line  of  action  of  the  force 

will  be  the  only  one. 
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The  two  angles  0  for  which  |o^|  attains  its  maximum  value 
will  be  found  from  the  equation 

If  the  elastic  constants  of  the  medium  fulfill  the  condition 

1  2v.  ^  3  1 


_  _  jbi  "  * 

a  £i  2  Ei 


(d) 


or  simultaneously  fulfill  the  two  conditions: 


0, 


(e) 
(e'  ) 


then  the  stress  a  on  the  line  of  action  of  the  force  attains  a 

r 

minimum  rather  than  a  maximum.  In  this  case  there  are  two  angles 
corresponding  to  the  maximum  of  |o  |;  they  are  found  from  Eq. 
(30.5).  r 


In  accordance  with  these  results  three  types  of  lines  of 
equal  stresses  may  be  noted  for  different  elastic  orthotropic 
media.  The  curves  of  the  first  are  obtained  in  a  medium  in  which 
the  elastic  constants  satisfy  Conditions  (a)  or  (b)  and  (b'),  but 
do  not  satisfy  Conditions  (c)  and  (c’);  they  are  shown  in  Fig. 

51.  The  curves  of  the  second  type  occur  if  Conditions  (a)  [or  (b) 
and  ( b 1  )  ] ,  (c)  and  (c1)  are  simultaneously  satis  led  (Fig.  52). 
The  side  branches  correspond  to  the  dangerous  directions  for 
which  la  |  attains  additional  maxima.  The  curves  of  the  third 

type  shown  in  Fig.  53  are  obtained  in  a  medium  with  elastic  con¬ 
stants  satisfying  Condition  (d)  or  Conditions  (e)  and  (e'). 


The  lines  of  equal  stresses  make  it  possible  to  get  a  rather 
clear  notion  on  the  way  in  which  the  stresses  in  a  semidane  due 
to  a  concentrated  force  are  distributed.  In  special  cases  of  ani¬ 
sotropy  'che  curves  may  degenerate  to  ellipses  and  even  circles. 
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In  the  case  of  an  orthotropic  medium  El  —  Ei  =  E,  L=\/E,  =  —  1 

and  we  obtain  the  well-known  solution  of  Flaman:# 


2 P  cos  a 
*A  -  r  ’ 


o,  =  Tr)  =  0; 


(30.7) 


the  lines  of  equal  stresses  become  circles  (Fig.  54). 

If  the  force  acting  on  an  orthotropic  semiplane  is  directed 
arbitrarily  in  the  xy  plane  then  the  general  character  of  the 
stressed  state  will  remain  as  before,  but  the  stress  a  will  be 
determined  from  the  formula  r 

'•  •  -  i  ■  •  . 

/  P(«,+'«.)  +  (30.8, 

~r  vhyiifo  rl  (6)  . 

(w  is  the  angle  formed  by  the  line  of  action  of  the  force  with  a 
normal  toward  the  boundary,  Fig.  55).  In  this  case  a  neutral  line 
(straight  line)  appears  inside  the  semiplane,  all  stress  compo¬ 
nents  vanish  on  it;  the  angle  of  inclination  it  makes  with  the  x 
axis  will  be  determined  from  the  equation 


tg9  =  — |/|i  ctg«o.  (30.9) 

In  an  anisotropic  semiplane  the  neutral  line  is,  in  general,  not 
perpendicular  to  the  line  of  action  Oi  the  force  and  forms  an 
acute  angle  with  it  if  E\  >  E 2  and  an  oi  '■  use  one  of  E 1  <  E 2.  On 
one  side  of  the  neutral  line  the  medium  is  compressed,  and  on  the 
other  one  it  is  stretched.  The  line  of  equal  stresses  are  repre¬ 
sented  in  the  form  of  fourth-order  curves  similar  to  the  curves 
(30.4) . 


It  is  easy  to  obtain  the  solution  also  for  th  case  of  a  non¬ 
orthotropic  semiplane  deformed  by  a  force  applied  to  the  boundary. 
For  this  purpose  the  second  method  mentioned  in  §29  may  be  used, 
or  we  can  make  use  of  the  solution  for  a  nonorthotropic  wedge  (see 
§20),  putting  the  vertex  angle  equal  to  tt  .  We  shall  not  present 
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this  method.  We  only  note  that  the  general  character  of  the  stress 
distribution  will  be  the  same  as  in  the  case  of  an  orthotropic 
semiplane,  merely  the  formulas  for  a ^  and  the  equations  of  the 

curves  of  equal  stresses  are  somewhat  more  complex. 

A  concentrated  moment  M  applied  to  the  point  0  at  the  bound¬ 
ary  of  the  semiplane  (Pig.  56)  will  be  considered  to  be  the  lim¬ 
iting  case  of  two  equal  forces  of  opposite  directions  where  the 
distance  between  the  points  of  their  application  tends  to  zero 

but  the  moment  of  the  couple  remains  constant  and  equal  to  that 
given. 


Pig.  55 


Using  the  solution  for  the  force  we  obtain  the  following 
final  formulas  for  the  stresses  in  an  orthotropic  semiplane: 


Affot  +  g,)  sin 20  fl  ,  /l  1+v,  1+*^ 

*hYWi  ~El  ~eT) 


COS40 


1, 


I -f- cos  20 

YE&t  t*L  («)  !  ' 


(30.10) 


The  same  solution  is  obtained  from  the  solution  for  a  wedge 
set  forth  in  §21,  for  \p  =  tt/2.  In  the  case  of  an  orthotropic  semi¬ 
plane 


2M  sin  20 

W' 


r  %h 

o,  =  0( 

,  M  I  +  cos  20 


(30.11) 


Among  the  other  cases  of  loads  only  the  simplest  have  been 
studied,  as  yet,  where  the  load  is  applied  to  a  finite  section  of 
the  border  and  uniformly  distributed  along  it,  according  to  trap¬ 
ezoid  and  triangle  laws.* 

§31.  THE  ACTION  OF  A  FORCE  AND  MOMENT  APPLIED  AT  A  POINT  OF  AN 
ELASTIC  PLANE 


The  approach  to  the  problem  of  stress  distribution  in  an  ani- 
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sotropic  plane  due  to  a  concentrated  force  applied  to  an  inside 
point  which  is  far  enough  from  the  edge  may  be  performed  in  the 
following  manner.  We  shall  regard  the  plate  as  an  infinite  plane 
medium  —  an  elastic  plane  to  one  of  whose  points  a  concentrated 
force  P  is  applied.  This  concentrated  force  may,  in  its  turn,  be 
regarded  as  the  limiting  case  of  a  load  distributed  along  the 
edge  of  an  infinitely  small  opening  and  resulting  in  a  resultant 
equal  to  P.* 


Fig.  57 


We  shall  choose  the  point  where  the  force  is  applied  to  be 
origin  of  coordinates,  place  the  x  and  y  axes  arbitrarily  (Fig. 

57)  and  assume  the  elastic  constants  referring  to  these  axes  to 
be  given;  generally,  we  shall  assume  the  plate  to  be  nonortho¬ 
tropic. 

We  shall  make  use  of  the  complex  representation  of  stresses 
and  displacements  in  terms  of  two  functions  $1(31)  and  $2(22)  (see 
§8).  Since  around  the  point  0  an  opening,  even  one  with  infinitely 
small  dimensions,  is  assumed  the  functions  $1  and  <J>2  must  be  mul¬ 
tiple-valued  and  their  increments  if  we  pass  along  an  arbitrary 
closed  contour  y  encircling  the  opening  must  satisfy  Eqs.  (8.10) 
where  we  must  put  Px  —  Pcosw,  Py~P sinu>  (Fig.  57).  If  the  distance 
from  the  point  where  the  force  is  applied  is  increased  the  stress 
components  must  tend  to  zero.  The  functions  of  the  form 

(zi)  —  A  In  2,.  $2(z2)  =  Bln  zv  (31.1) 

allow  all  these  conditions  to  be  fulfilled,  where  A,  B  are  con¬ 
stant,  generally  complex_  numbers  which  are  determined  from  Eqs. 
(8.10).  Designating  by  A  and  B  we  obtain  the  following  equations 
on  the  basis  of  (8.10): 


A+a-A-S-!&. 


~ h  —  Pi>4  —  jij  B  =  — 


P  cos  <o 


2r  hi  * 


nM+rffl— ' hA— vZb  =  —  Eli.PjSlZ  _  £|*  .  ^Sln»  ( 

flu  2kA/  au  2nA/  ( 


'31.2) 


J_  /l_f_  —  fl _ ~A _ Lfl  _  £ll .  p  cos  M  |  £m  p  sln  “ 

Pi  Pi  ^  fla  2rc/i/  '  av  ’  2jiA/ 


(the  complex  parameters  y  1  and  y2  are  the  roots  of  Eq .  (7.4)  and 
supposed  to  be  unequal). 


The  stress  components  are  determined  by  the  formulas 


’=2"(t-+£)' 

,„_2Re(^+^). 


(31.3) 


In  the  case  of  a  nonorthotropic  medium  these  expressions 
will  be  very  cumbersome,  after  splitting  of  the  real  parts.  We 
shall  present  here  only  the  formulas  for  the  stress  components  in 
polar  coordinates  in  which  these  quantities  are  calculated  in  the 
case  of  an  orthotropic  plate  when  the  x  and  y  directions  coincide 
with  the  principal  ones,  and  the  force  acts  in  the  direction  of 
the  x  axis  ( ai  =  0 )  : 


■/-  '  P  C0S()L  (i  .,,n  (t+PiW»  +  pj_ 

f  2kA((iJ  — (4)  r  |/l(  **  cos* 8  —  (aJ sin* 8 

/!_•  sx(1  +  ^slnt8  +  ^l 

lW  #i)  coj* Q  —  ji* sin* 0  J’ 


-  p  n  ».\cos8 
°*  2cAn  ^  r 


(31.4) 


[*  =  —  }!, 14=  |/’|i,  =  —  /(|i,  +  |i2)J. 


In  the  given  case  the  complex  parameters  yj  and  y2  are  roots  of 
the  equation 


(31.5) 


Although  the  imaginary  unit  l  =  Y~  1  ,  enters  Expression  (31.4) 
all  three  expressions  are  real:  for  an  orthotropic  plate  k  and  n 
are  always  real  numbers  (in  all  three  possible  cases  1,  2,  3, 
mentioned  in  §7). 


Attention  must  be  paid  to  the  very  simple  law  of  distribution 

of  the  stresses  oa  and  x  a  and  the  very  complex  kind  of  dependence 

o  rtf 


of  the  stress  on  the  angle  0.  As  in  the  case  of  a  semiplane 
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loaded  by  a  force  the  stresses  vary  Inversely  proportionally  to 

be  "radLT^’-ray-niT"  StreSS  dlstrlbutl°"  wil1 


.  .  PuJtinS  -  M2  =  i  we  obtain  the  stress  distribution  in  an 

isotropic  medium  (with  a  Poisson  coefficient  v):# 


-  _  _  P  /n  I  \  COS  0 

ar--4^(3  +  v)~ • 


,  _  P  /,  V  cos  •• 
a'-  (  v)  —p— ' 


_  _  P  / ,  v  sin  6 

4ttA  ( 1  v)  ~r~ 


(31.6) 


If  we  know  the  stress  distribution  due  to  a  single  force 

<3  ;  -  ?bl:ain  bhe  stress  distribution  due  to  a  moment 

pndP^nh  d  Point  0  of  an  unlimited  medium,  but  superposition 

and  subsequently  passing  to  the  limit  (Pig.  58).  In  this  case,  as 
in  the  case  of  the  semiplane,  the  moment  is  regarded  as  the  lim- 

(!.b^ef.Casa  of  forces  opposite  directions.  In  the  case  of  an 
orthotropic  medium  the  final  formulas  for  the  stresses  have  the 


0.  = 


v  __  m  _ s|n  28  r  C1 + H-?)  ( —  1 — + /(*, — tpt) 

[  (cos^-f**  sin1 0)7 

•  Hi  Q + nj)  (- 1  -  -  41, + 1?, ) 

(cos*  8  —  sin*  a)* 


=  0, 


_  M 


8t. :A£i  ‘  riffi))  K 1  ~  ky  4- n  ( 1  +  k)  + 

-f-(l — *) ( 1  -H-  * -f- n) cos 2f>J. 


(31.7) 


L  is  here  a  quantity  reciprocal  to  E „  [see  Formula  (30. 3) D - 

1  r>P  r>l  I  nn  r\P  4-  Vo  ^  A  ~  r> _ _  .  ,  ,  ,  V  -  J  > 


the  direction  or  the  «  axis  from  which  thS  angles  6  are  counted 
coincides  with  the  principal  one. 


medium:Very  Sll"Ple  StreSS  dlstrlbutlon  1=  obtained  in  an  isotropic 


°r  =  °*  =  ; 


M 


2  nh 


_1_ 

r* 


(31.8) 


-  U ,-i  — : 
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On  the  basis  of  the  formulas  given  in  this  and  the  preceding 
sections  it  is  easy  to  obtain  by  superposition  the  stress  distrib¬ 
ution  in  a  semiplane  under  the  action  of  force  and  moment  whose 
points  of  application  are  inside  the  semiplane  rather  than  on  the 
boundary . 

The  solution  of  the  problem  for  an  orthotropic  semiplane  de¬ 
formed  by  a  force  which  is  applied  at  some  distance  from  the  bound¬ 
ary  is  given  in  the  works  by  Conway  and  M.  Sokolowskiy . * 

S.G.  Mikhlin  found  the  general  solution  of  the  problem  of 
stress  distribution  in  an  elastic  anisotropic  plane  with  slits 
lying  on  one  straight  line,  where  the  external  forces  are  given 
at  the  boundaries  of  the  slits.**  Another  method  of  solving  this 
problem  was  proposed  later  on  in  a  work  by  P.A.  Zagubizhenko*** 
who  also  studied  a  special  case:  the  compression  of  an  anisotropic 
plane  with  one  straight  slit  (thin  slot). 

§32.  THE  STRESS  DISTRIBUTION  IN  A  PLANE  MEDIUM  WITH  PARABOLIC  AND 

HYPERBOLIC  BOUNDARIES 


Let  us  consider  the  elastic  equilibrium  of  an  anisotropic 
plate  with  a  concave  boundary  having  the  form  of  a  parabola,  under 
the  action  of  a  load  applied  to  this  boundary.  If  the  length  of 
the  loaded  section  is  small  compared  to  the  plate  dimensions  the 
latter  may  be  regarded  as  an  infinite  plane  elastic  medium  with 
hyperbolic  boundary.  To  determine  the  stresses  it  is  the  simplest 
way  to  use  a  method  analogous  to  the  second  method  of  solving  the 
problem  of  an  elastic  semiplane,  about  which  was  discussed  in 
§29- 


Let  us  identify  the  origin  of  coordinates  with  the  point  of 
the  concave  boundary  where  the  curvature  is  maximum,  and  place 
the  x  axis  along  the  tangent,  and  the  y  axis  outward  (Fig.  59)- 
In  this  system  of  coordinates  the  equation  of  the  boundary  line 
has  the  form: 

y  =  ax'  (a>0).  (32.1) 


Let  Xni  ?n  —  the  projections  of  the  forces  per  unit  length  — 

be  given  functions  of  x ;  with  respect  to  these  forces  we  shall 
assume  that  their  resultant  for  any  finite  or  infinite  section  of 
the  boundary  is  finite  or  zero.  Generally  we  shall  assume  the  ma¬ 
terial  to  be  nonorthotropic. 

We  present  here  the  final  expressions  for  the  functions 
<!>{(*,),  determining  the  stresses  [according  to  Formulas 

(8.2)]:**** 


*t(*t)' 


2k/  (Hi  —  h  yT+laji^Ff 


r  Xt » i/" 


1-f  4 o*prft. 


1 -  [  x»  +  *'Ys.y  X  +  Aa'V  dl. 

-4au~z«  J  E —  Ci  (z.) 


2k* Om— Pi) A  yr+4<j|V,  J  5—  t,(z,) 


(32.2) 
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Here 


r  /.  \ _  V  1  -f  4afi,2’1  —  1 
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r  /.  /l  +  ^^,-1 

',(l)  2^ - 


(32.3) 


are  functions  of  the  complex  variables  z\  and  z 2  which  assume  the 
same  value  x  at  the  medium  boundary  y  =  ax2. 

For  a  =  0  we  obtain  from  it  the  already  known  solution  for 
the  semiplane  [Formulas  (29.13)1. 

Formulas  (32.2)  make  it  possible  to  find  the  functions  of 
the  complex  variables  (and  from  them  also  the  stresses)  for  any 
force  distribution  at  the  boundary  if  only  these  forces  satisfy 
the  above-mentioned  conditions.  No  special  cases  of  the  elastic 
equilibrium  of  a  plate  with  parabolic  edge  have  been  studied,  as 
yet.  Conversely,  for  an  anisotropic  plate  whose  edges  are  hyper¬ 
bolic  only  the  solution  for  one  special  case  which  we  shall  dis¬ 
cuss  in  conclusion  is  known. 


Fig.  59 


Let  be  given  an  anisotropic  plate  whose  region  is  bounded  by 
two  branches  of  a  hyperbola  and  two  equal  straight  segments  (Fig. 
60).  Normal  forces  resulting  in  stretching  axial  forces  P  are  dis 
tributed  along  the  straight  boundaries.  The  stresses  are  to  be 
determined,  and,  in  particular,  the  stresses  in  the  narrowest 
section  x  =  0. 

An  approximate  solution  of  this  problem  for  an  isotropic 
plate  was  obtained  by  Neyber,*  and  for  an  orthotropic  one  by 
Smith  and  Okubo.## 

The  results  of  Smith  and  Okubo  are  easy  to  generalize  to  the 
case  where  the  plate  is  not  orthotropic  which  we  shall  also  sup¬ 
pose,  at  the  beginning. 

We  shall  consider  the  plate  to  be  infinite  and  the  region  to 
be  limited  by  two  hyperbola  branches.  Placing  the  axes  as  is 
shown  in  Fig.  60  we  may  write  the  equation  of  the  edge  in  the 
form 
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or  in  parametric  representation 


x  =  bs\\t,  y  =  -*z  a  cht  (32.5) 

(the  plus  sign  refers  to  the  upper  hyperbola  branch,  the  minus 
sign  to  the  lower  one).  Since  the  edge  is  not  loaded  the  follow¬ 
ing  conditions  will  be  fulfilled  on  it: 


‘a»dy  —  xxydx  =0.  } 
‘cxvdy  —  o$dx  =  0.  J 


(32.6) 


The  stresses  in  an  arbitrary  cross  section  x  =  x0  must  re¬ 
sult  in  an  axial  force  P  from  which  three  further  conditions  are 
obtained : 

J.JN/jr-0.  =  0. 

-v.  \  •  I  ) 

where 

»_fV7+3. 

All  conditions  can  be  satisfied  by  choosing  the  functions 
and  $2  in  the  form: 


(z0  —  •Ain  ( [zi  -f-  Vz2  -j-  ft2  —  |i2a2j  i 
^2  (*2)  —  B\n  (z2- f-  V z2 -j-  fi2  —  H2a2). 


From  (32.6) 
che  constants  A, 


and  (32.7)  we  obtain  the  following  equations  for 
B  and  the  conjugate  quantities: 


A  +  B-\-A  +  B=>0, 
4*1  +  Au2  +  +  B  j7,  =  0, 


A  In  i±M -f  B  In  I±M.  4- 

l_^c  '  1  — 

_j-Iln  i+M-j-flin. 
l-Pi« 

1— 1  — W 

_j_  ^  in  i+Bl 4.  b JT2  In 
1  — 


1 4-jy 

1  —  w 


0, 


1  +  w  __  p_ 

*  —  V*  h  ‘ 


(32.9) 


Equations  (32.9)  simplify  for  an  orthotropic  plate  with  pure¬ 
ly  imaginary  parameters  n2  =  p  1,  y2  =  8<.  Solving  them  we  find: 


where 


(32.10) 

(32.11) 


&=  p  arctg  (Pc)  —  5  arctg  (8c); 
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__p_pp/- _ p _ p  \ 

2fls  +  VtX  +  b'  +  h'J)' 

af  =  ^-Re  ( -  1  -■■■  ^===L=====J)  . 

9  2he  ^  /*;+**+? v  /**+**+»*«y 

P  n./  P  »*  \ 

^  2^Ke^^-+62  +  ^fl2  yrJ|  +  62  +  k2fllj- 


(32.12) 


In  the  narrowest  section  x  =  0  the  tangential  stress  vanishes, 
and  the  normal  stress  is  determined  by  the  formula: 


p  r  _  p« _ P _ 1  /  ^  ^  ^ 

(°l)o  —  2*^  L/*3  +  p  (aa  -  yz)  ft*2  +  p  (a1  -  >2)  J '  (32.13) 


The  maximum  value  of  the  stress  is  obtained  at  the  ends  of 
the  narrow  section,  i.e.,  at  the  points  x  — 0,  _y=^±ra,  it  is  equal 
to  : 


°"u  2ah  K' 


(32.14) 


where 


^_([P-P)C 

g 


(32.15) 


In  Formula  (32.14)  the  factor  P/2  ah  is  the  stress  due  to  the 
stretching  force  in  a  prismatic  rod  in  which  the  cross  section  is 
the  same  as  the  cross  section  of  our  plate  in  its  narrowest  part; 
according  to  G.  Neuber,  this  stress  may  be  called  "nominal";  the 
factor  K  is  the  concentration  factor;  it  indicates  how  many  times 
the  maximum  stress  in  the  plate  with  the  hyperbolic  edge  is  great¬ 
er  than  the  nominal  one.  We  note  that  at  the  points  x  =  0 ,  y  =  +, a 
the  radius  of  curvature  is  p  =  b/a. 


In  the  case  of  a.n  isotropic  plate 


2c(|+ c») 

« -f  (1  -f  c»)  arcig  c  '• 


(32.16) 


The  factor  K  grows  with  increasing  curvature  at  the  end  points  of 
the  narrow  section  (or,  which  is  the  same,  when  the  radius  of 
curvature  decreases).  The  stress  obtained  at  the  center  of  the 
section  i  =  0  is  lower  than  the  nominal  one. 


Pig.  60 
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ferentV?^®™  ^V*1?68  of  the  concentration  factor  for  dif- 

elastic  constants'Ser^give^in  til  I  Pl&te  of  plywood  whose 

must  here  be  distinguished.  ^  6  presented*  Two  main  cases 

allel1toTShePaxitIl1dir“ct?on  (the  ^  T  °?s: lng  flbe^  are  par- 

«c„  for  whlch  ?r:tc:)-nIn  ttir 

Hi  ==4,1 1/,  H2  =  0,343/.  p  =  4,ll,  &  =  0,343. 

the  axialhdirection01(thefDlateCtSinf  fJbars  are  Perpendicular  to 
which  Young  moduTu^  SEii?  ^ 

Hi  m  0,243/,  Ha  =  2,91/,  p  =  0,243,  5  =  2,91. 

TABLE  1 

The  Values  of  the  Concentration 
Coefficient  K  for  Different  Val¬ 
ues  of  the  Ratio  e  =  a/b . 


♦■Hep. 


*=  ^»U  E 1  =  Em  (n 


Hjoiponmi 

D^ICTHIIKI 

2 


1)  Plywood;  2)  isotropic  plate 


obtainedSisaMgh^°tha^?LtmL?iaXl,,,Uh  StreSS  ln  a  P1^0^  P^te 

ppiSS;  S  F Sf-MF 

2\E&* 

proxilatelvThi^f^  tab}8S  shown  may  be  used  to  calculate  ap- 
by  two IStieal  sWeSg?oo^:tret°hed  reCta"eUlar  Plate,  weakened 
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This  method  is  set  forth  in  greater  detail  in  our  above- 
mentioned  work  "Nekotoryye  sluchai  ploskoy  zadachi  teo- 
rii  uprugosti  anizotropnogo  tela"  [Several  Cases  of  the 
Plane  Theory  of  the  Theory  of  Elasticity  of  an  Aniso¬ 
tropic  Body],  sbornik  "Eksperimental ' nyye  metody  opre- 
deleniya  napryazheniy  i  deformatsiy  v  uprugoy  i  plasti- 
cheskoy  zonakh"  [Collection  "Experimental  Methods  of 
Determining  Stresses  and  Strains  in  the  Elastic  and 
Plastic  Zones"],  ONTI,  1935,  pages  16*1-173. 

The  problem  may  also  be  solved  without  these  restric¬ 
tions,  but  the  solution  obtained  will  be  considerably 
more  complex. 

Smirnov,  V.I.,  Kurs  vysshey  matematiki  [Course  on  High¬ 
er  Mathematics],  vol.  Gostekhizdat  [State  Publishing 
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tropnoy  sredy  [Some  Problems  of  the  Theory  of  Plasticity 
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zhestkogo  shtampa  na  upruguyu  anizotropnuyu  srednu 
(ploskaya  zadacha)  [The  Pressure  of  an  Absolutely  Rigid 
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anizotropnuyu  poluploskost 1  [The  Pressure  of  a  System 
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anizotropnoy  poluploskostl  [The  Mixed  Problem  for  an 
Anisotropic  Semiplane],  Uch.  zap.  L'vovskogo  gos.  un-ta 
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Savin,  G.N.  and  Grilitskiy,  D.V.,  Davleniye  dvukh  anizo- 
tropnykh  tel  (ploskaya  zadacha)  [The  Pressure  of  Two 
Anisotropic  Bodies  (Plane  Problem)],  DAN  USSR,  1952,  No. 
2;  Grilitskiy,  D.V.,  Szhatiye  dvukh  uprugokh  anizotrop- 
nykh  tel  pri  uchete  sil  treniya  (ploskaya  tadacha)  [The 
Compression  of  Two  Anisotropic  Bodies  Taking  Account  of 
the  Frictional  Forces  (Plane  Problem)],  DAN  USSR,  1953, 
No.  3. 

Sokolowski,  M. ,  Pewne  zagadnienia  plaskie  teorii  spre- 
zystosci  ciala  ortotropowego  [Some  Problems  of  the 
Plane  Theory  of  Elasticity  of  an  Orthotropic  Body], 

Arch.  mech.  stosowanej  [Archive  of  Applied  Mechanics], 
Vol.  6,  No.  1,  195^. 

See  our  work  mentioned  in  the  first  footnote  of  the 
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[Force  Propagation  in  Semiplane  and  Semispace  in  the 
Case  of  Anisotropic  Material],  Zeitschrift  f.  Angew. 

Math.  u.  Mech.,  [Journal  for  Applied  Mathematics  and 
Mechanics],  Vol.  15,  No.  5,  1935;  2)  Okubo,  H. ,  General 
Expression  of  Stress  Components  in  Two  Dimensions  in  an 
Aeolotzopic  Substance,  Sci.  Rep.  Tohoku  Univ.  1,  page 
25,  1937). 

See,  e.g.,  Timoshenko,  S.P.,  Teoriya  uprugosti  [Theory 
of  Elasticity],  ONTI  [United  Scientific  and  Technical 
Publishing  Houses],  1937,  page  97. 

Savin,  G.N.,  Napryazheniya  v  anizotropnom  massive  pri 
zadannoy  nagruzke  na  poverkhnosti  (ploskaya  zadacha) 

[The  Stresses  in  an  Anisotropic  Solid  Body  for  Given 
Load  on  the  Surface  (Plane  Problem)],  Vestnik  inzhene- 
rov  i  tekhnikov  [Herald  of  Engineers  and  Technicians], 
19^0,  No.  3- 
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The  solution  of  this  problem  is  given  in  the  work:  Lekh- 
nitskiy,  S.G.,  Ploskaya  stat icheskaya  zadacha  teorii 
uprugosti  ani zotropnogo  tela  [The  Plane  Static  Problem 
of  the  Theory  of  Elasticity  of  an  Anisotropic  Body], 
Prikladnaya  rnatematika  i  mekhanika.  New  Series,  Vol.  1, 
No.  1,  1937. 

139  Timoshenko,  S.P.,  Teoriya  uprugosti,  ONTI ,  1937  ,  page 

126  . 

140*  Conway,  H.D.,  The  Stress  Distributions  Induced  by  Con¬ 

centrated  Loads  Acting  in  Isotropic  and  Orthotropic  Half 
Planes,  Journ.  Appl.  Mech.,  Vol.  20,  No.  1,  1953;  Soko- 
lowski,  M. ,  Pewne  zagadnienia  plaskie  teorii  sprezys- 
toscti  ciala  ortotropowego ,  Arch.  mech.  stosowanej ,  Vol. 
6,  No.  1,  1954. 

140**  Mikhlin,  S.G.,  Ob  odnoy  chastnoy  zadache  teorii  upru¬ 

gosti  [On  One  Special  Solution  of  the  Theory  of  Elastic¬ 
ity],  DAN  SSSH ,  New  Series,  Vol.  27,  No.  6,  1940. 

140***  Zagubizhenko ,  P.A.,  0  napryazheniyakh  anizotrcpnoy 

ploskosti  oslablennoy  pryamolineynymi  shchelyami  [On 
the  Stresses  of  an  Anisotropic  Plane  Weakened  by 
Straight  Slits],  DAN  SSSR,  1954,  No.  6. 

140***  Lekhnitskiy,  S.G.,  Obobshchennaya  ploskaya  defomatsiya 
v  bezkonechnom  uprugoin  anizotropnom  poluprostranstve 
ogranicnennom  po verkhnost ' yu  parabolicheskogo  tsilindra 
[The  Generalized  Plane  Deformation  in  an  Infinite  Elas¬ 
tic  Anisotropic  Semispace  Limited  by  the  Surface  of  a 
Parabolic  Cylinder],  DAN  SSSR,  Vol.  25,  No.  3,  1939-  In 
this  work  a  detailed  derivation  of  the  solution  of  the 
posed  problem  is  given. 

l4l*  Neuber,  G . ,  Kontsentratsiya  napryazheniy  [Stress  Con¬ 

centration],  OGIZ  [State  United  Publishing  House],  Mos- 
cow-Leningrad ,  1947,  Ch.  4. 

l4l**  Bassel  Smith,  C.,  Effect  of  Hyperbolic  Notches  on  the 
Stress  Distribution  in  a  Wood  Plate,  Quarterly  of  Ap¬ 
plied  Mathematics,  Vol.  6,  No.  4,  1949;  Okubo,  H. ,  On 
the  Problem  of  a  Notched  Plate  of  an  Aeolotropic  Mate¬ 
rial,  Philosophical  Magazine,  Vol.  40,  Ser.  7,  No.  308, 
1949. 
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Chapter  5 


STRESS  DISTRIBUTION  IN  ELLIPTIC  PLATE  AND  CIRCULAR  DISK 

§33.  DISTRIBUTION  OF  STRESSES  IN  AN  ELLIPTIC  PLATE  LOADED  ALONG 
THE  EDGE 

In  the  present  chapter  we  consider  the  problem  of  the  stress 
distribution  in  a  uniform  elliptic  plate  loaded  by  forces  applied 
to  the  edge,  and  that  of  such  a  plate  which  rotates  at  a  constant 
angular  velocity  about  an  axis  passing  through  its  center.  But 
here  we  consider  the  problem  of  a  rotating  round  disk  possessing 
cylindrical  anisotropy,  in  both  the  case  of  a  massive  disk  and 
that  of  a  composite  one. 


Fig.  61 


Let  us  consider  an  elliptic  plate  of  uniform  anisotropic  ma¬ 
terial,  which  is  in  equilibrium  under  the  forces  applied,  when 
these  forces  are  distributed  along  the  edge  according  to  an  arbi¬ 
trary  law.  In  the  general  case  we  shall  consider  the  plate  to  be 
nonorthotropic.  We  direct  the  axes  x  and  y  along  the  main  axes  of 
the  ellipse  (Fig.  6l)  so  that  the  equations  of  the  generalized 
Hooke's  law,  which  link  the  mean  values,  with  respect  to  the 
thickness,  of  the  stress  and  strain  components,  can  be  written  in 
the  following  form: 

*»  =  a120y“K  alizxy' 

—  al2°»+  fl22°y+fl26Tir|r' 

T*V  “  fll6°»+  a26°*  +  a68T®jr 

The  constants  aiv  ai2-  ••••  acc  are  assumed  to  be  given.  Let  us  denote 
by  X  ,  Yn  the  projections  of  the  external  forces  referred  to  unit 
area”  and  by  a  and  b  the  semiaxes  of  the  ellipse. 


(33.1) 


-  148  - 


We  assume  absence  of  volume  forces  and  the  forces  X  ,  Y  to 

n  n 

be  in  equilibrium  so  that  the  principal  and  their  principal  mo¬ 
ment  are  equal  to  zero. 

For  the  ease  of  an  isotropic  plate  this  pi oblem  was  solved 
by  N.I.  Muskhelishvili . *  A  general  solution  for  the  anisotropic 
plate  by  the  method  developed  here  was  derived  by  the  author,** 
and  by  means  of  another  method,  by  P.P.  Kufarev.*** 

The  equation  of  the  plate’s  contour  is  given  in  parametric 

form 

-r  =  acos!>,  _y  =  £>sinD.  (3j  2) 

The  given  forces  are  assumed  to  be  functions  of  the  variable 
-0  (which  varies  from  zero  to  2tt). 

We  express  the  stress  components  and  the  projections  of  the 
displacement  in  terms  of  functions  of  the  variables  (Mri)  and  ^fo)* 
such  that  the  boundary  conditions  for  these  functions  can  be  writ¬ 
ten  in  the  form  of  (8.7): 


_  '  • 

2  Re  (<!» ,  (2,)  +  $2  (z2) ]  =  —  |  y„  ds  +  cv 

'•  >'  ..." 

2  Re  [ji,$ i  (2,)  +  M’a  (r2)]  =  J  Xn  ds  -f  c2. 


(33.3) 


Vie  expand  the  given  forces  X  ,  Y  in  Fourier  series  and  sub- 
^  °  n}  n 

stitute  them  in  the  integral  expressions  of  the  right-hand  sides 
of  the  conditions.  In  the  general  case  of  forces  (being  in  equi¬ 
librium  along  the  contour)  we  obtain: 


■  CO  _ 

—  f  Yn  ds  +  Cl  =  a0  +  2  (“m01”  +  Wn)> 

*  ”=‘ 

•-  oo  ^ 

f  Xnds  +  C,  =  Po  +  2  (Pm°m  + 

r 


(33.4) 


0  * —  n  R 

where  ’  m’  Vm  are  given  coefficients,  which  depend  on  the  law 

of  load  distribution,  ~  o  are  conjugate  quantities,  c^,  8n  are  ar- 

bitrary  constants.  The  coefficients  <*t.  P»»  ai  and  Si  must  satisfy 
the  equilibrium  condition  (principal  moment  vanishing): 


°i-°i  =  P>  +  Pi  (33-5) 

bl  a 

The  solution  of  the  problem  in  the  most  general  case  of 
load  distribution  is  obtained  by  means  of  the  functions  ‘i’ i  and  $2 
in  the  form  of  the  following  series 
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^i(2l)  — ^o  +  ^i^i  +  S  ^m^lm  (2i)> 

M*i  I 

(*2)  =  £0  4-  Btz2  +  2  BmPim  ( z2 ).  | 


(33.6) 


Plm  and  P2m  are  here  integral  polynomials  of  power  m  with 
respect  to  the  variables  z\  and  z2\* 


Plm  (2i) - [(*1  +  Vzl-a2-  + 

+  1,  ■ 

P2m  (z2)  =  —  ~ [(22  4“  V  Z,  —  <3*  —  (i^*)  +  j 

4(22-Vrzi-a2-^)m]-  ! 


(33.7) 


On  the  plate's  contour  (33.2)  the  functions  z,,  z2.  pim  and  P, 


take  the  following  forms : 


where 


_ a  —  /M  _  ,  a  +  iji,6  1 

= — 2 — - 2 - 7’ 

_  _  a—l\hb  ’  I  g  +  1  . 

*2—  2  °+  2  *es, 


t  4i±ita*  *  _ a  4-/(1^ 

1  a  —  /u,6'  2  a  —  litJ}' 


(33.8) 


(33.9) 


(33.10) 


Substituting  the  boundary  values  of  the  functions  <t>  i  and  $2 

in  the  Conditions  (33-3)  we  obtain  equations  for  the  determination 

of  the  coefficients  A  and  B  and  the  conjugate  quantities  A  and 
^  .  mm  °  b  ^  m 

m  '  .... 

An  4~  Bm  4“  Am-t?  -(-  Bm ~t?  ~  —  om, 

AmPi  +  BmV.  2  +  -f  =  -  pm, 

AJT  +  Bmt?  +  Am  +  ~Bm  =  — oim,  (33.11) 

4  Smlh'T  -f  +  Smp2  =  —  pm 

(m  =  2,  3,  4,  f2  are  constants  adjoined  to  t\  and  t2): 

4-  Bl? ,  fAih  +  S,iT2  =  =  Mil- ,  (33.12) 

4“  8^2  4“  4  Pt  4”  1*2  =  ~  ~  " 


(33.12) 


In  the  case  of  unequal  complex  parameters  the  system  (33.11) 
always  has  a  solution  as  its  determinant  is  nonzero.  For  the  four 
coefficients  g  we  have  only  three  equations,  but  certain 

definite  constant  stresses  correspond  to  the  functions  Aizi  and 

BiZZ : 
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(33.13) 


Pi  —  Pi  „d_al  +  al  ,0  _<»!  —  a,  Pl+li 

bi  '  av—r~'  T*i- — ir~  = - — 


The  constants  A o  and  Ba  remain  arbitrary. 


In  this  way  we  can  obtain  formulas  for  the  stresses  in  a 

case  of  arbitrary  distribution  of  the  external  forces.  The  series 

(33.6),  after  which  both  A  and  B  can  be  obtained  from  Eos. 

mm 


Fig.  62 


(33-11),  prove  to  converge  absolutely  and 
steadily  in  both  the  case  of  distributed  loads 
and  the  case  of  loads  in  the  form  of  concen¬ 
trated  forces.  A  calculation  of  the  stresses 
according  to  the  functions  $  i  and  <J>2  is  gener¬ 
ally  connected  with  certain  difficulties  which 
cannot  be  avoided  as  yet. 


It  is  interesting  to  note  that  in  the 
case  of  an  anisotropic  round  disk  where  b  =  a 
and  the  parameter  \)  is  equal  to  the  polar  angle 
we  do  not  obtain  any  essential  simplifications. 
The  problems  on  the  equilibrium  of  the  elliptic 
plate  and  the  round  disk  prove  to  be  problems 
of  almost  the  same  difficulty.  This  does  not 
hold  true,  however,  fox’  the  case  of  the  iso¬ 
tropic  plate;  the  problem  of  the  stress  dis¬ 
tribution  in  a  round  plate  is  much  simpler  than 
the  same  problem  for  an  elliptic  plate. 


Of  the  particular  cases  of  load  (disregarding  the  trivial 
case  of  omnilateral  compression  or  extension)  only  a  single  prob¬ 
lem  has  so  far  been  reduced  to  numerical  results:  the  case  of  the 
compression  of  a  round  orthotropic  disk  by  two  equal  forces  P  ap¬ 
plied  at  the  ends  of  the  diameter  (Fig.  62). 


The  solution  to  this  particular  case  was  obtained  by  Okubo 
(by  a  method  which  differs  a  little  from  that  discussed  in  the 
given  section,  but  which  is  also  based  on  a  complex  representation 
of  the  stresses  in  terms  of  two  functions  of  complex  variables). 


Okubo  constructed  a  stress  distribution  diagram  for  a  certain 
disk  diameter  at  which  the  ratio  of  Young’s  moduli  for  the  princi¬ 
pal  stresses  is  equal  to  5.9  and  the  complex  parameters  are  pi  = 

=  2.30H  and  =  1.053 i,  for  compressions  in  the  principal  direc¬ 
tion  of  elasticity  and  at  an  angle  of  ^5°  to  the  principal  direc¬ 
tion  .  * 


The  graphs  of  distribution  of  normal  str 


sses  0  with  respect 


to  the  diameter  of  this  disk,  which  is  perpendicular  to  the  line 
of  action  of  the  force,  are  shown  in  Fig.  63.  One  of  the  graphs 
has  been  drawn  for  the  case  of  compression  in  the  direction  of  the 
diameter  along  which  Young's  modulus  is  highest  (E 2  >  Pi),  the 
other  for  the  compression  along  a  diameter  which  corresponds  to 
minimum  modulis  (P2  <  Pi).  In  the  same  figure  the  dashed  line 
slows  the  distribution  curve  of  a  in  an  isotropic  disk.  In  all 


three  cases  the  stress  of  maximum  absolute  magnitude  acts  at  the 
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Pig.  63 


point  of  intersection  with  the  line  of  actic  of  the  force.  It  is 
determined  by  the  formula 

(33.14) 

where  a  and  h  denote  radius  and  thickness  of  the  disk.  Approximate 
values  of  the  coefficient  K  are  equal:  for  f2>fi  K  —  5,  for 
Ei<El  K  =  2,2,  and  in  the  case  of  Isotropic  material  (£i  =  £2)  K  —  3. 

As  regards  the  stress  at  points  of  the  same  diameter  it  is 

found  to  be  much  smaller  than  the  stress  o  . 

y 

§34.  DISTRIBUTION  OF  STRESSES  IN  A  ROTATING  HOMOGENEOUS  ELLIPTIC 
PLATE 

Let  us  assume  an  elliptic  homogeneous  (rectilinear-anisotrop¬ 
ic)  plate  rotating  with  constant  angular  velocity  uj  around  an  axis 
passing  through  its  center,  perpendicularly  to  the  plane  of  the 
plate.  The  axis  of  rotation  is  considered  to  be  a  perfect  mathe¬ 
matical  straight  line.  The  solution  of  this  case  has  a  very  simple 
form  and  can  be  obtained  by  elementary  means. * 


Fig.  64 
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We  choose  the  directions  of  the  axes  x  and  y  as  shown  in 
Fig.  64.  For  definiteness  we  shall  assume  that  no  external  forces 
are  applied  to  the  edge  of  the  plate  and  that  displacements  of 
the  edge  points  are  quite  unrestricted.  The  plate  is  not  supposed 
to  be  orthotropic  and  Eq.  (33.1)  applies  to  it. 

The  stress  components,  averaged  with  respect  to  the  thick¬ 
ness,  are  determined  according  to  the  formulas 


_  i”1 
2 g 


_  ___v±a^L l 
V  —  2 g  a>b*‘ 


(34.1) 


Y  is  here  the  specific  weight  of  the  material  and  g  the  accelera¬ 
tion  of  gravity 


A  _  1.4.1  gu£Mjfl|jC|H-gg 

oc  3auc4  +  (2a1J  +  flM)c»-f-3fl.fl  ’ 


(34.2) 


This  stress  distribution  satisfies  all  equations  of  the  plane  prob¬ 
lem  where  the  volume  forces  and  their  potentials  are  equal: 


r=T*- 


(3^.3) 


and  the  boundary  conditions  an  —  0,  tn  =  0. 


The  maximum  stress  (tensile  stress)  in  areas  normal  to 
the  edge  is  obtained  at  the  ends  of  the  minor  axis  of  the  ellipse: 


T”1  _j  a\\ci  4~  SfluC3-!-  aa 

g  3fliiC4^-(2fl13  +  fl6«)cJ  +  3flaa- 


(34.4) 


The  stress  at  the  center  is  equal  to 

o  _ 7*“*  i  flnc<  +  0'5geac?+  an 

*  g  3flj|C4  +  (2fl|J  +  flGi)  cJ  ’ 


(34.5) 


When  the  elastic  constants  of  the  material  satisfy  the  condi¬ 
tion  floe>4ai:'  the  highest  stress  of  the  whole  plate  is  reached  at 
the  center  and  it  is  determined  by  Eq.  (34.5). 

The  stress  distribution  in  a  round  disk  of  radius  a  rotating 
about  an  ideal  axis  passing  through  the  center  (Fig.  65)  is  ob¬ 
tained  when  we  put  b  =  a  and  c  =  1.  In  polar  coordinates  the 
stress  components  depend  only  on  the  distance  r  from  the  center 
of  rotation: 
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°,=27(i  — — <■*)•  ■ 

Xr1  =  0; 

A=*a* — gu  +  2an  +  a« 

3aU  +  +  <**  +  3^22  * 


(34.6) 


(34.7) 


?aS!u°f  an  isofcr°Plc  disk  with  the  Poisson  coefficient  v 
we  obtain  the  well-known  stress  distribution:* 


— /■*), 


(34.8) 


All  the  above  formulas  only  permit  the  calculat-inn  nr  o+-v.Q  ~ 

wltha^»  r^h/espect  t0  the  thickness .  in  fact  tL  s??esses 

ith  the  thickness,  i.e.,  they  also  depend  on  the  coordinate  2  di 
rented  perpendicularly  to  the  plate  wi?h  the  origin  Jnthe^id- 

and  Wh?n.we. denote  by  «- V  the  true  stresses  in  the  plane 
y  °x-  °y>  their  mean  values  with  respect  to  the  thickness, 

th? r>^rmUl?S^ Wl?lGh  take  the  stress  variation  with  respect  to 
hickness  h  into  account  can  be  rewritten  as  follows: 


°»  =  °a  +  B  - 3 , 


(34.9) 


The  constants  5,  C,  D  for  the  elliptic  nonorthotropic  plate 
are  determined  from  the  following  equations: 


Bau~ |-^ai2  +  —  ;^(aiscJ  +  3^2s)  —  ~p). 

Bal2-\-Ca22-\-  Da2a  ==  gyj-  ^3a13  (a13c*  -{-  aM). 

2A 

Baie  +  Ca2a  -j-  DaM  =  —  •  aiB 


(34.10) 


[a^  .  are  the  elastic  constants  from  the  equations  of  Hooke's  gen¬ 
eralized  law  (2.5)]. 

In  particular,  for  an  elliptic  isotropic  plate  we  obtain 


an  —  a2  2 — y .  al2  —  a2t —  a„ - y , 

2(l+v)  „  A 

fl6fl — — £ — <  aia  —  a2a  —  aja  =  u; 

D  2v  (c<  +  c»  +  2)(I  +  2v)-f  c*(3c*+l)^ 

3(1  — vJ)  '  3c<  +  2e*  +  3 

^  2n  (2c<  +  c*+l)(l+2v)  +  (ci-f3)v 

3(1  —  v3)  *  3 c*  +  2c*  +  3 

D  =  0. 


(34.11) 


§35.  STRESS  DISTRIBUTION  IN  ROTATING  CURVILINEAR-ANISOTROPIC  DISK 

It  is  not  difficult  also  to  obtain  the  stress  distribution 
in  a  rotating  round  disk  whose  anisotropy  is  not  linear  but  cyl¬ 
indrical  . 


Let  us 
a  cylindric 
center  and, 
plane  is  a 
such  a  disk 
disk  posses 
help  of  a  s 
function  is 
where 


assume  that  the  disk  represented  in  Fig.  65  possesses 
al  anisotropy  with  a  pole  of  anisotropy  located  at  the 
moreover,  that  it  is  orthotropic  so  that  every  radial 
plane  of  elastic  symmetry.  The  stress  distribution  in 
,  for  both  the  case  of  a  massive  disk  and  that  of  a 
sing  a  round  hole  in  the  center,  is  obtained  with  the 
tress  function  only  depending  on  the  distance  r.  This 
the  solution  of  the  nonhomogeneous  equation  (12.11) 


(35.1) 


It  reads 


f'=fo(r)  =  A  +  Bt *  +  Cr'+*  +  Dr'-*  +  £  (3  -  **  —  2>.)  r*.  (35.2) 


Here 


=/!• 


(35.3) 


B »  are  Young's  moduli  for  the  principal  directions,  the  radial 
direction  r  and  the  tangential  one  0;  v  are  Poisson's  coeffici¬ 
ents;  y  is  the  specific  gravity  of  the  material  and  w  the  angular 
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velocity.  For  the  stress  components  and  the  projections  of  the 
displacements  the  following  general  formulas  are  obtained: 


.  C(1  £)(1  — 


3  +  vi  , 

/  '  * 


0,- C(1  +  *)*/•»-*  -  0(1  -  k)kr-*-'  - 


(35.4) 


(35.5) 


We  have  here  omitted  the  constant  B  as  it  corresponds  to  a 
many-valued  displacement  u $  proportional  to  the  angle  0;  rigid 
displacements  have  also  been  neglected.  The  constants  C  and  D  are 
chosen  such  that  at  the  rim  and  also  at  the  edge  of  the  opening 
the  necessary  conditions  are  satisfied. 

A  solution  of  the  problem  of  the  rotating  disk,  massive  or 
weakened  by  a  central  opening,  with  free  peripheral  edge,  has 
been  found  by  G.S.  Glushkov.  Let  us  give  the  formulas  for  the 
stress  in  a  massive  disk:* 


(35.6) 


%*=0- 


With  A=l.v,  =  vr  =  *  we  obtain  the  stress  distribution  in  an 
isotropic  disk  [see  (34.8)].  With  materials  for  which  k  >  1,  i.e., 
the  stress  components  in  the  center  of  the  disk  are  van¬ 
ishing  and  the  stress  becomes  highest  at  the  edge  of  the  ring: 


t«*a8  k  —  v, 

'  l  *3  +  ** 


(35.7) 


With  such  materials  for  which  k  <  1,  i.e.,  £|<Er.  the  stress 
must  increase  with  decreasing  distance  to  the  center  as  this  re¬ 
sults  from  Eq.  (35.6).  In  such  cases  the  stresses  must  be  concen¬ 
trated  around  the  pole  of  anisotropy,  similarly  as  the  concentra¬ 
tion  in  a  disk  which  is  uniformly  loaded  at  the  rim  (see  §26  and 

Fig.  45). 

When  the  peripheral  edge  of  the  disk  is  fixed  to  a  perfectly 
rigid  ring  which  cannot  be  deformed,  the  condition ur  =  u9  =  0.  must 
be  satisfied  on  it.  On  the  basis  of  the  general  formulas  (35.4) 
and  (35.5)  we  obtain  the  following  stress  distribution  for  a  mas¬ 
sive  disk: 


°r=3F(fe,j[(fe  +  v,)(^)  l_(3  +  v,)(^)T 

°« =  i)  [*  (*  +  v»)  (7)*  1  -  (*l  +  3v>)  (7)1]  • 


(35.8) 
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On  the  surface  of  the  contact  between  disk  and  stiff  ring  we 
obtain  the  following  stresses  (compressive): 

(°r)a  =s~~~  *  3-^7  '  (°»)a  =  ^6  (°r)o*  (35-9) 

Also  in  this  case  with  £<1  (£0  <  Er)  the  stresses  will  be  con¬ 
centrated  at  the  center. 

§36.  ROTATING  N0NH0M0GENE0US  CURVILINEAR-ANISOTROPIC  DISK 

Using  the  results  of  the  preceding  section  and  the  method  de¬ 
scribed  in  §27,  we  can  obtain  the  stress  distribution  in  a  rotat¬ 
ing  disk  consisting  of  a  series  of  annular  layers  soldered  or 
glued  together,  v;hich  possess  cylindrical  anisotropy  and  different 
elastic  constants. 

Let  the  disk  shown  in  Fig.  *46  (§27)  rotate  with  constant  an¬ 
gular  velocity  oj  about  an  axis  passing  through  the  center.  The 
center  is  assumed  to  have  a  round  opening.  We  consider  the  case 
where  the  peripheral  edge  and  the  edge  of  the  opening  are  free 
from  external  loads  and  their  displacements  are  not  subject  to 
any  limitations,  i.e.,  p  =  q  =  0 .  We  again  use  the  denotations  of 

§27  and  introduce  additionally  fm(m  =  l,2 . «)  ,  the  specific 

weight  of  the  material  constituting  layer  number  m.  In  the  case 
given  the  volume  forces  must  be  taken  into  account  whose  poten¬ 
tial  is  for  each  layer  equal  to 

=  (36.1) 

Denoting  as  before  by  qm_-^  and  qm  normal  forces  acting  on 

the  inner  and  the  peripheral  surfaces  of  layer  number  m  (Vo^Vn  — °)- 
we  obtain  the  following  formulas  for  the  stresses  and  the  radial 
displacements  in  this  layer: 
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■ 


»  “»-<4  [Tz^rUr)  + 

+!iE^4-+,(^r,-fc),]+ 

i(m) —  Tm«*  I  .  .  |"l — c*m+*  .  . 

v  7  - 

-T^§T  c‘"*'  -(*i+3.i»1)(^)’}  + 


(36.2) 


—  0; 


a-  (*w + r )  ~^r  C*n,+J  (v)*"]  - 

—  —  ( v(w>^  |  / £_\*  \  ,  gy.-l«m<m",'M 

v  l-  4->a- «:-) x 

x  [<*„  -  -f*1)  (£-)*“ + <*„  +  vi«)  (i=-)*"]  -  (36.3) 

('?l  ==1>  2 . .  ?0  =  ?n  =  0). 

The  unknown  forces  ^  are  determined  from  the  conditions  of 
surfaces :  the  r3dlal  "ts  of  the  points  on  the  contact 


v,,h  r  =  am  ,  «*»•-»>  =  UM 

w-i  r  r 


(36.4) 


rrom  Z^T.eTTn^  ^ : '  “hlCh  dl"-s 
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(36.5) 


9m  +  l^m  +  i®m+t  — f"  9m^mPm  "I-  9m- t^m- 
'>  (m  =  1 ,  2 . n  — 


■VL 


i). 


The  coefficients  a  and  g  are  determined  by  Eqs.  (27.7),  6  by 
the  formula  mm  m 


,  _  Tm  h+Hm)  3  +  v<->  l_2c‘m+>+cJm*»y 

m  <!-*„[  E<r  £im)  *  1— c“»  j 

W,  /  l+3r  +  1)  3  +  v<”>  +  ‘>  l_2C‘m|l-t  +  C^t 

9-*2„4  4m+u  4m+,)  m+1  1-cLV* 


(36.6) 


Attributing  the  values  1,  2,  ...  up  to  n  —  1  to  m,  we  can 
determine  from  Eq .  (36.5)  successively  all  unknown  forces  on  the 
contact  surfaces  entering  the  stress  formula  (36.2).  In  particular, 
when  the  disk  consists  of  two  rings  (see  Fig.  ^7  where  p  =  0 )  we 
have 


n  =  2, 


9i 


Ja] 

g 


(36.7) 


The  stresses  in  a  rotating  disk  or  ring,  displaying  cylin¬ 
drical  anisotropy  and  being  orthotropic  but  having  variable  moduli 
and  Poisson  coefficients  and  constant  density  y,  are  determined  by 
means  of  the  functions  fair)  according  to  the  formulas 


a 


r 


/*(/■) 


(36.8) 


The 

variable 


function  /  B  satisfies  the  inhomogeneous  equation  with 
coefficients 


(36.9) 


A  general  expression  for  fa  can  be  written  in  the 

K  =  To  (r)  +  4?,  (r)  +  B<fz  ( r ), 


form 

(36.10) 


where  <p  i  and  cp2  are  linear-independent  particular  solutions  of 
the  homogeneous  equation  corresponding  to  (36.9)  while  To  is  an 
arbitrary  particular  solution  of  the  inhomogeneous  equation.  The 
constants  A  and  B  are  determined  from  the  boundary  conditions  on 
the  peripheral  contour  and  the  contour  of  the  opening  (if  it  ex¬ 
ists). 


In  the  simplest  case  Young's  moduli  are  power  functions  of 
the  distance  and  the  Poisson  coefficients  are  constants: 

Er  =  En»rm>  =  Eimrm<  *»  ==  Const,  =  v,  (36.11) 

(m  Is  an  arbitrary  real  number).  In  this  case  the  particular  solu- 
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tions  ?o>  ?!•  ?a  are  also  power  functions  of  the  distance  r.  Without 
discussing  all  possible  cases  in  detail,  we  only  give  the  solution 
for  the  massive  disk  with  free  peripheral  edge: 


3-fv|  —  m  r fr\n~l  /  y- \al 

g  9  —  A*  —  (3  —  [a)}' 


fwta*  1  v t 

~~g  9- A*- (3 


‘cHa° 


x[(3  +  k»— m)«,^  —  (At* -J- 3 *#  — vn)(-j)  ]• 

0 

(*  —  }/"  =  j  [V n2  -f  4  (A2  —  V”)  +  OTl)  • 


(36.12) 


(36.13) 


With  m  =  0  we  hence  obtain  the  well-known  solution  for  a 
curvilinear-anisotropic  disk  with  constant  Young's  moduli  [Eq. 
(35.6)]. 
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Chapter  6 


DISTRIBUTION  OF  STRESSES  IN  A  PLATE  WITH  ELLIPTIC 

OR  ROUND  APERTURES 

§37.  DETERMINATION  OF  STRESSES  IN  A  PLATE  WITH  ELLIPTIC  APERTURE 

In  the  present  chapter  we  shall  consider  the  problems  con¬ 
nected  with  the  determination  of  stresses  in  a  plate  weakened  by 
an  opening  and  deformed  by  forces  acting  on  its  midplane.  It  is 
well  known  that  in  an  isotropic  plate  with  an  opening,  which  is 
not  filled  and  not  reinforced,  the  influence  of  the  opening,  com¬ 
pared  with  a  massive,  nonweakened  plate,  results  in  an  increase 
of  the  stresses  at  certain  points  around  the  opening.  This  effect 
has  been  called  the  stress  concentration.  The  problem  of  stress 
concentration  in  an  isotropic  plate  has  been  developed  rather 
completely,  for  various  cases  of  apertures  and  loads.*  In  the 
case  of  an  anisotropic  material  it  is  only  the  problem  of  the 
stress  distribution  in  a  plate  with  elliptic  or  round  aperture 
which  has  been  studied  in  sufficient  detail;  for  a  series  of 
other  cases  of  apertures  we  only  have  approximate  solutions  at 
our  disposal.  In  the  following  we  give  the  solutions  for  a  series 
of  problems  of  stress  distributions  in  an  anisotropic  uniform 
plate  with  elliptic  or  circular  aperture,  not  filled  or  filled 
with  a  rigid  core  or  a  core  of  elastic  material  with  different 
elastic  properties. 

Let  us  consider  an  anisotropic  plate  which  is  homogeneous 
but  generally  nonorthotropic,  of  arbitrary  form,  weakened  by  an 
elliptic  aperture  and  deformed  by  forces  which  are  distributed 
along  the  edge  of  the  aperture  and  act  on  the  midplane.  If  the 
aperture  dimensions  are  small  compared  with  the  plate's  dimen¬ 
sions  and  if  it  is  not  near  the  edge  of  the  plate,  the  problem 
can  be  simplified  by  assuming  it  infinitely  large,  thus  neglec¬ 
ting  the  Influence  of  the  peripheral  edge.  With  this  statement  we 
shall  consider  the  problem. 

To  begin  with,  we  consider  the  first  fundamental  problem 
with  given  external  forces. 

The  directions  of  the  axes  x}  y  coincide  with  the  principal 

axes  of  the  ellipse  (Fig.  66)  and  we  use  the  denotations:  a.,  are 

z-  0 

the  elastic  constants  of  the  equations  of  the  generalized  Hooke's 
law  (2.5)  or  (33.1)  written  for  the  given  system  of  coordinates 
Xj  y  (they  are  assumed  known);  a ,  b  are  the  semiaxes  of  the  el¬ 
lipse;  h  is  the  thickness  of  the  plate,  Z  ,  Y are  the  projec¬ 
tions  or  the  forces  acting  on  the  edge  of  the  aperture  (per  unit 
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area),  P^}  p ^  are  the  projections  of  the  principal  vector  (re¬ 
sultant)  of  these  forces.  The  contour  equation  of  the  opening 
reads  in  parametric  form:  opening 


x  =  acosO, 
y  =  AsinO, 


(37.1) 


and  the  given  forces  are  taken  to  be  functions  of  the  parameter 
^which  varies  fro™  0  to  2*  with  a  full  circumvention  S?  “e  con- 


We  use  a  complex  representation  of  the  stresses  bv  means  m 
the  functions  $,(.?,)  and  ^(Zj)  [see  §8,  Eqs .  (8.2)  — (8^6)  ].  The 
functions  <i>i  and  <I>2  must  satisfy  the  boundary  conditions '( 8  7) 

We  expand  the  given  forces  ^  in  Fourier  series.  The  bound! 

ary  conditions  (8.7)  in  the  general  case  will  then  read 

2  Re  t$i  (zj  -f-  $2  (2j)l  — 

c 


—  2^r0+“o+  S  Kon-fv"). 

mm\  ■ 


2  Re  Ilh‘M*i)H~lVM*2)l  = 

!  _  5vF  0  +  ?0+  S  H-Fm0"1”)- 


(37.2) 


Here  -«  .  «».  K  are  given  coefficients,  complex  in  general  and 
depending  on  the  law  of  force  distribution  along  the  jet  of  the 
aperture,  «m,  p  are  quantities  which  are  adjoined  to  the  former- 

§}  fre  a^itrary  constants.  The  stresses  must  tend  to  zero  a! 
the  distance  to  the  aperture  increases. 


The  solution  is  obtained  wj th  the  help  of  the  function# 

oo  __  _ 

4,i(^)=/l0+^ln';i  4-  V  r-m 

Pi  —  H  ' 

m  m  1 

00  *—  - 

#2  (Zz)  =  B0  -f-  B  In  C,  —  V  Paries  r  -  «* 

M  H-i  —  ^  3  ' 


mm  1 


(37.3) 
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..  ..  .  . :  ’  C 


Here 


C,' 


z,  +  Vz\-a'-Y.y  .  Zt  +  Vzl-f-W 


a  —  fy^b 


Ca  =  - 


a  —  lp-J> 


(37.4) 


are  functions  which  assume  one  and  the  same  value  at  the  edge  of 
the  aperture,  namely  o=-e#<;  do,  Bq  are  arbitrary  constants  and  A 
and  B  are  constants  determined  from  the  equations 


A  +  B ■ 


B  ”■ 


Pi  A  +  1^2  B  —  }il  A  —  (ij  fl  =  — 


2*hl  * 
Pm 


2nhi  ' 


V\  *  +  p\  B  —  f*  A  —  V\B  =  ~^ f 
—  d-f  —  B  —  ~  A  —  ~  B=  — 


J13 


<?U  2nht 


2nhl 


(37.5) 


an  2r.hl  •  au  2nhl  ' 

As  the  explicit  expressions  for  A  and  B  are  too  complicate 
we  do  not  give  them  here . 


The  derivatives  of  the  functions  4>i  and  4> 2  read 

•SW 


(37.6) 


On  the  contour  of  the  aperture  they  take  the  form 

'  1  *  I 


/(a  sin  8  —  }i|6  cos  8) 


I  (a  sin  fi  —  cos 


_  V  m  fgLHH&g.  rm) , 

**  Pi~H  / 

*•- 1  / 


(37.7) 


The  stress  components  are  determined  from  Eqs.  (8.2)  and 
the  projections  of  the  displacement  from  Eqs.  (8.3). 

Let  us  give  yet  another  formula  which  will  often  be  used  in 
what  follows.  The  stress  in  areas  normal  to  the  edge  of  the 
aperture,  at  the  edge  of  the  aperture  itself,  is  equal  to# 


°*  =  - 


X 


a*  sin2  8  -f  62  cos2  8 

I  /(.“!«  sin  8  + 6  cos  8)2/  ,,  V  _  P«.  — 

X  |  a  sin  8  —  jA.ft  cos  8  [~A+  2u  m  0 


VI -1 
ob 


(37.8) 


/(i‘aasln8  +  6cos8)2-/  „  ,  V  Pm-I*t«m _ _  M 

a  sin  8  —  cos  8  [B+  L™  P.-P:  Jj' 

If  at  the  edge  of  the  opening  the  given  displacements  u*,  v*  are 
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®o4-  2  (am°’',  +  am°"’B)> 

m-1 

0*  =  Po+  2  (Pm°m  “t-  Pm3_m)  i 
n«i 


(37.9) 


and  the  projections  of  the  resultant  forces  (whose  distribution 
along  the  contour  is  unknown),  the  functions  4>  t  ,  <J>2  determined 
from  the  boundary  conditions  (8.8)  have  the  form 


*1  (zi)  =  ^0  +  A  !n  M  +  ^aj<72 — P1P2  +  4  10  (^ft-Hft)j  ^  + 

00 

’  +7)  2  (amft“ lmP2)^r”*. 

**  (**)  =  50  +  B  In  C,  —  [ft ft  -  £,/>,  -f-  i  u;  (tf  ft-fap,)j  — 

oo 

~Q  (amft  ?mft)^2 


m-2 


(37.10) 


Here  /It,,  So  are  arbitrary  constants;  4,  B  are  constants  ob¬ 
tained  from  the  same  equations  (37.5);  Pi<  Pv  ft,  ft  are  constants 
determined  by  Eqs .  (8.^); 


D  =  Pjft  —  Pjft*  (37.11) 

u  is  a  constant  expressing  the  rotation  of  the  plate  in  the  xy- 
plane,  for  the  determination  of  which  we  must  formulate  addition¬ 
al  conditions  of  reinforcement  (in  all  cases  considered  below  w  = 
=  0). 


The  functions  of  the  complex  variables  <)['»(ft)  and  ^fo)-  which 
represent  the  solutions  to  the  problem  considered,  are  determined 
in  the  form  of  series.  This  method  of  solution  is  not  the  only 
one.  G.N.  Savin  suggested  another  method  of  solving  the  problem 
of  stress  determination  in  an  anisotropic  plate  with  elliptic  ap¬ 
erture,  based  on  the  application  of  Schwartz's  formula,  which  is 
well  known  in  the  theory  of  functions  of  complex  variables;  the 
expressions  for  the  functions  <J>i  and  $2  are  obtained  in  the  form 
of  integrals  taken  along  the  contour  of  the  unit  circle.* 

When  the  resultant  vector  of  the  forces  given  on  the  contour 
of  the  aperture  is  equal  to  zero,  Eqs.  (37-3)  for  the  functions 
of  complex  variables  may  be  given  a  new  but  also  integral  form: 


7 


Here 


(37.12) 


•  * 

f2  =  -jYnds, 


(37.13) 
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ds  is  the  arc  element  of  the  apertural  contour,  o  =  <?'(  is  a  point 
on  the  contour  y  of  the  unit  circle  K|*=l.  CP  C,  det  ermined  by  Eqs. 
(37.4),  Aq}  Bo  are  arbitrary  constants.  These  expressions  for  the 
functions  <I>i  and  $2  may  be  more  convenient  than  the  series  expres¬ 
sions  (37*3)  (e.g.,  in  the  case  where  concentrated  forces  are  ap¬ 
plied  to  the  contour  or  where  part  of  the  contour  is  free  from 
loads  while  on  the  other  part  a  uniformly  distributed  force  is  act¬ 
ing,  etc .  ) . 

It  is  sometimes  more  convenient  to  use  representations  of 
stresses  and  displacements  in  terms  of  the  functions  ?,(*!)  and 
?2(z2)  of  the  variables  ,  1  1  r  1  >:  [see  Eqs.  (8.11)  and 

(8.12)].  1  +  ‘  ‘  ’  +  1 


We  give  the  form  of  the  functions  4>  1  and  <J>2  determining  the 
stresses  and  displacements  in  an  anisotropic  plate  with  elliptic 
aperture,  at  the  edge  of  which  the  forces  or  displacements  are 
given : 


?i  (*i)  — ^0  ^  *"  *1  4"  2  Amt t  m, 

wi-l 

?2(^)  =  flo4-fl'n/2+  2  Bmtrn. 

-  *1-1 


(37.14) 


Here 


4  a  +  6  +  (a  —  ft)  X*  l  3  1  .  lb) 

..  :  (A  =  1,2).  ; 


On  the  contour  of  the  aperture  t \  =  t2  =0.  The  constants  A  0,  B 0 
are  arbitrary;  A ,  B  depend  on  the  vector  sum  of  the  external 
forces  and  A  .  B  are  determined  from  the  boundary  conditions  (ac- 

cording  to  what  is  given  at  the  boundary). 

§38.  PARTICULAR  CASES  OF  LOAD 

Let  us  give  solutions  for  some  particular  cases  of  stress 
distribution  in  a  plate  with  elliptic  aperture.*  We  restrict  our¬ 
selves  to  the  functions  $1  and  $2,  the  coefficients  a*,"?*,  and 
the  stress  on  the  whole  contour  of  the  aperture  and  in  individ¬ 

ual  points  of  it;  the  formula  for  is  left  in  its  complex  form 
as  the  separation  of  the  real  part  (i.e.,  the  actual  execution  of 
operations  represented  by  the  symbol  Re)  results  in  very  cumber¬ 
some  expressions  which  take  much  place  without  being  of  particular 
interest.  In  all  cases  considered,  each  of  the  functions  $1  and  4>2 
is  not  represented  by  the  series  but  only  by  its  first  or  second 
term.  The  expressions  for  the  complex  parameters  are  generally 
different : 


=  (*2  =  74-5*  (P  >  0,  5>0). 

In  the  formulas  we  use  the  abbreviated  denotations 

c~.  j.  r  =  <3*  sin2  6  -j-  i2  cos1  0.  (38.1) 


166  - 


I.  Equilibrium  pressure  on  the  contour  of  the  aperture.  Nor¬ 
mal  forces  q  are  assumed  to  act  on  the  whole  edge  of  the  aperture 
in  uniform  distribution  (per  unit  area,  Fig.  67). 


Pi  —  Hi*i  .  J_  rf.  r,  \  _  Pt~  Hi°i  >. 

Hi  — Ha  C,  ’  *'  2  Hl~ Hi  '  C*  ’ 


°»  - 


_  1a 
2  ’ 
te-*t 


qbl 


(a  sin  8  —  cos  8)  ( a  sin  8  —  cos  8) 


X 


(38.2) 

(38.3) 


X  I(HiH2a  —  —  fyjb) a*  sin9  ®  +  /  (HjHi  —  2)  a*ft*  sin*  0  cos  0  -f- 

+  (2HiH2  —  1)  a*b2  sin  0  cos*  0  -f-(Hia  4"H2a  — lb)  b9  cot9  0)J. 


At  the  points  A  and  A\  at  the  ends  of  the  major  axis  (Fig. 
67)  where  i5  =  0  and  V)  =  tt  , 

a»  =  ?[(aJ  +  Jl)(72  +  i>a)  +  C(^fF  +  !*  +  »•)]•  (38.5) 


In  an  isotropic  plate  at  the  same  points 

«!  =  ?(-  1+20, 


(38.6) 


At  the  points  B  and  B\,  at  the  ends  of  the  minor  axis  (Fig.  67), 

0j  =  ?(aT-fi5  4-i±A).  (38.7) 


where  0  ssi  n  _ 

2  —  2  ’ 


In  an  isotropic  plate  at  the  same  points 


«*  = 


(38.8) 


In  a  nonorthotropic  plate  the  distribution  of  the  stresses 
along  the  edge  of  the  aperture  are  found  to  be  symmetric  only 
with  respect  to  its  center  0.  In  the  case  of  an  orthotropic  plate 
in  which  the  directions  of  the  principal  axes  of  the  ellipse  co- 


-  167  - 


:fM***» 


J 


incide  with  the  principal  directions  of  elasticity  the  distrib 
ution  also  becomes  symmetric  with  respect  to  these  axes.’ 

2.  Tangential  forces  uniformly  distributed  along  the  edge  of 
the  aperture  (Pig.  68).  The  functions  $1  and  <J>2  have  the  form 
(38.2),  but  in  the  given  case 


ai 


(38.9) 


where  t  is  the  intensity  of  the  forces  and 


«» 


_ _ /«~8< _ _ 

( a  sin  9  —  ^6  cos  8)  (a  sin  8  —  \xj>  cos  8) 


X 


X  [Gha  +  +  tyiM)  a5  sin9  ft  -{-  (2  —  (iifi,)  o56  sin*  ft  cos  0  -j-  (38.10) 

+  (2^1 14—  1)  sin  0  cos2  0  -f-  (a  -}-/|i16-f-/[i26)  bs  cos5  0]  j . 


3.  Tension.  A  plate  is  extended  by  the  forces  p  applied  at 
a  sufficiently  large  distance  from  the  aperture  (theoretically  at 
infinity)  and  attack  at  an  angle  of  9  relative  to  the  major  axis 
a  (Pig.  69);  the  edge  of  the  aperture  is  free  from  external 
forces . 


Fig.  69 


The  stress  components  are  obtained  by  means  of  summation  over 
the  stresses  in  a  massive  and  uniformly  extended  plate 


<£  = />cosJ  <p,  o®=/>sinJtp,  =  p  sin  <p  cos  <p 


(38.11) 


and  the  stresses  obtained  by  means  of  the  functions  4>i  and  $2  of 
the  form  (38.2),  where 


at  = - — ( a  sin  cp  —  lb  cos  tp), 

pi  =  — (a  sin  o  —  lb  cos  -p). 


(38.12) 


Let  us  give  the  expression  for  the  stress  0^  in  the  case 
where  cp  =  0 ,  i.e.,  the  plate  is  extended  in  the  direction  of  the 
jc-axis  (Fig .  70 )  : 

slnZ  ®  4“  7T  {  (a  sin  8~—  (i^’cos'O)  (a  sin  0  —  cos  tij  ^  ? 

X  I(Pi+i12)  «3  sin0  0 +(2-^2)  n'-b  si»!  0  cos  0  -j -ft9  cos3  fij).  *  3  J  ’  1  3  ) 


At  the  points  A  and  A 1  (Fig.  70) 


<rf  — 

°*~P  («a  +  f3)ha  +  *a)  * 

In  an  isotropic  plate  at  the  same  points  ot==—p. 


(38.14) 


At  the  points  B  and  B\  (at  the  ends  of  the  diameter  perpen¬ 
dicular  to  the  tensile  forces,  Fig.  70) 

+ !±i).  (38.15) 

At  the  same  points  in  an  isotropic  plate 

°»=p(  l+l)..  (38.16) 

4.  Shear.  A  rectangular  plate  with  an  elliptic  aperture  in 
its  center  is  deformed  by  tangential  forces  of  the  intensity  t, 
which  are  uniformly  distributed  with  respect  to  the  sides;  the 
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major  axis  of  Uir  aperture  makes  an  angle  o  I'  T  wllh  one  of'  the 
a l des . 

When  the  dimensions  of’  the  aperture  are  : ana  11  compared  to 
the  side  dimensions,  the  plate  may  lx.*  com  Ido  red  Infinitely  large 
and  the  tensile  forces  l  are  applied  at  Infinity  (Kir..  71).  The 
stress  distribution  Is  obtained  by  adding  the  stresses  In  the 
massive  plate 

al  ^  1  s'"2?.  al ■-  t  cos  2'p  CiH.l’O 

and  the  stresses  obtained  by  nu.*an:;  of  functions  of  the  form  (jd.2) 
where 

a,  —  (  a  sin  2'f  -j-  Ibcos  2'f), 

(T,  =-<  ■*-  (  a  cos  2'p  |  lb  sin  2'f).  (38.18) 

In  particular,  with  cp  =  0  (Kip;.  72)  we  obtain  the  following 
law  of  stress  distribution  on  the  edge  of  the  aperture: 

*  P  sin  20  j  p  Rc  {  ^  S|n  o  -  -  cos  0)  (a  sin  0  _  \i2b  cos  8)  X 

XKHifl-f  W  —  Ip^b)  a*  sin*  \l-\- (2  —  (i,|i2)  sin1  0  cos  0 -f-  (38.19) 

4-/(1  —  2[i,p2)  ab2  sin  0  cos20  4(o  — — /(x2ft)  b*  cos5  0]J. 

5.  Bending  of  plate  by  moments.  A  rectangular  beam-plate  with 
an  elliptic  aperture  in  its  center  is  bent  by  the  moments  M.  The 
major  axis  of  the  aoerture  makes  an  ancle  of  ro  with  the  axis  of 


Q  Ia  the  case  of  small  dimensions  of  the  aperture  the  nlate  is 
assumed  infinitely  large.  The  stresses  in  it  are  obtainldby  ad- 

bending*  Stresses  in  a  massive  plate-beam  corresponding  to  pure 


<£  =  -~g  O'  cos  9  —  x  sin  <p)  cos*  <p, 
a°y  =  -j-  O'  cos  9  —  x  sin  9)  sin*  9, 


y  cos  9  —  x  sin  9)  sin  9  cos  9 
and  the  stresses  obtained  by  means  of  functions  of  the  form 


(38.20) 


(*1)  = 

P*  —  toa2 

j: 

.  -  - 

ih  —  ih 

*a(*a)“- 

h  — 

1 

A  i 

where 

.  hi  — to 

<7 

(33.21) 


M 


&/ 


sin  9  (6*  cos*  9  —  a*  sin*  9  -f-  tab  sin  2(f), 


P2  =  -p-  cos  9  (6*  cos*  9  —  a*  sin*  9  4.  tab  sin  29). 

Particular,  if  the  axis  of  the  aperture  is  parallel  in 
the  sides  of  the  plate,  i.e.,  cp  =  0  (PigP  T^we Xin 

"*■  Re  ( 


(38.22) 


„  _  Mb  a*  . 

» ~  ~T~  ’  /T sin2  0 


2Jfi 


_  tt-ni 

(a  sin  8  —  fiji  cos  0)  (a  sin  8  —  cos  8)  ^ 

X  IGvJ-Pj)  a*  sin3  0+(2-(illi2)  o*4  sin*  0  cos  D-J-£3cos3  Oj).  (38.23) 


At  the  points  A  and  A 1 ,  at  the  ends  of  the  diameter  directed 
along  the  axis  of  the  plate-beam  (Pig.  711),  a 


a.  = : 


Mb 


2J  '  <«»  +  **)  (^  +  4*)* 

so  that  in  an  isotropic  plate,  at  the  same  points,  o8  =  0. 


(38.24) 
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i.  ■  *{  ■  .-.-.l  '.‘s 


Fig.  74 


At  the  points  B  and  Si  at  the  ends  of  a  diameter  perpe  idic- 
ular  to  the  axis  of  the  plate-beam  (Fig.  74), 

..-^(,+i+i).  (38.25, 

and  at  the  same  points  of  an  isotropic  plate 

a|==±^(  1+i).  (38.26) 

G.N.  Savin  considered  the  case  of  bending  of  a  plate  with  an  el¬ 
liptic  aperture,  with  constant  intersecting  force  and  some  other 
cases .  * 

In  all  the  cases  discussed  the  distribution  of  the  stresses 
along  the  edge  of  the  aperture  in  an  anisotropic  and,  moreover, 
nonorthotropic  plate  is  governed  by  much  more  complicate  laws 
than  the  distribution  in  an  isotropic  plate. 

The  stress  distribution  is  symmetric  with  respect  to  the  cen¬ 
ter  of  the  aperture  but  in  general  nonsymmetric  relative  to  its 
axes.  The  formulas  for  the  stresses  at  the  points  A}  A  i,  B  and  Si 
at  the  ends  of  the  axes  of  the  ellipse  give  an  idea  on  the  concen¬ 
tration  of  stresses  (at  least  for  the  orthotropic  plate  in  which 
the  principal  directions  of  elasticity  are  parallel  to  the  direc¬ 
tions  of  the  aperture’s  axes  and  cp  =  0).  All  formulas  remain  val¬ 
id  in  the  case  of  a  round  aperture  where  b  -  a  and  7!  is  the  polar 
angle  0  reckoned  from  the  x-axis. 

§39.  STRESS  DISTRIBUTION  IN  AN  ORTHOTROPIC  PLATE  WITH  A  CIRCULAR 

APERTURE 

In  this  and  the  following  sections  we  shall  consider  some  of 
the  most  interesting  cases  of  stress  distribution  in  an  orthotrop¬ 
ic  plate  which  is  weakened  by  a  round  aperture  of  radius  a.** 

In  all  cases  the  origin  of  coordinates  is  placed  at  the  cen¬ 
ter  of  the  aperture  and  the  principal  directions  of  elasticity  are 
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taken  according  to  the  directions  of  the  axes  x  and  y .  We  use  the 
denotations  which  were  partly  encountered  previously,  namely:  E i, 
E 2  are  Young's  moduli,  Vi,  V2  are  the  Poisson  coefficients  and  G 
is  the  modulus  of  shear  (all  for  the  principal  directions),  ui, 

U2  are  complex  parameters,  solutions  of  the  equation 


(39.1) 


Moreover,  we  introduce  the  notations 

*=-hi'2=|/!^  n  =  -/(ih  +  ^)  =  /’ 2(-§7  —  vi )+-§-;  (39.2) 


6  is  the  polar  angle  reckoned  from  the  x-axis,  is  Young's  mod¬ 
ulus  for  extension  (compression)  in  the  direction  of  the  tangent 
to  the  aperture's  contour,  connected  with  the  elastic  constants 
for  the  principal  directions  by  the  formula 


(39.3) 


Let  us  give  by  the  way  the  formula  for  an  orthotropic  body  which 
will  be  used  in  the  following 

(39.4) 

In  all  cases  we  point  out  the  expressions  for  the  stresses 
a0  acting  on  surfaces  normal  to  the  edge  of  the  aperture,  i.e., 

on  the  radial  planes  arranged  at  the  edge  of  the  aperture  itself, 
and  also  formulas  for  oQ  at  individual  points  of  the  contour. 

In  order  to  illustrate  this  we  give  the  results  of  calcula¬ 
tions  and  stress  distribution  diagrams  of  a  plate  having  the  same 
elastic  constants  as  a  three-layer  birch  veneer  (see  §11). 

Let  us  repeat  the  numerical  values  of  the  complex  parameters 

Hi  =  4, 1 1/,  112  =  0,343/,  k  —  1,414,  n  =  4,453, 

when  the  x-axis  is  directed  along  the  fibers  of  the  sheet,  and 

>2  =  0,243/,  (12  =  2,91  /.  k  =  0,707,  n  =  3,153, 

when  the  x-axis  is  perpendicular  to  the  fibers  of  the  sheet. 

When  we  consider  such  a  plate  we  shall  call  it  simply  "ve¬ 
neer,"*  for  the  sake  of  brevity. 

In  the  graphs  the  sections  representing  the  magnitudes  of 
the  stresses  a q  are  plotted  from  the  circles  on  the  continuations 

of  the  radii;  positive  quantities  are  represented  by  arrows  di¬ 
rected  from  the  center  outwardly,  the  negative  ones  by  arrows 
pointing  to  the  center.  In  each  diagram  we  show  in  the  upper 
right-hand  corner  a  schematic  diagram  of  the  load;  the  dashed 


lines  represent  the  distribution  of  the  stresses  oQ  in  the  iso- 

0 

tropic  plate,  which  is  loaded  by  the  same  forces. 

I.  Normal  pressure  dis+ribuled  uniformly  on  the  edge  of  the 
aperture  (Pig.  75). 

ot  =  g-|j-l—  ft-f  n(siui0— (-  fccos20)  +  (l  -f  sir.2  0  cos2  (J)  (39.5) 

q  is  the  pressure  per  unit  area. 

For  an  isotropic  plate  oQ  =  q.  In  an  orthotropic  plate  the 
stress  o0  is  not  distributed  uniformly  along  the  contour  but  ac¬ 
cording  to  a  rather  complex  law,  where  the  difference  between  the 
highest  and  lowest  values  of  it  may  be  very  great. 

At  the  points  A  and  A 1  on  the  principal  axis  x  (Pig.  75) 
where  0  =  0  and  0  =  tt  , 

«*=9-nr-.  (39.6) 

and  at  the  points  B  and  =  on  the  other  principal  axis 

0i  =  9(/t  —  k).  (39.7) 

A  circular  aperture,  when  deformed,  becomes  elliptic,  with 
the  semiaxes  a’  and  b '  =  2 


h  q(  1 

L  q\  YBiE2 

£1  /J 

r,  nM-n 

vi  Yi 

l  q\VEiBi 

£X/J  ' 

(39.8) 


In  Fig.  75  we  show  the  distribution  of  the  stress  oa  on  the 

edge  of  the  aperture  of  a  veneer  plate;  the  z-axis  is  parallel  to 
the  fibers  of  the  sheet.  The  maximum  value  of  the  stress  is  equal 
to  3.04  q  and  is  obtained  at  the  points  B  and  B\.  The  minimum 
stress  is  small:  it  amounts  to  about  0.1  q. 

2.  Tangential  forces  distributed  uniformly  along  the  edge  of 
the  aperture  (Fig.  76). 

'*~tJg-s\n2f>l{l-kHn-ft-l)-\-{\+rt){l+rl)cos2'>}  (39.9) 


(i  is  the  force  per  unit  area). 


In  an  isotropic  plate  o9  =  0: 

Figure  76  gives  the  o0  distribution  on  the  edge  of  an  aper¬ 
ture  in  a  veneer  plate.  The  stress  distribution  along  the  contour 
is  very  irregular  and  changes  of  sign  occur  eight  times.  The  max¬ 
imum  value  exceeds  t  ar.d  is  approximate ly  equal  to  1.5  t. 
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Fig.  75 


Fig.  76 


a  lot-'  EX!en^'°n  under  an  angle  to  the  principal  direction.  For 
p  ate  extended  by  the  forces  p  applied  at  a  great  distance  from 
the  aperture,  which  act  under  an  angle  of  cp  relative  to  the  nrln 
cipal  direction  (Fig.  77),  we  obtain:  °  the  prln" 


°*  (I—  coss  cp  (A  «)  sin2  cpl  A  cos2  G  -f- 

+  ((•  -|-  n)cos*  <f  —  k  sin2  «pl  sin2  (i  —  (39.10) 

—  n(l  -f- A -f- /t)  sin  cp  cos  <f  sin  0  cos  8] . 

In  an  Isotropic  plate 

o,  =  p[l -2cos2(6  —  «p)].  (39.11) 

The  stress  distribution  in  an  orthotropic.  plate  will  not  be 
symmetric  with  respect  to  the  lines  of  action  o?  the  ?“Jes  and 

the  cente/n^hhe  »  e  t0  ‘(T5  “  ls  ^^etrlc  relative  t< 

center  of  the  aperture.  The  maximum  stress  is  not  obtained  at 

the  ends  of  a  diameter  which  is  normal  to  the  lines  of  action  of 
the  forces  but  at  other  points.  action  of 


(39.10) 


-r  •  'i 


Fig.  76 


Figure  78  shows  the  stress  variation  along  the  edge  of  the 
aperture  of  a  veneer  plate,  extended  at  an  angle  of  ^5°  with  re¬ 
spect  to  the  principal  axes  (the  x-axis  lies  in  the  direction  of 
the  sheet  fibers).  The  maximum  stress  was  equal  to  3.3  p  whereas 
in  the  isotropic  plate  a  v  =3  p.  In  this  case  the  coefficient 

nicL  x 

of  stress  concentration  for  an  orthotropic  plate  (K  =  3.3)  differs 
but  slightly  from  the  coefficient  for  the  isotropic  plate  (K  =  3). 
The  stress  vanishes  at  four  points:  G  =  13°,  82°,  1 9 3°  and  262°. 

4.  Extension  in  the  principal  direction  (Fig.  79).  From  Eq. 
(39.10)  with  cp  =  0  we  obtain 


«» =  P  t|  [-  k  cos*  0  +  (I  +  «)  sin*  0).  (39.12) 

The  stress  distribution  will  be  symmetric  relative  to  both 
principal  axes  x  and  y.  At  the  points  A  and  A 1  at  the  ends  of  a 
diameter  parallel  to  the  forces 


0,s=  It'  (39.13) 

and  at  points  B  and  Si  at  the  ends  of  a  diameter  perpendicular  to 
the  forces. 


o,  =  p(l+n).  (39.114) 

One  of  these  values  will  be  highest  in  its  absolute  magnitude 
for  the  whole  plate,  but,  without  knowing  the  elastic  constants, 
we  cannot  say  which.  It  can  be  shown  that  not  the  stresses  at  the 
points  B  and  Bx  will  be  highest  in  absolute  value  but  the  compres¬ 
sive  stresses  at  points  A  and  A t . 


Fig.  79 


A  circular  aperture  is  deformed  to  an  elliptic  one  with  the 
semiaxes  a '  and  b  '  given  by 


+«>]■] 

- y£=). 

\  VBiE,) 


(39.18) 


Figure  80  shows  the  variation  of  o0  along  the  contour  of  an 
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aperture  in  a  venner  plate  extended  in  the  direction  of  x  for 
which  Young's  modulus  is  highest  (i.e.,  along  the  fibers  of  the 
sheet). 

At  the  points  A  and  A\ 

0|  =  — 0,71  p-,  (39.16) 

and  at  the  points  B  and  Si 

0|  =  5,45p.  (39.17) 

The  points  where  oQ  =  0  are  determined  by  the  angles  0  =  + 
+27°,  +153°.  a 

The  graph  in  Pig.  8l  shows  the  distribution  of  in  a  veneer 

plate  extended  in  the  direction  of  x  for  which  Young's  modulus  is 
smallest  (i.e.,  across  the  fibers  of  the  sheet). 

At  the  points  A  and  A  \ 

<jj  =  — 1,41/?;  (39.18) 

at  the  points  B  and  B i 

°i  =  4,!5/>.  (39.19) 

The  stress  vanishes  at  the  points  o  =  -±.  22°30',  ^157°30'. 

In  this  case  the  concentration  coefficient  ( K  =  4.15)  is 
smaller  than  in  the  case  of  a  tension  acting  along  the  fibers  of 
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the  sheet  =  5.45).  In  the  case  of  an  extension  transverse  to 
the  fibers  of  the  sheet  the  difference  between  the  highest  ten¬ 
sile  stress  and  the  highest  compressive  stress  is  not  so  consid¬ 
erable  as  in  the  former  case.  The  ratio  of  the  highest  tensile 
stress  to  the  highest  compressive  stress  is  7.7  in  the  first  case 
and  only  2.95  in  the  second,  i.e.,  it  is  here  almost  the  same  as 
in  the  case  of  the  isotropic  plate. 

For  a  plate  extended  in  the  direction  of  the  axis  y 
we  obtain  from  (39.10):  ' 

~  P  ^  -f  /»)  cos’  0  —  sin2  0).  (39.20) 

5.  Omni  lateral  extension  of  a  plate.  When  a  plate  is  extended 
in  the  two  principal  directions  by  equal  forces  p  (this  is  equiva¬ 
lent  to  an  omnilateral  extension  in  the  ay-plane)  we  have 


*(A4-'i)cos2(»-j-(l  -f  /j)sin26].  (39.21) 

In  the  case  of  an  isotropic  plate  0j  =  2p. 


In  Fig.  82  we  show  the  distribution  of  the  stresses  0Q  along 

the  edge  of  the  aperture  in  a  veneer  plate;  the  x-axis  is  directed 
parallel  to  the  fibers  of  the  sheet.  The  maximum  stress  (at  points 
B  and  Si)  is  equal  to 

0*  =  4,04/7.  (  39.22  ) 

the  minimum  (at  points  C,  C\3  Ci3  C 3)  is 

o,=  l,09p.  (39.23) 

6.  Impeded  comp ress i on  of  a  plate.  When  a  rectangular  ortho- 
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tropic  plate  with  a  round  aperture  in  the  center  is  compressed  in 
the  principal  direction  but  cannot  expand  in  the  transverse  di¬ 
rection  (owing  to  rigid  walls,  between  which  it  is  arranged,  Fig. 
83),  this  corresponds  to  a  compression  in  the  two  principal  di¬ 
rections  of  forces  p  and  v2 p.*  We  obtain 

°»  =  P -f-  {fell—  V2  (k -{-«)]  cos2  0  -(1-Y2ft.f  n)  si  112  0  J "  (39.24) 


Fig.  83  Fig.  84 


In  an  isotropic  plate 

v  — 2(1-y)cos20].  (39.25) 

where  v  is  Poisson's  coefficient. 

A  graph  of  the  distribution  of  the  stress  cQ  along  the  edge 

of  an  aperture  in  a  veneer  plate  compressed  along  the  fibers  of 
the  sheet  is  shown  in  Fig.  84. 

At  the  points  A  and  A 1 

oij  =  0,56/7.  (  39.26) 

At  the  points  B  and  Bi 
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(39.27) 


WTJW 


oj  =  —  5,40/j. 

The  dashed  lines  in  Pig.  84  show  the  variation  of  o  in  an 

isotropic  plate  with  Poisson's  coefficient  v  =  0.25-  forsuch  a 
plate  at  the  points  A  and  A  i  ior  sucn  a 


and  at  the  points  B  and  B i 


o,  =  0,25p; 


0*  =  —  2,75/j. 


(39.28) 


(39.29; 


u"»K  "UIKi  nm  mw  me. 

ssss's  sssms  sun 

tributed  uniformly  along  the  sides,  the  principal  axes  x  u  een- 
85).  y  °  n0t  agree  with  the  axe£  of  symmetry  of  the  plate  (Fig. 

formulanfore??;egJ^  plate  t0  bfu : infinitely  large  we  obtain  a 
iormuia  for  the  stress  a ^  near  the  aperture 


c 

~  ^^2E[  ^  “l-  n)  { —  n  cos  2tp  sin  29  -f- 

+  1(1  +  A>)cos20  +  A  —  1  ]  sin  2tp). 


(40.1) 


In  particular,  for  a  plate  on  which  forces  parallel  to  the 
principal  axes  of  elasticity  (<p  =  0)  are  acting,  we  have 


5 

| 


o, - t  _€t  (1  -}-  k  +  n)n  sin  29. 

In  an  isotropic  plate  with  9=0 

ot  =  —  At  sin  20, 


Pig.  85 


(40.2) 


(40.3) 


m 


ii ju;  wiiu'j.< 


l«l,U-  Jl.l  I.  H.MH.IIII 
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The  stress  Cg  on  the  contour  of  the  aperture  in  an  orthotrop¬ 
ic  plate  vanishes  at  four  points  which,  with  9=0,  coincide  with 
the  points  of  intersection  of  the  contour  and  the  principal  di¬ 
rections  . 

Figure  86  shows  the  stress  distribution  in  a  veneer  plate 
for  the  case  where  the  forces  t  are  parallel  to  the  principal  di¬ 
rections  of  elasticity.  The  direction  of  the  x-axis  corresponds 
to  the  direction  for  which  Young's  modulus  is  highest.  The  high¬ 
est  value  of  the  stress  o„  is  obtained  at  four  symmetrical  points 
and  is  equal  to 


oail  =  Z,9St.  (40.4) 


Fig.  86 


In  an  isotropic  plate  we  obtain  o  =4  t,  i.e.,  almost  the 
same  value.  max 

Figure  87  shows  a  graph  of  the  distribution  of  the  stresses 
Og  along  the  contour  of  the  aperture  in  a  veneer  plate  for  the 

case  where  the  tangential  forces  act  at  an  angle  of  45°  with  re¬ 
spect  to  the  principal  directions  (?=£-).  The  values  of  the 
stress  are  highest  at  the  points  B  and  Si  where 

0|  =  — 6,9h  (40.5) 

At  the  points  A  and  A \ 

o,  =  4,9/1  (40.6) 

A  comparison  of  the  values  of  the  stresses  obtained  in  the 
case  of  deformation  by  tangential  forces  attacking  at  various  an¬ 
gles  with  respect  to  the  principal  directions,  shows  that  the 
case  where  the  forces  have  an  angle  of  attack  of  45°  relative  to 
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Fig 

.  87 

/y 

-A 

Fig.  88 


the  principal  directions  is  least  favorable  since  the  coefficient 
of  stress  concentration  is  found  to  be  the  highest  of  all  possible 
values  ( K  =  6.9).  On  the  other  hand,  the  most  favorable  case  is 
the  case  of  deformation  by  forces  parallel  to  the  principal  direc¬ 
tions  for  which  the  coefficient  of  concentration  is  3-95-* 


8.  Bending  of  a  plate  by  moments.  A  rectangular  orthotropic 
plate-beam  with  a  round  aperture  in  its  center  is  bent  by  the  mo¬ 
ments  M  applied  to  two  of  its  sides;  the  principal  directions  of 
elasticity  are  in  general  not  coincident  with  the  directions  of 
the  sides  and  their  orientation  is  characterized  by  the  angle  cp 
(Fig.  88). 


tain 


When  the  plate  is  considered  to  be  infinitely  large  we  ob- 
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When  a  veneer  plate-beam  is  bent  such  that  the  direction  of 
the  x-axis  agrees  with  the  direction  of  the  fibers  in  the  sheet, 
the  Og  stress  distribution  graph  for  the  aperture's  contour  has 

the  form  shown  in  Pig.  90. 


At  the  points  B  and  B i 


3.n~, 


(40.12) 


and  the  stress  reaches  a  maximum  value  of  about  0.3 in  the  lat¬ 
eral  sections.  The  stress  vanishes  at  six  points:  0  =  0°,  180°,  rir 47°, 
+133°. 


With  the  bending  of  a  plate-beam,  which  has  been  cut  out  of 
a  sheet  of  the  same  veneer  such  that  the  direction  of  the  fibers 
in  the  sheet  are  perpendicular  to  the  x-axis,  we  obtain  the  oQ 
distribution  on  the  contour  shown  in  Fig.  91. 


At  the  points  B  and  B i 


o,  =  rt  2,58  — 


(40.13) 


In  the  lateral  parts  the  stress  does  not  exceed  0,6-~. 

In  the  case  where  the  beam  is  cut  out  of  a  veneer  sheet  such 
that  the  direction  of  fibers  in  the  sheet  makes  an  angle  of  45° 

with  the  axes  of  symmetry  ^9  =  ^,  we  obtain  a  o0  distribution  on 

the  edge  of  the  aperture  as  shown  in  Fig.  92.  The  stress  reaches 
maximum  values  at  the  points  0  =  110°  and  290°;  they  are 

•„  ,-1.64^.  (40.14) 


Fig.  91 
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Pig.  92 


Considering  the  bending  of  a  veneer  plate  with  various  an¬ 
gles  9  we  can  draw  the  following  conclusions.  The  least  favorable 
is  the  case  where  the  fibers  of  the  sheet  are  parallel  to  the 
free  ends  of  the  plate;  in  this  case  the  coefficient  of  concen¬ 
tration  obtained  is  highest:  K  =  3.23.  The  coefficient  of  concen¬ 
tration  has  its  smallest  value  in  the  case  where  the  fibers  of 
the  sheet  make  an  angle  of  45°  with  the  axes  of  symmetry  of  the 
plate: 

K  =  1.6H* 

Let  us  also  consider  two  cases  where  not  the  forces  but  the 
displacements  are  given  for  the  contour  of  the  aperture. 


Fig.  93 


9.  Action  of  a  rigid  rod  forced  in  the  aperture  with  tension. 
In  a  circular  aperture  of  the  diameter  2 a  a  rigid  rod  is  forced  in 
whose  diameter  2  (a  +  e)  is  a  little  longer  than  that  of  the  aper¬ 
ture.  The  rod's  surface  is  rough  so  that  the  material  of  the  plate 
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cannot  slip  on  the  material  of  the  rod.  In  this  case  the  edge  of 
the  aperture  is  displaced  in  a  radial  direction  by  an  amount 
equal  to  e  (Pig.  93) . 


The  solution  is  obtained  by  means  of  the  functions  <i>i  and  $2 
of  the  form* 


$1  (*x)  =  on 


_  *  72  —  ‘Pi 


2D  C, 


'  *^2  (^2)  on 


_  t  q  1  -  lp{ 


(D  =0  Plq2  —  pJ?1). 


(1*0.15) 


The  normal  pressure  and  the  tangential  stresses  ~r)  at  the 

surface  of  the  aperture's  edge  are  distributed  according  to  the 
law 

°r  =  —  —  v,  +  /i(sin20-fftcosJb)).  | 


where 


trl  =  —  —  n  (1  —  k)  sin  6  cosft, 


r— i=iV?  I  k 
~  ^  a  • 


(40.16) 


(40.17) 


These  formulas  show  that  the  rod  transmits  a  compressive 
stress  to  the  plate,  which  is  distributed  nonunlformly  over  the 
contact  surface,  but  which  is  symmetric  relative  to  the  principal 
directions  of  elasticity.  Moreover,  frictional  forces  are  gener¬ 
ated  in  the  contact  surface,  which  reach  their  maximum  values  at 
the  bisectrix  of  the  angles  between  the  principal  directions.  The 
maximum  values  of  the  normal  pressure  are  obtained  for  either  the 
points  A  and  A 1  or  B  and  B 1  (Pig.  93). 

At  the  points  A  and  A 1 


(40.18) 


At  the  points  B  and  Si 


°r  =  —  ~ :<*  +  «—  vi)-  M  =  °- 


(40.19) 


The  maximum  tangential  strain  is  equal  to 


2 ag  I  *  ^  I n- 


(40.20) 


For  the  stress  a ^  in  radial  surfaces  near  the  aperture  the 

formula  obtained  is  much  more  complex  and  we  shall  not  give  it 
here;  we  only  give  the  values  of  ofl  at  the  points  A ,  A 1,  B  and 
Bi. 

At  the  points  A  and  A 1 


_  '•  r.  |  £|  vi  (1  +  n)l. 

- — j’ 


(40.21) 
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at  the  points  B  and  B1 


ai  = 


(40.22) 


In  an  isotropic  plate  with  Young's  modulus  E  and  Poisson's 
coefficient  v  we  obtain  for  the  edge  of  the  aperture 

.  £»  £*  n 
fl(l  +  v)‘  0j“a(l+v)*  Tn-0-  (40.23) 


For  a  veneer  plate  where  the  z-axis  is  parallel  to  the  fi¬ 
bers  of  the  sheet  we  obtain  the  following  numerical  values  (in 
kg/cm2 ) : 


at  the  points  A  and  A i 

a  = - -  •  0,349*  10*. 

1  .  a 


(40.24) 


at  the  points  B  and  B\ 


ar  —  — —  •  0,265  •  105;  (40.25) 

i,„  =  ^.°,042.  10^.  (40.26) 


The  mean  pressure  at  the  edge  of  the  aperture  is  equal  to  -1 . 0,307 .  10\ 

In  the  plate  considered  the  maximum  deviation  of  the  pres¬ 
sure  from  the  mean  value  amounts  to  13-6/5. 

10.  The  torsion  of  a  plate  in  its  plane.  The  edge  of  the  ap¬ 
erture  is  assumed  to  be  rotated  through  a  small  angle  a  (or,  what 
is  the  same,  it  undergoes  a  tangential  displacement  aa);  on  its 
outer  contour  which,  theoretically,  is  at  infinity,  the  plate  is 
assumed  fixed  so  that  it  cannot  be  moved  (Fig.  94).  This  case  can 
be  encountered  when  the  edge  of  the  aperture  is  held  between  two 
rigid  round  disks  which  are  rotated  through  an  angle  of  a  or, 
when  a  rod  is  screwed  in  the  aperture,  which  is  then  rotated  so 
that  it  takes  along  the  edge  of  the  aperture. 

The  functions  giving  the  stress  distribution  have  the  form 

*  (z  \  — _ aa  .  Pi  4- 

*  t,  \  _  aa  P1  +  191  (40.27) 

2D  C,  • 

Both  tangential  x  Q  and  normal  forces  (stresses)  a  are  as- 

r9  r 

sumed  to  act  on  the  edge  of  the  aperture;  they  are  distributed 

nonuniformly : 
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*  -*  ****** rihwMiw, _ 


Pig.  94 


or  =>  —  ~  n  (1  —  k)  sin  0  cos  0, 

=  — \  +  «(cos20  4-*sln*0)].  V  ' 

The  maximum  values  of  the  tangential  strains  are  reached  at 
the  points  of  intersection  of  the  contour  with  the  principal  di¬ 
rections,  and  the  maximum  normal  stresses  are  obtained  at  the  bi¬ 
sectrices  of  the  angles  between  the  principal  directions.  Com¬ 
paring  this  case  with  the  previous  we  see  that  the  normal  and 
tangential  forces  seem  to  have  exchanged  their  positions. 

In  an  isotropic  plate  at  the  edge  of  the  aperture 

°r  =  o,  =  0,  .r,  =  _r^-.  (40.29) 

Some  other  cases  of  deformations  of  orthotropic  plates  with 
round  holes  were  considered  by  I. I.  Fayerberg.* 

§41.  DETERMINATION  OF  THE  STRESSES  IN  A  PLATE  WITH  ELLIPTIC  CORE 

With  the  help  of  the  results  obtained  for  the  anisotropic  el 
liptlc  plate  and  the  plate  with  the  elliptic  aperture  we  can  de¬ 
rive  a  solution  of  the  more  general  problem  of  the  stress  distrib 
ution  in  an  anisotropic  plate  with  a  sealed-in  or  glued-in  core 
of  an  elastic  or  absolutely  rigid  material. 

Let  us  consider  an  anisotropic  plate  of  arbitrary  shape  with 
an  elliptic  aperture,  in  which,  without  having  applied  a  previous 
tension,  a  core  of  the  same  thickness  is  soldered  or  glued  in 
which  consists  of  a  different  elastic  material.  The  core  dimen¬ 
sions  are  assumed  to  be  small  compared  to  the  dimensions  of  the 
plate  and  far  away  from  the  edge.  Arbitrary  forces  are  distrib¬ 
uted  on  the  edge  of  the  plate,  which  attack  at  the  midplane;  vol¬ 
ume  forces  do  not  exist.  We  have  to  determine  the  stresses  in 
plate  and  core  which  are  caused  by  the  external  forces.** 


The  axes  of  coordinates  are  oriented  according  to  the  prin- 


cipal  axes  of  the  ellipse  (Fig.  95).  All  quantities  which  refer 
to  the  core,  such  as  the  stress  components,  the  projections  of 
the  displacement,  the  elastic  constants,  etc.  will  be  primed  to 
distinguish  them  from  the  analogous  quantities  referring  to  the 
plate.  The  equation  of  the  contour  of  the  core  is  given  in  the 
form 

X  =  flcos0,  <y  =  6s!n0  (^1.1) 

(a,  b  are  the  lengths  of  the  semiaxes,  a>6). 

In  the  general  case  the  equations  of  the  generalized  Hooke's 
law  linking  the  stress  and  strain  components  in  the  plate  aver¬ 
aged  with  respect  to  the  thickness  can  be  written  in  the  form 

tx~anax  i  Ji2ay  “I*  a ieTxy’  ) 

•y  =  +  fl22°y  "f"  fl20Txy  j  (^1.2) 

Tary  =  °16°x  4"  fl20°y  4*  ’ 


which  also  hold  true  for  the  core  when  the  a  .  .  in  them  are  re- 


ij 


placed  by  the  constants  a'  .  .  of  the  core  material. 

ij 


When,  as  in  the  previous  cases,  the  strains  are  assumed 
small  we  can  solve  the  problem  approximately ,  by  superposing  the 
stresses  in  a  plate  without  core  and  the  stresses  in  an  infinite¬ 
ly  large  plate  with  an  elliptic  aperture;  the  latter  will  be  cho¬ 
sen  such  that  at  the  contact  surface  between  core  and  plate  the 
necessary  conditions  are  satisfied. 


Denoting  by  F°,  o®,  a®,  t®^,  u°  and  v°  the  functions  of  stresses, 

stress  components  and  displacement  projection  in  a  plate  without 
core  which  is  exposed  to  the  action  of  given  external  forces;  all 
these  quantities  are  assumed  given.  The  formulas  for  stresses  and 
displacements  in  a  plate  with  core  can  then  be  written  in  the  fol 
lowing  form: 


ax  =  a°  4-  2Re  (2,)  -f  |i2<l*2  (22)],  j 
=  oJf2Rc|  ^(2t)4-  1>;(Z2)I,  (41.3) 

try  ~  try  2Re  (*i)  4"  ^2^*2  (zz)t  I 
u  =  u°  4-  2Re  (z,)  4-  p./\>2  (z2)|  —  u>_y  -f-  u0,  \ 
v  =  t/>  +  2Re  I?,'!',  (z,),+  ?2<I,2  (^2)I  4-  u>jc  x/0-  /  ( 14 1  •  14  ) 


Here  <I>i,  <t>2  are  functions  for  an  infinite  plate  with  aperture; 
w,  u0.  v0  are  constants  characterizing  "rigid"  displacements; 


Pk  —  flull*  4-flt2  — 

9k  —  <*12!**  +  ~  —  <*26  (4 1.5) 

(*  ==  1 .  2); 

Uij  U2  are  complex  parameters  of  the  plate,  solutions  of  the  equa 
tion 
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anp*  —  2a,en8-f  (2ou -f  a60)  ji1  —  2a2ati  +  au  =  0, 


(41.6) 


which  are  supposed  to  be  nonequal. 

The  stresses  in  an  elastic  core  are  determined  by  means  of 
the  stress  function  F 1  which  can  also  be  written  in  terms  of  two 
functions  of  the  complex  variables  z\  —  x -f |i'_y  and  x  _j_  ^  where 

yl  and  yj  are  complex  parameters  of  the  core. 


Fig.  95  Fig.  96 


The  conditions  at  the  points  of  the  contact  surface  read  as 
fellows  (Fig.  96): 


(41.7) 


After  some  transformations  these  conditions  take  the  form 

2Re(  *»(*»)+  + 

2Re  (z,)  -f-  |i24’t  (z2)]  —  ^  (F'  F°)  -f-  c2,  (4l.8) 

2Re  jpt4>t  (7,)  -f-  PA'2  (~j)I «'  —  '  1-  —  «o- 

2Re  (z,)  -f  I>2  (z3)l  =  v’  — 1/>  -  -  u>x  —  v0.  ' 

The  constants  ci>  cz ■  “•  “0  and  vq  contained  in  them  are  deter¬ 
mined  from  some  simple  additional  conditions  depending  on  the  form 
of  une  plate  and  the  distribution  of  the  forces. 

Conditions  (41.8)  written  in  this  form  are  valid  not  only 
for  a  plate  with  an  elliptic  core  but  also  for  a  plate  with  a 
core  of  any  other  form. 

In  the  case  of  an  elliptic  core  the  form  of  the  functions  $1 
and  $2  is  known  to  us  (see  §37): 

♦iW-^o-MlnC,  +  S  Amr,r. 

in  ml 

*1  (*1)  =  B0  -h  B  In  :2  2  Bm:r\ 


(41.9) 
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where 


*k  +  z\  —  aJ  — 

^==  a  —  lp.kb 

(*-=1.2). 

§42.  PARTICULAR  CASES  OF  PLATES  WITH  ELLIPTIC  CORE 


(41.10) 


The  simplest  particular  case  is  that  where  the  stresses  in  a 
plate  without  core  are  constant 


=  °i  =  ?.  (42.1) 

l»  =  ?qx>-ixy  +  ^py*.  (42.2) 


Such  stresses  are  obtained,  for  example,  in  a  rectangular 
plate  on  the  sides  of  which  normal  and  tangential  forces  of  the 
intensities  p,  q ,  t  (see  §13)  are  distributed  uniformly. 

Investigations  showed  that  the  stresses  in  the  core  will 
also  be  constant : 


°x^A'  =  =  (42.3) 

F'  =  ±Bx*  —  Cxy  +  ±Ay*.  (42.4) 


and  the  additional  stresses  in  the  plate,  which  represent  the  in¬ 
fluence  of  the  core,  are  determined  by  means  of  the  functions  4>i 
and  <1>2  in  the  form* 

*i(^i)=2(ti1->a)  KA—P)bl  -(B  —  9)^°  + 

+  (C-/)(/^-fl)]^. 

*2 (**)  =  —  —P)bl  —  (B  —  q) |i,a  -f 

+  (C  _  0  (/}!,* -a)li. 

From  the  boundary  conditions  (41.8)  we  obtain  a  system  of 
four  equations  from  which  we  determine  the  unknown  stresses  in 
the  core  A ,  B,  C  and  the  turn  of  the  core,  oj '  —  w,  relative  to 
the  plate.  We  give  here  the  first  two  equations  of  this  system: 


(42.5) 


-  c  [(-*  -  fa) «  ±£to -  Wt) b  +  +  i  (u/  -  u>)  b  = 


- _ ^  £(Pt  —  Pu) a  ~t~ 1  (fMPa  ~  l*aPi)  b  |  Qiupj 

A(‘^1’- ,a'"b  -  “““) + B  (4^r  “  -  - 

_  c  [!a--^»+^,-w)t  +  +(0;,4]  _  („'_.)  „  =. 

“  p(‘  fjEf;  »-<», ,»-««•)  +  f  - 

~  W,»_ +  0t6,  + 


(1)2.6) 


The  other  two  equations  differ  from  (42.6)  by  the  only  fact 
that  i  —  Y~ i  is  replaced  by  -i . 

Solving  these  equations,  we  obtain  k>  Bs  C  and  from  them  the 
functions  4>i  and  <t>2  and  their  derivatives  entering  the  stress  for¬ 
mulas  . 

The  next  case,  if  we  order  them  according  to  difficulty,  is 
the  case  of  a  plate  without  core  loaded  by  given  external  forces 
where  we  obtain  the  stresses  as  linear  functions  of  the  coordi¬ 
nates  : 


a%  =  m2x  -f- 
a°y  =  3  m0x  +  m^y, 

=  —  n^x  —  m^i  , 

=  j  +  ml  x*y  +  m2xyl  4-  m^y*). 


(42.7) 


(42.8) 


A  stress  distribution  of  this  type  will  be  encountered,  for 
example,  in  a  rectangular  plate  (isotropic  or  anisotropic)  with 
two  or  all  four  sides  loaded  by  forces  which  are  due  to  bending 
moments . 

In  this  case  we  obtain  the  following  results. 

The  stresses  in  the  core  will  also  be  linear  functions  of  the 
coordinates : 


o®  —  C  x  4-  3  Dy, 

,  Oy  =  3  Ax  4-  By, 

*xy  =  —  Bx  —  Cy\ 

=  \  {Ax'-  4-  Bx*y  4-  Cxy1 4-  Dy3). 


(42.9) 


(42.10) 


The  additional  stresses  in  a  plate  with  core  are  determined 
by  means  of  the  functions  $i  and  $2:* 
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^ l)  ~  A°  +  80^.1^  f  —  3 (A  —  m0) p2a*  + 


+  (5  —  m,)  (a  —  2/ji26)  a  -|- 


+  (C  —  m*)  (2/a  -f  Hb)  A  —  3  (D  —  •«,)  A*)  4 . 

•  .  ^i 


!’2^  B°  801!  -  flj)-  I  ~  3  (A  —  mo)  + 


(42.11) 


+  (5— — 2/^)a-f 


+  (C~  n\2){1ia  -f-  HjA)  b  —  3  (D  —  m3)  b2 J  4-. 


«  i 


3/1  r  -  »>’] + 3D[  ~  gE**1  - 

-  2teu aA  -f-  a;,**]  +  5  [g~g  a*  +  2/  X 

X“»  +  <,a'  2/a;!oi.+  2a;,i)!j'l-c[2'g^*X 


X  <■»  ■ -  + 2( - 


~  «,  +  O  *2]  =  3m0  y  a*  - 

-  —  aua*  — fl,.^]  +  3msr  —  Pl=l?b2_<2la  ab  . 

•  '•  r  ••  .  ...  .  J  L  Hi  — Hi  11  1 

' .  +°'A+A^a'+*,hI^°b+°™°'- 

.  —  2la1>aft  +  2o„6*]  +  mi[2/^*a*  — 

lP  Hi  —  l1!  an°2  +  2/a16a6  (a,2 4~  a86) ^2] • 

4[“5gS!«,-‘,io!-2/«>i]+3o[-arSx 
x^+^+^J+Bfa^g^+six  , 

X  °b  +  Kl  +  °2  +  2la26ab  +  fl22*2]  + 

^c\2lq-^^ab  —  ^SlZL^b2~2a'a2~ 

l  h-h  Hi  — Hi  18 

“  2la»ab  -  <4*2]  =  3m0  [afar;wft  fl2_C29fl2_ 

—  2/a::a&J  +  3mj  b2  -f  aua*  +  a12A2J  4- 

+m,fe=S‘,!+2'e!S^1°t+<““+°«>)0’+. 

+  2/a20a6  4-  a 22A21 4-  m2  [2/  ^zh  ab  — 

J  L  Hi  Ha 


(42.12) 


...  Higa  —  Hi?i 


Hi  — Ha 


A* —  2a10a2 —  2/a 


nflA  —  a26A2j , 


pUcefby  !"?  equations  are  obtained  when  i  is  everywhere  re- 


Prom  the  solution  for  the  plate  with  elastic  core  we  obtain 
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by  means  of  a  simple  substitutions  or  a  limiting  transition  so¬ 
lutions  for  the  limiting  (extreme)  cases  where  the  core  is  per¬ 
fectly  stiff  and  cannot  be  deformed  and  where  the  core  is  lacking 
and  no  external  forces  act  on  the  contour  of  the  aperture.  In  the 
first  case  we  must  everywhere  put  fly  =  0,  and  in  the  second,  per¬ 
forming  the  limiting  transition,  all  constants  a !.  are  assumed  in¬ 
finitely  large. 

§43.  EXTENSION  OF  AN  ORTHOTROPIC  PLATE  WITH  ROUND  CORE  IN  ONE  DI¬ 
RECTION 


Let  us  analyze  in  greater  ietail  the  fundamental  cases  of 
strains  in  a  rectangular  orthotropic  plate  with  round  core  which 
is  also  orthotropic  and,  in  particular,  inflexible.  In  all  cases 
considered  in  this  section  and  in  the  following  three  sections, 
we  assume  the  principal  directions  of  elasticity  of  the  materials 
of  plate  and  core  parallel  to  the  axes  of  symmetry,  which  are 
taken  as  the  axes  x  and  y.  For  the  elastic  constants  in  most  for¬ 
mulas  we  maintained  the  denotations  a.,  and  a  .  as  the  simpler 

tj  tj 

ones,  and  only  some  of  them  are  written  in  terms  of  the  "technic¬ 
al"  constants.  We  also  Introduce  the  abbreviated  denotations 


=  sin*  0  -f  +  sin2  0  cos1 0  +  cos‘  0. 
£|  '  au  au 


(43.1) 


where  is  Young's  modulus  for  tension  (compression)  in  a  direc¬ 
tion  tangential  to  the  contour  of  the  aperture;  E  i,  E z  are  Young's 
moduli  of  the  plate  in  the  directions  of  x  and  y ; 


Pi  —  auP?  +  fli2“  Pi—  fluP2  +  °i:> 


(43.2) 


The  formulas  for  the  case  of  equal  complex  parameters 
=  Pa  =  are  obtained  from  the  formulas  for  unequal  y i ,  y 2  by 
means  of  a  limiting  transition. 

We  only  give  the  final  formulas  for  stresses  in  a  plate  near 
the  core.*  By  way  of  illustration  we  consider  a  plate  with  given 
elastic  constants,  which  are  the  same  as  in  the  case  of  the  veneer 
sheet  (see  §39)  with  a  core  whose  elastic  constants  are  twice 
those  of  the  plate  ( aii  —  2aij ),  and  we  also  consider  the  case  where 
the  core  is  perfectly  inflexible  (°y  —  °)  and  the  case  of  no  core 
(0^=00).  For  a  complete  representation  of  the  influence  of  a  core 
on  the  stress  distribution  in  a  plate  we  also  give  tables  of  the 
numerical  values  of  the  stresses  «v>  °s  in  a  veneer  plate  near 
an  elastic  core  and  near  a  rigid  core  and  the  stress  near  the 

edge  of  an  aperture  which  is  empty,  and  we  also  give  graphs  show¬ 
ing  the  stress  distribution  along  the  contour  of  the  core  (aper¬ 
ture  ) . 

Consider  a  plate  with  round  core,  which  is  extended  in  the 
principal  direction  x  by  the  forces  p  which  are  uniformly  distrib- 
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In  this  we  we  obtain:* 


where 


^  —  A  Iflua2j  “h  n)  "4"  ana 22ft  0  -{■  rt)~{_  fl22  (aia+aee  +  ai2))- 

fl  ■=  ~  Ia22(flu  —  fln)  “f"  an  (fli2  —  ai2)  k  (1  -f-  b)1, 

A  ==  (flna22~f' flnfl22)  ^  +  a22  (°SC  *i“2a12)-{- 

Hh  (flna22ft  +  a22flu)  n  —  (flu - al2)2  k\ 

i>  —  A+BhI—P  JL 

l( 2  ■  (ii-Ha  *  C,  * 

,A±BhLz£  .1 

2  2  C* 


(43.3) 


(43.4) 


(43.5) 


(43.6) 


The  stresses  °r.  're  at  the  edge  of  the  aperture  (and  core) 
and  Oq  on  the  contour  of  the  aperture  (more  exactly,  in  immediate 
proximity  of  the  edge)  are  equal  to 


°r  =-4'ld+a3+a2  +  (A  +  a»~fl2)COS26l’ 

(43-7) 

—  ~  (A  +  as  —  a2)  sin  28; 

°* 1=1  -f  ?  It  {(d  ~  °i)  sinfl  0 + |d  <n2- ~  2k) +  ' <*’ + rt)  fll + 

-f  (1  -f  2k)az-  (2-f-  *)(I  — f- n)  a3]  sin<  0  cos2  0  -f- 1 A2A  — - 

-0  +  2ft)(*  +  n)fl2-l-A(2  +  A)fl3  +  ft(l+rt)a4lX 

X  sin2  8 cos4  0  —  k2ai cos6  6).  (43.8) 

Here  a2-  a3<  fl«  are  coefficients  depending  on  the  elastic  con¬ 
stants  of  plate  and  core: 

ai  —  (au  —  flu)a22  («2  —  k )  -f-  |(au  —  au)flj2-j- 

_}_  (0l2  —  ai2)2j  },n  —  fl2j  (flj2  —  a[2), 

Oj  =  („u  All)  A  22  all  (fl12 - A|2)  &  (l  -}“  ft), 

flj  —  (flU  all)(fl22fl  -f-  a22^)  -f"  022 Ca12  —  fl12)  — {—  (fl J2 fll2)2  k,  (43*9) 

ai  ~  (flu  flu)  a22  ~f'  (fll2 fll2)  I2flj2  — — [— 

+  flu(A  +  n)J  —  (flu  —  fli2 y. 

In  narticular,  for  an  isotropic  plate  with  core  of  isotropic 
material  we  obtain: 
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wmimri.nn  , 


__  _£_ 
•  £A 


■PF+^+»(^+^H*].l 

Trt=-^(^+^)sin28* .  - 


/>  [  (3  — v)' 

A  l  £* 


3-3^42^  ,  1  —  v*1 


££' 


E'1 


rd+v)v 

1  —  I 

L  £» 

EE' 

£'*  J 

J  cos  26j ; 


(43.10) 


3  +  fr-v* 


ft  2-v'  +  vV’  |  1 - V* 


££' 


£'* 


(43.11) 


(£,  v  denote  Young’s  modulus  and  Poisson's  coefficient  for  the 
plate,  E’}  v'  those  of  the  core). 


The  stress  distribution  in  a  plate  with  inflexible  core  is 
obtained  on  the  assumption  that  a'. ,—  0  in  Eqs.  (43. 3 )  —  ( 4 3 . 9)  and 
£'  =  00  in  Eqs.  ( 43. 10)-(43. 11) . 


At  the  points  A  and  A 1  of  an  orthotropic  plate  (Pig.  97) 

-^=(ft  +  n-v,- a,  =  vr-  ^rt  =  0.  (43.12) 


g 


where 


g 


_  1  —  y 


£]  1  a  * 

At  the  points  B  and  Bi  (Fig.  97) 


(43.13) 


?r  — ''i(H-«)l.  °» =  v*  V  =  0* 


(43.14) 


The  stresses  in  an  isotropic  plate  with  a  rigid  core  are  de¬ 
termined  according  to  the  formulas: 


(T±7+ 


3  — v 


cos  20 


)• 


0,=  V3r.  =  —  P- 


•sin  20. 


(43.15) 


Assuming  all  coefficients  a1.,  infinitely  large,  we  obtain  by 

I'd 


means  of  a  limiting  transition  from  (43.8)  Eq.  (39.12)  which  we 
know  already  for  the  extended  plate  with  empty  aperture,  and  from 
(43.7)  we  obtain  or  =  xr)  =  0l  which  is  evident. 


In  Table  2  we  have  compiled  the  numerical  values  (in  frac¬ 
tions  of  p)  of  the  stresses  in  the  first  quadrant  of  the  aperture's 
contour,  taken  at  every  15°,  for  a  veneer  plate  with  stiff  core  and 
with  elastic  core,  where  2a^,  and  for  a  plate  with  an  aperture 
without  core.  The  tensile  forces  attack  in  the  direction  of  x  in 
which  Young's  modulus  is  highest,  or,,  briefly,  in  the  direction  of 
the  sheet's  fibers. 


Comparing  the  values  given  in  this  table  we  note  first  of  all 
that  in  the  case  where  the  aperture  contains  a  core,  elastic  or 
rigid,  not  only  the  value  of  the  maximum  stress  is  considerably 
lower,  but  also  the  general  pattern  of  stress  distribution  is 
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TABLE  2 


Stress  Components  at  the  Points  of  the  Aper¬ 
ture's  Contour 


6° 

I  g 

2  ynpyroe  •apn  (ay 

-2ay) 

EMI 

n 

VI 

"I 

m 

. 

°» 

mm 

1.24 

0 

0,04 

—0,06 

— 6,71 

15 

1.16 

—0,30 

0,09 

0,78 

-0,21 

0,03 

-0,34 

0,94 

-0,52 

0,27 

0,63 

B  9 

0,23 

0,07 

45 

0,64 

—0,60 

0,52 

0,41 

[m 

0,49 

0,40 

60 

0,34 

-0,52 

0,70 

0,20 

0,78 

0,96 

75 

0,20 

—0,30 

0,56 

0,04 

-0,21 

1,19 

2,57 

90 

0,04 

0 

0 

-0,02 

0 

1,68 

5,45 

* 

* 

1)  Inflexible  core;  2)  elastic  core;  3)  with¬ 
out  core . 


changed  qualitatively.  This  also  becomes  obvious  from  the  graphs 
attached. 

In  Fig.  98  we  show  the  distribution  of  the  stresses  a  on 

V 

the  contour  of  the  aperture  (core)  with  the  veneer  plate  extended 
along  the  fibers  of  the  sheet.  The  solid  line  represents  the  graph 
of  the  stresses  in  the  case  of  a  core  where  <*y  =  2«y  and  the  dashed 
line  the  same  for  the  case  of  a  rigid  core.  In  Fig.  99  we  show  the 
graphs  of  the  distributions  of  stresses  oQ  along  the  contour  of 
the  aperture  in  the  cases  of  an  elastic  core  (solid  line),  a  rig¬ 
id  core  and  no  core  in  the  aperture  (dashed  lines). 


Fig.  98.  1)  Elastic  core;  2) 
rigid  core. 


When  the  core  is  rigid,  the  stress  0 at  the  ends  of  the  di¬ 
ameter  parallel  to  the  forces  (at  points  A  and  AL  in  Fig.  97)  is 
the  highest  in  the  entire  plate;  it  is  equal  to  1.24  p.  In  a 
plate  without  core  the  stress  Og  is  highest  at  the  ends  of  the 

diameter  perpendicular  to  the  forces  (at  points  B  and  B 1);  it 
amounts  to  5.45  p. 


.  tfE}*  Or(S*flf*ra-»^ 


1 

y 

0 

1 

Z~T 

ynpyeoeudpo  1 


- mecmKoe  ndpo  2 

—  Rdpo  omcymcmyem  3 


Pig.  99.  1)  Elastic  core;  2) 
rigid  core;  3)  no  core. 


The  case  of  the  elastic  core  is  an  intermediate  case  between 
these  two;  the  maximum  stress  (aQ)  is  equal  to  1.68  p.  If  we  con¬ 
sider  cores  of  various  materials  for  which  au ~ maij‘  the  stress 
pattern  approaches  the  pattern  of  a  plate  with  empty  aperture  as 
m  increases  and  to  the  graph  for  a  plate  with  rigid  core  as  m  de¬ 
creases  . 


When  the  plate  is  extended  in  the  direction  of  x,  for  which 
Young's  modulus  is  smallest  (transverse  to  the  fibers  of  the 
sheet),  the  general  character  of  the  graphs  of  stress  variation 
on  the  contour  of  the  aperture  is  maintained;  the  magnitudes  of 
the  stresses  at  the  corresponding  points  vary,  the  points  at 
which  the  stresses  vanish  ar-  shifted  but  the  position  of  the 
points  where  the  stresses  re  their  highest  values  remain  un¬ 
changed.  The  maximum  stress  is  equal  to:  1)  in  the  case  of  a  rig¬ 
id  core  1.3^  p,  2)  in  the  case  of  an  elastic  core  (at =  2a . — i,60p 
and  3)  in  a  plate  without  core  4.15  p. 


Hence  we  can  draw  the  simple  conclusion  that  a  plate  with  an 
elastic  core  in  which  °<j  =  2<V  just  as  a  plate  without  core,  is 
favorable  to  extend  such  that  the  strains  act  in  a  direction  for 
which  Young's  modulus  has  the  lowest  value.  Vice  versa,  in  the 
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case  of  a  rigid  core  the  maximum  stress  is  found  to  be  smaller  in 
the  case  of  a  tension  in  the  direction  of  maximum  Young's  modulus. 

§44.  EXTENSION  OF  A  PLATE  WITH  ROUND  CORE  IN  TWO  DIRECTIONS 


For  an  orthotropic  plate  extended  in  two  directions  by  equal 
forces  p  (Fig.  100)  we  obtain  the  following  results:* 

4  =  o;  (44.i) 

A  =  —■  [<3,1^22  (k  -f-  n)  -j-  flj  ,022^(1  4~  n)  -f- 

-f  a12a22  ( 1  *  -f-  «)  -|  -  a22a»2  ( 1  —  k  —  n)  -J- 

.  +  a22(an  4"q60  —  °m)1« 

'  d  H(1j  2) 

^  =  ~b~  Iflu °nk  ( *  4'  n)  L  o2{a[i  ( k  4-  n)  + 

+-fli2flu*0  4  k  + n)  4 ana[2k(k —  n  -1)4~ 

“i*  fl22  (au  +  QC6  —  flii)l* 


where  A  is  the  expression  of  (43.5); 


<ji  / .  \  —  j?i  .  A  ~F  Bji2'  —  p  (1  -F  M)  1 
l}  2  C7* 

d.  (z\  —  —SL  A  -p  BpJ  —  p(\  Pm/)  1 
*'  2’  2  Ca* 


(44.3) 


The  stress  components  °r‘  1  0{  on  the  contour  of  the  aper 

ture  in  the  plate  are  determined  by  means  of  the  formulas 


°r  ~  [2A  4~  43  +-  4*  +" 

4-(frj—  b2)  cos  20) , 

—  'W^2~  fti)sin20; 

°» “  A-  •  sin0 0+14  (I  -2H-«2)+ 

+  (k  +  'n)bl  +  (\  +  2k)bt  —  {2  +  k)X 

X(  1  4-  n)  A31  sin4  0  cos2  04“  14  (k2  —  2k-{-n2) — 

—  {k  +  n){\  +  2k)bt  +  k(2  +  k)bt  +  . 

-f  A(14-n)4tl  sin2  0  cos4  0  4~ 

4-  k2  (4  —  \)  cos0  0) 


(44.4) 


(44.5) 


(the  expression  of  A  has  the  form  (43-5)  as  in  the  case  of  the 
unilateral  extension). 


The  coefficients  *»•  b2>  b3  and  £>4  are  given  in  terms  of  the 
elastic  constants  as  follows : 

=  (au  -  a'n)  [an  -  k)  +  a'„kn\  -  (a*  -  a'n)  a[^  + 

+  —  a«)a12(n  —  OO  +*  +  «)  + 

+  (al2-^2yk(n-k), 

bi  =  (fl„  ~  an)  a22  +  (a22  -  aj,)(flu«  +  <,)  *  + 

+  (al2  —  <2)  Ia22  +  atlk  0 '+  n)l  +  (ai2  —  <2)2 

J. =(<’„• -  ■:.)(%■ + <■;,*> + («„  -*>„+  ( 11 11  • 6  > 

+ (ati  —  <2)  a2?  ( ' 1  +  *  +  n)  +  (a12  —  °I2)2  *. 

“  -  («u— all) 4  +  (fl22-  <4>  (2fl12  +  a65  -I  •  %*  -f  a[{n)  + 

+  («12  —  <2)  I2a,j  +  aS6  —  a22  +  an  (k  -f  n)]  + 

,  +(a,2-o;2)2(n--l). 

In  an  isotropic  plate  with  an  isotropic  core  the  stresses  are 
independent  of  the  polar  angle  9  and  on  the  contour  of  the  aper¬ 
ture  they  are  equal  to 


°r“p( '+T-)-  °«“p(,-ir)*  ^“0,  (44.7) 

where 

k  _  3-4v  +  vJ  oi_2v'  +  vv'  1-V* 

&  Be  £/*  ’  (44.8) 

and  A  is  Expression  (43.11). 

If  in  an  isotropic  plate  a  rigid  core  has  been  soldered  in, 
for  it 


0 


r 


jp_ 

1+V-* 


09  a  vur,  =  0. 


(44.9) 


With  a\  .  -  00  Eq .  (44.5)  goes  over  to  Eq .  (39.21)  given  pre- 
^  «7 

viously  for  a  plate  with  an  aperture  without  core. 

Calculations  for  a  veneer  plate  with  rigid  core  show  that 
the  stress  distributed  along  its  contour  is  almost  uniform,  as 
it  varies  only  between  1.32  p  and  1.37  p,  and  the  tangential 
stress  is  small,  it  does  not  exceed  0.03  p;  the  maximum  o  ,  which 

is  equal  to  1.37  p,  is  at  the  same  time  the  maximum  stress  for  the 
whole  plate.  In  the  case  of  an  elastic  core  where  a\}—  2oo*  the  dis¬ 
tribution  of  the  stress  0  on  the  contour  is  also  almost  uniform; 

the  value  of  (<jr)m„  is  equal  to  0.8l  p  and  t  does  not  exceed  0.01 
p.  .  r 


The  Oq  stress  distribution  pattern  along  the  edge  of  the  ap¬ 
erture  is  a  veneer  plate  with  rigid  and  elastic  core  and  without 
core  is  shown  in  Pig.  101;  the  x-axis  is  directed  along  the  fibers 
of  the  sheet . 
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Pig.  101.  1)  Elastic  core;  2) 
rigid  core;  3)  no  core. 


The  numerical  values  of  afl  (in  fractions  of  p)  are  compiled 
in  Table  3. 

TABLE  3 

Stresses  oQ  at  the  Points  of 
the  Contour  of  the  Aperture 


10 

r 

«g  (»  AO.IHX  p) 

0 

■CCTK0C 

l  2  iApo 

ynpyroc  iupo 

1  3 

0<3  «ap» 

1 

0 

0,05 

1.54 

3,44 

15 

0,46 

1,31 

2,38 

30 

0,84 

1,09 

1,41 

45 

0,96 

1,02 

1,09 

60 

0,93 

1,04 

1,23 

75 

0,65 

1,22 

2,18 

90 

0,10 

1,56 

4,04 

1)  (in  fractions  of  p);  2)  rig¬ 
id  core;  3)  elastic  core;  4)  no 
core  . 


The  maximum  stress  in  a  plate  with  elastic  core  is  equal  to 
1.56  p  and  in  a  plate  with  an  aperture  and  no  core  in  it,  it  is 
equal  to  4.04  p. 

A  more  complex  stress  distribution  pattern  is  obtained  when 
the  plate  is  extended  or  compressed  in  two  directions  by  forces 
of  different  intensities. 


© 


fflf'im-*!.,.,.*,.,,^ _ 


Let  us  give  formulas  for  the  stresses  o  and  t  on  the  con 

P^rect^ofTh/^  ?orctesWp1Cbhut1S  -^-ssed^in  the  prlnci 
the  transverse  di  rectione(P?g?e?02):bUt  “  Cannot  expand  ln 


°r  —  7f  {  1  +  ‘‘2  -f‘ 


(kn  +  k  —  V,)  f 


^  ^  ~g  ^'l  ~  k  ^  V,)J cos  2,J|  • 

Tr»  “  y  [’  —  v2  -f  ~(kn  —  k  -j-  v4)J  sin  20.  j 
Here  g  is  a  quantity  determined  according  to  Eq . 


X  = 


:L—  Vj 


( ^  h . io ) 

(43.13)  and 

(44.li) 


4J 


B 


x 


Fig.  102 


§45.  PLATE  WITH  ROUND  CORE  UNDER  THE  ACTION  OF  TANGENTIAL  FORCES 

formednbyrtangentiairfoJcefUtarwMlahe  Wlth  3  r°Und  core  ls  de~ 

over  all  four  sides  (Pig.  103).  °  ^  distributed  uniformly 


In  this  case* 


where 


Xxv  “  AT  [a“^  +  (2aiz  +  a66)  *  +  g22  (2  -f-  n)J, 
Aj  =  auftn  +  (2a, j  -j-  a'6)  k  -f  a22(2  -f  a); 

*>»  (^)  =  -  /a  (a*  -  a6'6  j  .  J_ 

2(^1  — F2)it  C,  ’ 
**<**)“  /a(a66_fl's)  *IizjVL.J_ 

2(f*i  —  Fj)  Cj  ’ 


(45.1) 

(45.2) 

(45.3) 


aperture  wfobl^tte’ToS^ ln  the  Plate  °n  the  co"tour  <*  the 
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°r  =  17  la“A/I  +  (2fl‘2  +  fl6e)  k  +  (2  +  «)1  sin  20, 

trt  =  «’rc}  e20; 

f 

o,  =  - f  [ I  +  - - 6'  •-|[Kl+^)n  +  («t-2) sin4 6  + 
-j-  2&  sin2  0  cos2  0  («2  —  2&2)cos4  0]|. 


(45.4) 


(45.5) 


For  an  isotropic  plate  with  isotropic  core  these  formulas 
take  the  form 


ar=ji 7sin20,  v»  =  ^7c°s20. 

°l  “  17'  (t  ) sin  20; 

Al=.2(-1+i±V). 


(45.6) 

(45.7) 


As  previously  the  letters  E  and  v  denote  Young's  modulus  and 
Poisson's  coefficient  of  the  plate  material  and  E'  and  v '  these 
quantities  for  the  core. 

In  order  to  obtain  expressions  for  the  stresses  in  a  plate 
with  rigid  core  we  must  everywhere  put  a'oc~  0  or  O'  =  oo.  In  partic¬ 
ular,  in  an  isotropic  plate  with  rigid  core 


or  =  ~_sin20, 

tr«=  3~cos  26< 

oa  =  vor. 


[y  t 


(45.8) 


B 

Fig.  103 


When  a66  is  allowed  to  tend  to  infinity  in  Eq .  (45.5)  we  ob¬ 
tain  Eq .  (40.2)  for  the  stress  in  the  orthotropic  plate  with 
the  empty  aperture. 


Table  4  (page  206)  contains  the  results  of  calculations  for 
a  veneer  plate,  i.e.,  the  numerical  values  of  the  stresses  (in 
fractions  of  t)  at  points  in  the  first  quadrant  of  the  aperture's 
contour.  The  x-axis  is  supposed  to  be  directed  along  the  fibers 
of  the  sheet. 

In  Fig.  104  we  show  r,he  graphs  of  the  distribution  of  o 
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Fig.  104.  1)  Elastic  core; 
2)  rigid  core. 


along  the  contour  of  an  elastic  core  for  which  a'ij  =  2oij  (solid 
line)  and  a  rigid  core  (dashed  line).  The  maximum  value  of  a ^  in 

the  case  of  a  rigid  core  is  equal  to  2.28  t  and  in  the  case  of  an 
elastic  core  it  is  about  one  fourth  as  high. 

In  Fig.  lOt  we  show  graphs  of  the  distribution  of  the  stress 
Og  on  the  contour  of  an  aperture  for  four  cases.  The  innermost 

dashed  line  is  the  aQ  distribution  for  a  veneer  plate  with  a  rig¬ 
id  core.  The  stresses  are  positive  in  the  first  and  third  quad¬ 
rants  and  negative  in  the  second  and  fourth;  its  maximum  value 
amounts  to  about  3.9  t.  The  outer  dashed  line  represents  the  dis¬ 
tribution  of  the  stress  aQ  in  the  plate  with  the  empty  aperture. 

In  this  case  the  highest  value  of  a0  differs  but  slightly  from 

3.9  t  but  here  the  stress  will  be  positive  not  in  the  first  and 
third  quadrants  but  in  the  second  and  fourth.  The  solid  line  with 
the  four  zeros  shows  the  distribution  of  the  stress  oQ  in  a  veneer 

plate  with  elastic  core  for  which  ao  =  2oy.  just  as  in  the  case  of 
the  empty  aperture,  this  stress  is  positive  in  the  second  and 
fourth  quadrants  and  negative  in  the  first  and  third  ones;  its 
maximum  value  amounts  to  1.65  t. 

When  we  consider  a  veneer  plate  with  cores  of  various  elas¬ 
tic  materials  for  which  a\)  —  ma{j,  m  being  a  positive  number,  inte¬ 
gral  fractional,  we  may  note  the  following.  With  high  values  of  m 
the  a0  graph  will  resemble  the  graphs  for  plates  without  core  (out¬ 
er  dashed  line).  As  m  decreases  from  two  downwardly,  the  stress  aQ 

on  the  contour  will  first  decrease  in  magnitude,  remaining  positive 
in  the  second  and  fourth  quadrants  and  negative  in  the  first  and 
third  quadrants,  the  graph  representing  its  variation  will  gener- 


204 


Pig.  105*  1)  Elastic  core; 
2)  rigid  core;  3)  no  core. 


ally  resemble  the  graph  for  m  -  2. 

When  the  coefficient  m  decreases  further,  besides  the  points 
0=0°,  90°,  180°  and  270°  new  points  will  appear  on  the  contour 
of  the  aperture  where  the  stress  is  vanishing;  in  tl  first  and 
third  quadrants  we  have  marked  the  sections  with  tensile  stresses. 

Thus,  for  example,  for  the  case  where  m  =  0.5  the  distribu¬ 
tion  of  the  stresses  aQ  on  the  contour  is  represented  by  the  in¬ 
nermost  solid  line  in  Pig.  105.  On  the  contour  there  are  altogeth¬ 
er  12  points  at  which  a0  =  0.  The  maximum  stress  values  are  not 

high,  namely  equal  tn  0.85  t. 

With  low  values  of  m  the  number  of  points  at  which  the 
stress  is  vanishing  again  drops  to  four  and  the  curve  of  varia¬ 
tion  of  a0  approaches  the  inner  dashed  curve  with  which  it  coin¬ 
cides  with  m  =  0., 
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TABLE  4 

Comparison  pf/the  'Stresses  at  Points  on  the 
Contour  of  th£ Aperture  ' 

1  .a.  v  -  1  .»  \ 


j  J&CTKOt  tipo  „  J  2  yopyroe  iipo  (<iy-Joy)  J3 Be*  tip* 


•SyM  I 

6,47  - 

0,27  - 

0  — 

-0,27  - 


0 

—2,74 
— 3,03 
— 3,06 
— 3,42 
— 3,94 
0 


1)  Rigid  core;  2)  elastic  core;  3)  no  core 


§46.  BENDING  OF  A  PLATE  WITH  ROUND  CORE  BY  MOMENTS 

On  two  sides  of  a  rectangular  orthotropic  plate  with  a  round 
core  forces  are  distributed  such  that  they  generate  bending  mo¬ 
ments  M  ,(Fig.  106). j'1 


.  -i  ,  .•  -  •  V  / 

a  o'-}'"  hi  :<-•  -r-'.  >  r  •  I _ ‘ 

X-.  y  •-  'i  n.  '  •  •  “•  •  -■  , 

‘  ?  v  '  Fig.  106 

rtt'dt'X  ii  l  ■ 

-;j)  //'■  :v  ...  •  ;  • 

I'rV.v.C  On  the.  basis  of  the  general  formulas  and  the  equations  of 
§4.2  we  obtain:* 


’  V  •  r 


Op  =  3Dy,  Oy  —  By,  ^xy  c=  v 


^  ^  i  '  cW  „  j  Xmm  3..  '  'j  *  >..:  !  ’ 

30  ™  "JW"  ^flU  ~b  .  j 

+  2flu  (°M  +  2fl«  +  °» +  «•*>*  +  40||°21 0  +'  "j  + 

+  20,,  («„+«„ +<*«)!: 

;  /  rf«2fl1|(ol,4-2«J|-|-2oJ1)  +  2IfllloI1  +  oJ|(2olt  +  oJ|+flyi*-|- 

,  3  {  4-^flnflJ,n4~4flu(flu  +  ®w  +  2or4-  o'u)kn  2  (a,2  a'2)2A 

l  ’  "  ,!*>  '  •  • 


(46.1) 


(46.2) 


(46.3) 


(J  is  the  moment  of  inertia  of  the  cross  section); 
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,♦* <'■>  “  -  iK-  «(»<•- *W>  • 30  '-  tJ  •  i- 


(46.il) 


On  the  contour  of  the  aperture  (core) 


°r  —  Tjrfe  [d  “I*  2 c3  -f  (cf  —  2 c2  -f-  2 ca)  cos  20]  sin  0, 


v)  =  SJ  l-  (*  +  2ca)  +  (rf  —  2c,  4-  2c,)  cos  20)  cos  6; 


(46.5) 


®«  “  TT  1  |f  sin  0  Krf  —  *i)sI«°  8  4-  Id  (n2— 2 A)  +  c,  ( I  -j-  k  -f-  2/i)4- 


4-  c,  ( 1  4-  2  ft)  —  c,  (2  4-  ft) (2  4-  //)!  sin ‘  6  cos2  0  4-  (dft*  —  c2ft  — 
-  c,  (1 4-  2ft)  (l  4-  k  4-  2/i)  4-  c,  (2  4-  k)  (2ft  4-  «)+ 

4-  c4  (2  4-  n)l  sin*  0  cos'  fl  -f-  [c2ft  (14-2  ft)—  c4  (2ft  4-  n))  cos«  6) . 


(46.6) 


Here 


Cj  =*  (an —  flu)  [2a22  («*  —  ft)4-(2flii4-fl?2_hflca)  kn\  — 


■  ‘flu  —  a'u)  (°iM  +  2flJj)  +  (flu  —  fl«)*  kn> 


c2  ~(au  —  flu)(anA/t 4~2a22)4  an(ai2  —  O12) k{2-\- n), 

c,  aa  (alt ail)  la22  ( 1  4“  2rt)  4“  (2a12  4“  al2  4“  a6<>)  *1  + 

4“  (dji  — ■  O12)  0*22  —  aUA)  4~  (a12 alifk, 

C4  “  (aU  —  all)la22  +  (a6« - a22 - a«)  AJ  4“(a/t - a«)X 

,  Xlfl22  +  (an  +  2al2  4-  flci)  ft  4-  2anft/il  —  (a«  —  012)**- 


(46.7) 


For  an  isotropic  plate  with  isotropic  core  we  obtain 


“  m  [2  d  +  £>) +  (4r  +  3-W~) cos  20] sin  ®* 
x*  -  m  [- 2  (i + h\ +  (nr + nr-j cos  20] cos  01 

4-Fy^4 -^-^^-3-±^Jcos2ri}sine; 


(46.8) 


34-2v->»  ■  n  5  — •  *  —  -f-  v/  ,  3  +  24-’ 
£i  Tr-  rK,  ~r  fh 


<  (46.9) 


In  the  case  of  an  isotropic  plate  and  a  rigid  core  ( E '  =  “) 


•r  =  y(3-7(l+4  12  +  (1  •+  V)  C°S  201  Si"  6’ 


^  =  yl^W+-v)  l-  2  +  ( 1  +  ^) cos  201 cos  6* 


0,  =  «f 


(46.10) 


In  the  limiting  case  of  (46.6)  we  rearrive  at  Eq.  (40.8)  for 
the  plate  without  core. 


The  results  of  calculations  for  a  veneer  plate  have  been  com¬ 
piled  in  Table  5  (cf.  page  20d)  which  contains  the  numerical  val¬ 
ues  of  the  stresses  in  fractions  of  Ma/J.  The  x-axis  is  assumed 
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.  B  M»i  an»iiwnn...v 


parallel  td  the  fleers  of  the  sheet  (load  applied  to  the  sides 
perpendicular  to  these  fibers). 

Table  5  the.' graphs  of  distribu  ions  of  o 

*  1Q^  anci  a0  lp8  )  on  the  contour  of  the  aperture  con- 

v  talning  a  core  and  empty. 

ui  The  maxil^um  'value  °f -the  'stresses  aQ  in  the  case  of  a  rigid 

-^/^'iand,'  .is  obtairted  near  the  point  0  =  60° 
and  the  points1  symmetrical  to  it, 
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10.7.  1)  cElaftt.ic 
!*  ■  core;  2)  rigid  c.ore. 


4  *  iV*  i  • 

•  -  v  &*•  :  ,  : 


■  I  —  j  — —  vmwnSpQ  i 

-  *Cpo  emcymcmfion  3 

i  !  i  7  * ■ 

\/T. 

Pig.  108.  1)  Elastic 
core;  2)  rigid  core; 

3)  no  core. 


In  a  pla|e  without  core  the ’maximum "stress  is  equal  to  3.23 
as  we  know;  already  from  § 4 Q . 

•  .  T  f.  •  *,  .  >J> 

■  ,  .The  case ‘‘of  an  elastic  core  with  the  constants  ay  =  2a,,  takes 

»  *«  an  intermediate  position  and  for  it 

iS&W  *  t-  • -$s  vv-f  vu  t.  d .  s5-  ••  .  ..  i 

if  <  r  i  cnMa  ■:*  ...  v"''  i-;r‘v-:  •  • 

?  ;>;vv  ;  '  •••'  ®-«*=  V50-*  •  (46. 11) 

.sfdlq  3.*0d&v>j$  ■BnotJaluois  -  le  'his?  3;f 

-j..v  .  dA  comparison  of  the  graphs  represented  in  Pigs.  107  and  108 
by  the.  solid- and  dashed  f-ines  illustrates  in  sufficient  clearness 
the  influence  of  elastic  and  rigid  cores  on  the  stress  distribu- 
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TABLE  5 


Comparison  of  Stresses  at  the  Points  of  the 
Aperture's  Contour 


iO 

1  XieciKot  «ipo 

ynpyro*  upo 

2 

up* 

0 

<r» 

"1 

•i  ‘ 

0 

0 

-0,13 

0 

0 

0,02 

0 

0 

15 

0,34 

-0,21 

-0,09 

0,19 

-0,04 

—0,02 

-049 

30 

0,54 

-0,39 

0,10 

049 

-0,16 

0,07- 

M>42 

45 

0,54 

— 054 

0,44 

0,27 

-047 

0,28 

-003 

60 

0,39 

— as4 

0,75 

0,16 

-0,29 

0,58  - 

044 

75 

0,21 

-0,34 

0,68  , 

0,04 

-0,19 

1,01 

•  148 

90 

0.13 

o 

0,01 

—0,02 

• 

0 

140 

343 

1 


1)  Rigid  core;  2)  elastic  core;  .3)  no  core, 


tion  in  an  anisotropic  plate  with  round  aperture. 


If  the  forces  are  applied  to  the  sides  of  the  plate  which 
are  parallel  to  the  fibers  of  the  sheet,  the,  graphs  of  the  stress 
distribution  on  the  contour  will  generally  resemble  those  shown 
in  Pigs.  107  and  108. 


The  maximum  values  of  the  stresses  are  obtained  as  follows: 
for  a  plate  with  rigid  core 


=  0,67—  ; 


(46.12) 


for  a  plate  with  elastic  core  (0y: 


2<*v) 

Ma 


1,41 


J  • 


(46.13) 


while  in  the.  case  of  no  core  the  maximum  stress  is  equal  to  2.53 
Ma/J. 


Thus,  for  the  veneer  plate  considered,  with  core  or  without 
core,  it  is  favorable  to  apply  the  forces  on  the  sides  which  are 
parallel  to  the  fibers  of  the  sheet  since  the  resulting  stresses 
are  then  smaller  than  the  stresses  in  such  a  plate  leaded  on  the 
sides  perpendicular  to  the  fibers.  We  must,  hpyrever ,  make  the  re¬ 
servation  that  this  conclusion  (as  that  at  the  end  of  §43)  need 
not  apply  to  ah  anisotropic  plate  with  other  elastic  constants. 
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[ Footnotes  ] 


Savin,  G.N.,  Kontsentratsiya  napryazheniy  okolo  otvers- 
tiy  [Stress  Concentration  Around  an  Aperture]  Gostekhiz- 
Uat  [State  Technical  Publishers]  Moscow-Leningrad ,  1951 


See  our  paper:  "Napryazheniya  v  neogranichennoy  anizo- 
tropnoy  plastinke,  oslablennoy  ellipticheskim  otversti¬ 
yem"  [Stresses  in  an  Unlimited  Anisotropic  Plate  Weak¬ 
ened  by  an  Elliptic  Aperture]  DAN  SSSR,  Vol.  IV  (XII), 
No.  3  (107),  1936.  All  formulas  given  in  this  section 
were  obtained  for  the  case  of  unequal  complex  para¬ 
meters.  In  the  case  of  equal  complex  parameters  the 
formulas  for  the  stress  can  be  obtained  from  formulas 
corresponding  to  yi  j-  y2,  by  means  of  a  limiting  tran¬ 
sition  . 


See  first  Eq.  (8.6).  In  the  case  given 

a  sin  8  ,  .  __  6  cos  8 


cos  (n.  jr)  =  ± 


Va»sltvi8  4-$3cos»0  ’ 


cos  (/!,  y)  =  qp 


V  a*  sin!  8  -|-  cos*  8 


Savin,  G . N .  ,  Nekotoryye  zadachi  teorii  uprugosti  anizo- 
tropnoy  sredy  [Some  Problems  of  the  Theory  of  Elasticity 
of  Anisotropic  Media]  DAN  SSSR,  New  Series,  Vol.  XXIII, 
No.  3,  1939;  see  also  his  book:  Kontsentratsiya  naprya¬ 
zheniy  okolo  otvertiy  [Stress  Concentration  About  an  Ap¬ 
erture],  Gostekhizdat ,  Moscow-Leningrad,  1951,  pages 
185-190. 


i  ■; 
fr  .  r.  t  • 


t 


These  cases  were  considered  in  our  papers:  1)  Teoreti- 
cheskoye  issledovaniye  napryazhennogo  sostoyaniya  anizo- 
tropnoy  plastinki,  oslablennoy  ellipticheskim  ili  krugo- 
vym  otverstiyem  [Theoretical  Investigation  of  the  State 
of  Stress  in  an  Anisotropic  Plate  Weakened  by  an  Ellip¬ 
tic  or  Circular  Aperture],  Trudy  konferentsii  do  opti- 
cheskomu  metodu  izucheniya  napryazheniy  [Transactions 
of  the  Conference  on  Optical  Methods  of  Stress  Investi¬ 
gation],  NIIMM  LGU  and  NlIMekh  MGU ,  ONTI,  1937;  2)  Kon- 
tseritratsiya  napryazheniy  vblizi  ellipticheskogo  i 
krugovogo  otverstiya  v  rastyagivayemoy  anizotropnoy 
plastinke  [Stress  Concentrations  Near  an  Elliptic  or 
Circular'  Aperture  in  an  Extended  Anisotropic  Plate], 
Ves.tnik  inzheneroy  i  tekhnikov  [Herald  of  Engineers 
and  Technicians],  1936,  No.  5. 


rt  1  ■  •' 
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VI  ”  . 


■  -ft 


* . 


J  is  the  moment  of  inertia  of  a  cross  section  of  a  mas¬ 
sive  nonweakened  plate  (we  understand,  of  course,  an 
initially  given  plate  which,  when  we  want  to  obtain  an 
approximate  solution,  is  assumed  to  be  infinitely 
large ) . 


172* 


Savin,  G.N.,  Izgib  anizotropnoy  balki  postoyannoy  pere- 
rezyvayushchey  siloy,  oslablennoy  ellipticheskim  i  kru- 
govym  otverstiyem  [The  Bending  of  an  Anisotropic  Beam 
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179 


132 


185 


186 


by  a  Constant  Crosscut  Force,  Which  is  Weakened  by  an 
Elliptic  or  Round  Aperture],  Vestnik  inzhenerov  i  tekh- 
nikov  [Herald  of  Engineers  and  Technicians]  1938,  No. 
see  also:  G.N.  Savin,  Kontsentratsiya  napryazhenly  okolo 
otverstiy  [Concentration  of  Stresses  Around  an  Aperture] 
GTTI,  Moscow-Leningrad,  1951,  pages  212-23^. 

A  great  part  of  these  ca^es  has  been  dealt  with  In  our 
papers:  1)  Teoreticheskoye  issledovaniye  napryazhennogo 
sostoyanlya  anizotropnoy  plastlnki,  oslablennoy  ellip- 
tlcheskim  111  krugovym  otverstlyem  [Theoretical  Investi¬ 
gation  of  the  State  of  Stress  of  an  Anisotropic  Plate 
Weakened  by  an  Elliptic  or  Circular  Aperture],  Trudy 
konferentsii  po  opticheskomu  metodu  lzucheniya  naprya-- 
zheniy  [Transactions  of  the  Conference  on  Optical  Meth¬ 
ods  of  Investigating  Stresses],  NIIMM  LGU  and  NIIMekh 
MGU,  ONTI,  1937;  2)  Nekotoryye  sluchai  raspredeleniya 
napryazhenly  v  anizotropnoy  plastinke  s  krugovym  otver- 
styem  [Some  Cases  of  Stress  Distribution  in  an  Aniso¬ 
tropic  Plate  with  Circular  Aperture],  Uch.  zap.  LGU 
[Sclent.  Journal  of  Leningrad  State  University]  Series 
of  Mathematical  Sciences  (Mechanics)  No.  8,  1939. 


In  the  first  edition  of  our  book  we  gave  the  results  of 
calculations  and  graphs  for  an  anisotropic  plate  with 
other  values  of  the  elastic  constants  and  the  complex 
parameters . 


This  follows  from  the  equations  of  the  generalized 
Hooke's  law  for  an  orthotropic  plate,  (S»8)„  If  o  = 

X 

JE 

=  -p  and  e  =  0  we  have,  obviously ,  = 

y  a 


Investigations  of  the  stresses  in  orthotropic  plates  de¬ 
formed  by  tangential  forces  attacking  at  a  certain  angle 
with  respect  to  the  principal  directions,  and  calcula¬ 
tions  of  the  stresses  for  various  materials  and  angles 
of  <P  were  carried  out  vy  A.S.  Dorogobed  (see  his  paper: 
"Raspredeleniye  napryazhenly  v  ortotropnoy  plastinke  s 
krugovym  otverstlyem  pri  chistom  sdvige"  [Stress  Distrib¬ 
ution  in  an  Orthotropic  Plate  with  Circular  Hole  Under 
Pure  Torsion]  Inzhenernyy  sbornik  [Engineering  Collec¬ 
tion]  Vol .  XXI,  1955). 


The  bending  of  an  orthotropic  plate-beam  with  an  aper¬ 
ture,  with  various  orientations  of  the  principal  direc¬ 
tions  of  elasticity  was  studied  by  V.B.  Lipkin  in  his 
diplomate  thesis  "Raspredeleniye  napryazhenly  v  orto¬ 
tropnoy  plastinke  s  krugovym  otverstlyem  pod  deystviyem 
izgibayushchikh  momentov"  [Stress  Distribution  in  an 
Orthotropic  Plate  with  Circular  Aperture  Under  the  Ac¬ 
tion  of  Bending  Moments]  (Saratov  State  University,  Sara¬ 
tov,  1951)*  In  this  paper  we  also  find  results  of  cal¬ 
culations  for  various  materials. 


See  §37,  Eqs .  ( 37 . 9 )-( 37 . 10 ) . 
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188* 


Fayerberg,  I.I.,  kontsentratsiya  napryazheniy  v  anizo- 
tropnoy  plastinke  s  krugovym  otverctiyem  [Slr<r  v  Ccn- 
centration  in  an  Anisotropic  Plate  with  Circular  Aper¬ 
ture]  Ministry  of  Aviation  Industry  USSR,  Transactions 
No.  674  ,  .1948. 

188**  A  general  solution  to  this  problem  and  also  solutions 

for  other  cases  are  considered  in  the  paper:  S.G.  Lekh- 
.  nitskiy,  Raspredeleniye  napryazheniy  v  anizotropnoy 

-plastinke  s  ellipticheskim  uprugim  yadrom  [Stress  Dis¬ 
tribution  in  an  Anisotropic  Plate  with  Elliptic  Elastic 
Core]  (ploskaya  zadacha)  [Plane  Problem],  Inzhenernyy 
sbornik,  Vol.  XIX,  Moscow,  1984. 

191  See  pages  87-88  of  our  paper  referred  to  in  the  preced¬ 

ing  section. 

■192  See  paper  referred  to,  pages  99-101. 

194  This  formula  was  derived  in  our  paper,  referred  to  in 
§4l.  and  §42. 

195  See  our  paper,  referred  to  in  §41  and  §42. 

199  See  our  paper  referred  to  in  §§41-43,  pages  95-96. 

202  See  our  paper  mentioned  in  the  preceding  sections,  page 

97-99. 

206  •  See  our  paper  mentioned  repeatedly  in  §§41-45,  pages  1C 

105. 
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Chapter  7 

APPROXIMATION  METHOD  IN  ORDER  TO  DETERMINE  THE  STRESSES 
iN  A  SLIGHTLY  ANISOTROPIC  PLATE 

§47.  THE  HAME  PROBLEM  FOR  A  SLIGHTLY  ANISOTROPIC  PLATE 

The  solutions  derived  in  Chapters  3-6  for  the  two-dimension¬ 
al  problem  of  a  homogeneous  anisotropic  body  show  that  the  com¬ 
plex  parameters  u  i  and  p2  are  the  fundamental  quantities  on  which 
the  stresses  depend.  The  complex  parameters  enter  many  formulas 
for  the  stresses  on  which  the  maximum  stress,  the  stress  concen¬ 
tration,  etc,  depend.  In  an  isotropic  plate  yi  =  y 2  =  t.  When  the 
complex  parameters  of  a  homogeneous  anisotropic  plate  are  repre¬ 
sented  in  the  form 

A&  =  *0+ai)>  =  4-“a)» ‘  | 

Pi  —  ftt  — —  /(!  -f-a2),  I 

the  quantities  aL  and  a2  are  in  general  complex  and  can  Le  con¬ 
sidered  as  quantities  characterizing  the  deviations  of  the  plate 
from  the  isotropic  one.  The  smaller  ] cx  1 1  and  |a2|  compared  to  uni¬ 
ty  the  more  similar  is  the  plate  in  its  properties  to  the  isotrop¬ 
ic  plate.* 

We  shall  call  a  plate  "slightly  anisotropic"  when  for  it 
|  cx  1  |  and  |a2|  are  so  small  compared  to  unity  that  higher  powers 
and  products  of  aj  and  a2  can  be  neglected  when  they  exceed  the 
first  or  second  powers.  We  restrict  ourselves  to  investigations 
of  the  stresses  in  slightly  anisotropic  orthotropic  plates  in  a 
second  approximation,  seeking  the  stress  function  in  the  form  of 
a  series  in  powers  of  a*  and  a2,  neglecting  higher  powers  of 
these  quantities  beginning  with  the  third.  This  enables  us  to  re¬ 
duce  the  problem  of  the  anisotropic  plate  to  some  plane  problems 
for  the  isotropic  plate  and  makes  it  possible  to  solve  them  ap¬ 
proximately  with  the  help  of  the  well-known  methods  of  two-dimen¬ 
sional  problems  of  the  theory  of  elasticity  of  the  isotropic  body. 

Note  that  many  authors  apply  a  similar  method  of  power  expan¬ 
sions  with  respect  to  small  parameters,  and  a  cutoff  at  higher 
powers  (the  "method  of  the  small  parameter")  in  order  to  develop 
approximate  solutions  of.  various  prob’lems  of  the  theory  of  elas¬ 
ticity  (e.g.,  G.Yu.  Dzhanelidze,  N.V.  Zvolinskiy,  A. I.  Lur'ye, 
D.Yu.  Panov,  P.M.  Riz  and  others).** 

Let  us  consider  the  case  where  volume  forces  are  absent.*** 

The  stress  components  are  given  in  terms  of  the  stress  func- 


jj 

\ 
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tion  F: 


o„  = 


&F 

gjs1 


dftF 


av  —  dx>' 


y  = 


&F 
dx  dy  ' 


(47.2) 


which,  in  the  case  of  an  orthotropic  body,  satisfies  the  equation 

+i.jg,o.  (^7.3) 

£,  37^  \G  EiJWdyt^Ei  dy ‘ 

Expressing  the . coefficient  of  this  equation  in  terms  of  the 
complex  parameters  ft=f(^4-aiT  and  ft=*(l4-«2)  ,  we  omit  powers  of 
ai  and  012  higher  than  the  second.  Equation  (47.3)  will  then  read 


+ (2a,  +  2a,  +  «;  +  «i>  37,  W+tvS-l, 


d*F 


(47.4) 


where  V2  is  the  Laplace  operator 


yi  _  *  .  & 

V  37  '~3Ja  ‘ 

In  the  case  of  an  orthotropic  plate  the  quantities  ft-rft.  af-f-a* 
and  axa2  are  always  real  numbers. 


We  seek  the  function  F  in  the  form 

F*=F 00  4“  (ft  4“  “2)  ^10+(ai  4“  “*)  ^20  4~  aia2^U> 


(47.5) 


where  is  independent  of  ai  and  02  and  obtain  the  equations 


VW0 o  =  0. 

W10  =  -2 


37 
e» 


Wf. - 


(47.6) 


Integrating  these  equations  one  after  the  other  we  obtain 
the  following  general  expressions:* 


«-  ffi  f  » 

• 

Here 

(V  A: 


F 00  =  Re  £?oo  (2)  +  Zoo  (*)!• 

El0  =  Re  p»I0  (2)  +  y,0  (2)  —  1  ??«(*)] . 

Fto  —  Re  JWjo  (2)4-7.20  (2)  —  4-  2*<pI0  (2)4-^  2S«oo  (2)4-g-  ? ®00  (^)j  . 
Fn  =  Re  j^2<pxl  (z)4-7.ii  (2)—  y  22<?io  (z)4“yj  2S<p10  (r)— y  z*yoo  Oz)J  • 


(47.7) 


on 

•  -  5J;  ’r~  1  0 

r. 


2«x4-/y,  z  =  x—ly, 

Ty(*)».  Xy(2)  are  arbitrary  analytical  functions  of  the  complex  vari¬ 
able  z.  In  the  following  we  shall  use  abbreviations  omitting  the 
argument : 


?y  =  ?ij(2).  $y  =  Xy(2).  ?y  =  ?y(*).  tvnXtf(*) 
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■  ?JSS  4 II 'I  ;!■■?,  •!  H*  vpw 


etc 


On  the  basis  of  Expressions  07.7)  we  obtain  general  for-- 
inulas  for  the  first  derivatives  of  F  and  the  stress  components 
which  are  convenient  to  represent  in  a  complex  form: 


4* 1  •gp  —  *?oo  +  too  4"  ?oo  4"  (ai  4-  a2 )  [*?io  4~  'j'lo  +  Tio  — 

—  \  +  2z<?m)]  4-  («!  4-  “*)  [^20  <ho  4-  ?so  — 

— (49io4-2z9l0)4-^  ^  Too  4~ -^Too 4"  ^?oo4" • 
4"aia2  £z?n4',Ni  4“  ?n  —  Tf  vzI?io  4“  2z<pio)4~ 

.  1  /zi —m  rr"  .  »  „ — .  ^  \'ij 

4“g^-3?(>0 — 2  +00  4—  Too —  S^ooJJ; 

—  °3j4 -%lxxy  —  2(zTco4-l}'oo)4-(ai  4"  “2)  [2  (-7?J10  4- tyia) — 

—  Too  —  Too]  4"  (ai  4~  aD  [2  (^?20  4~  ^20)  —  J  T10  —  *5<jo  4- 
4“  fs  4~  \  ®°°  4"  Y  Too  4*  y  Too]  "1“  “xa;  [2  (*?u 4~  tu)  — 

-2  "•  n-f  ,  7®  !V  3fl  ,  2  I  1 

—  2  <?10 — •‘f'fio 4-  J2 Too  — ^  Voo+J- Too— g-Vuoj» 


°X  4-  ay  =  Re  [4  Too  4-  (*1 4-  a2)  O*pio —  2ztm)  4*  (<4  4*  “0  X 
X  (4T»  —  2zt»o  4“  ?oo  4”  z?ooj  4" 

.  4- aiaj(4?n  —  Too  —  *<{»»)]. 


( 47  o  8 ) 


(47.9) 


(47,10) 


The  displacements  are  also  given  in  terms  of  functions  of 
the  complex  variables ,  but  we  shall  not  explicate  them  here„ 

When  the  external  forces  X  ,  Y  acting  on  the  boundary  are 

given,  the  boundary  conditions  can  be  written  in  the  following 
form: 

Sl  +  'af  =  —  J*  Wn—  YJds+c.  (47.11) 


We  consider,  as  previously,  the  anticlockwise  direction  of 
circumvention  around  the  contour  to  be  positive;  we  must  take  the 
upper  sign  when  we  consider  the  outer  contour  of  the  domain  oc¬ 
cupied  by  the  body,  the  lower  sign  when  we  consider  the  contour 
of  the  aperture. 

In  this  case  where  the  forces  given  for  the  contour  are  In¬ 
dependent  of  the  elastic  constants  of  the  material,  we  obtain  on 
the  basis  of  (47.8)  and  (47.11)  the  following  boundary  conditions 
for  the  functions  <?y  and 
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0 

z?“  +  *oo  +  ?oo  “  ±  /  (txn  -  Yn)  ds  +  c00, 

0 

4"  *10  +  ?10  =  -J-  (2  Vo  +  Szcpoo)  +  C10, 

Z?20  +  *20  4"  ?20  =  J  (*  Vo  +  2Z?(0)  — 

1  /Zs  — »>  .  i"’''  i  "2  "  —  /  \  ' 

T  \T  ?M  4-  2  ?00  4-  2  ?00  4-  2z<pooJ  4-  C20. 
z?n  4- *11  4- ?H  =  J  (z  Vo  4- 2z?lo)  — 

1  fz*  ~~Ut  ft—//  -2  ft  —  *  \ 

•“TVT900- 2  *00 4-2  «Poo— 2z*ooJ4-Cu. 


(47.12) 


As  we  see  from  Eqs .  (47-9),  (47 - 10 )  and  Conditions  (47.12), 
the  functions  ?oo  and  \poo  give  the  stress  distribution  in  an  iso¬ 
tropic  plate  of  the  same  form  as  the  slightly  isotropic  one  and 
loaded  by  the  same  forces  Xn,  Y  .  Having  obtained  <?oo  and  *0q  on 

the  basis  of  the  second  condition  of  (47.12),  we  determine  <?io.  *ioj 
these  functions  give  the  stress , distribution  in  an  isotropic 
plate  loaded  on  the  contour  by  forces  whose  distribution  law  de¬ 
pends  on  the  form  of  the  functions  ?oo  and  *oo.  Having  obtained  ?io 
and  *io  on  the  basis  of  the  third  and  fourth  conditions  of  (47.12) 
we  determine  'fso- *20  and  ?n- *n-  In  this  way,  in  order  to  determine 
the  stresses  in  a.  slightly  anisotropic  plate  in  a  second  approxi¬ 
mation  we  must  solve  four  one-dimensional  problems  for  an  isotrop¬ 
ic  plate  of  the  same  form.  The  theory  of  the  one-dimensional  prob¬ 
lem  of  the  isotropic  body  is  available  in  a  very  good  elaboration 
(thanks  to  the  papers  by  G.V.  Kolosov,  N.I.  Muskhelishvili  and 
their  pupils);  we  have  effective  methods  of  solving  this  problem 
at  our  disposal:  the  method  of  series  expansions,  the  methods 
based  on  the  application  of  conformal  mapping  and  Cauchy  inte¬ 
grals,  and  others.*  These  methods  enable  us  to  obtain  approximate 
solutions  to  a  very  broad  class  of  problems  of  slightly  anisotrop¬ 
ic  plates  and  to  derive  approximate  formulas  in  order  to  determine 
the  stresses  in  such  plates. 

§48.  DETERMINATION  OF  THE  STRESSES  IN  A  SLIGHTLY  ANISOTROPIC  PLATE 
WITH  AN  APERTURE 


Let  us  consider  a  slightly,  anisotropic  plate  with  an  arbi¬ 
trary  aperture,  which  is  exposed  to  the  action  of  forces  applied 
tp  the  outer  edge  and  the  edge  of  the  aperture.  The  aperture  is 
assigned  small  compared  to  the  plate  dimensions  and  remote  from 
its  edge. 

'  v'-ic  *  '  "  ■'*  '■  “  .  '  j 

An  approximate  solution  of  the  problem  can  be  obtained  by 
superimposing  the  stresses  in  an  infinitely  large  plate  with  an 
aperture  to  the  edge  of  which  certain  forces  are  applied;  these 
forces  are; chosen  such  that  the  necessary  boundary  conditions  are 
satisfied  fat  ‘the  ;contour  of  the  aperture.  In  this  way  we  obtain 
stresses  which  satisfy  precisely  the  conditions  of  the  aperture's 
contour,  and  with  increasing  distance  to  them  they  tend  to  the 
stresses  existing  in  a  plate  without  aperture,  on  the  outer  edge 
of  which  the  given  forces  are  distributed. 

Assume  we  have  obtained  the  stresses  <£.  oj,  ■£„,  which  would  be 
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generated  under  the  action  of  the  given  forces  in  such  a  plate 
which,  however,  in  massive,  without  aperture.  The  well-known 
functions  and  ^j(^)  of  the  complex  variable  correspond  to 

these  stresses.  Let  us  represent  the  functions  <>;;  engering 
Eqs.  (47 . 7 )- ( 47 • 10)  in  the  form  of  sums 


¥?>  (J)  f-  fij(z),  j 

M*)  = 


(48.1) 


where  f . .  and  F.  .  are  unknown  functions  to  which  stresses  corre- 
i  J  i  J 

spond  which  tend  to  aero  as  the  distance  to  the  aperture  increases 

Let  us  map  conformally  an  infinite  plane  with  a  cutout  in  the 
form  of  the  aperture  to  an  infinite  plane  with  a  cutout  of  the 
form  of  the  unit  circle  (i.e.,  to  the  exterior  of  the  unit  circle) 
Let  the  function  performing  this  conformal  mapping  have  the  form 


*-<»«)• 


(48.2) 


We  then  replace  in  all  formulas  z  by  Expression  (48.2)  and 
introduce  the  denotations 

/y  (*)  =  /y  !«•»  ('))  = 

/«(*)  =  *«(  C).  /y(2)  =  Wy(  C); 

Fij(z)  =  Fij\wC-)}=Vij«.), 


F'ij(:)  =  ViJ(  C). 

The  problem  is  reduced  to  the  determination  of  the  functions 
$<jG)  and  ^y(’)>  which  satisfy  the  definite  conditions  of  regular¬ 
ity  outside  the  unit  circle  and  the  boundary  conditions  which  are 
obtained  from  (47.12)  after  having  replaced  £  for  z. 

In  order  to  determine  the  unknown  functions  various  methods 

can  be  used.  When  w(0  is  an  algebraic  function  and  T  .  .  can 

0  0 

generally  be  represented  in  the  form  of  series* 


^ ij( ’)  —  Ay  In  C-f-  -j-  2  m- 

m*  1 

Vit  (Q  =  Bi}  In  C  +  B%  +  2  BZ C- 


(48.4) 


The  coefficients  of  the  logarithmic  functions  can  be  given 
in  terms  of  the  projection  of  the  vector  sum  of  the  forces  acting 
on  the  contour  of  the  aperture.  The  coefficients  Am.  .  and  Bm.  .  are 

determined  from  the  boundary  conditions  in  which  the  given  quan¬ 
tities  must  be  represented  in  the  form  of  series  expanded  In  pow¬ 
ers  of  o=reni  ;  this  is  the  boundary  value  of  the  variable  £  (in 
the  general  case  the  expressions  for  the  given  quantities  will 
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also  contain  In  a  besides  a).  In  certain  cases  it  is  more  favor¬ 
able  to  use  a  method  which  is  based  on  the  application  of  Cauchy 
integrals . 

When  all  functions  have  been  determined  we  obtain  the  stress 
components  from  Eqs .  (47.9)  and  (47.10).  The  stresses  o .  in  sur- 

V 

faces  normal  to  the  contour  of  the  aperture,  at  the  contour  it¬ 
self,  are  in  the  general  case  deter-. lined  according  to  the  formula 

=  — +  +  4  +  4  Re  (//00(j))  | 

+  (ai  +  a2)Re  4h10(o)  —  2  k>  ^  ^  v00(o)j  -f- 

+  («I -f- «!) Rc  ■  4w2o0>)  +  u>(i)|  —  2ul0(o)  fv00(o)-f-  ^g  ^ 

+  Y  “  (7)  ^'oo  (<=))]  ]  +  ata2  Rc  |  4./,,  (o)  f-  u>  (i)  X 

X  [—  4  ««  (°)  —  Woo  (°)  +  Y  “  (t)  w00  (°)]  }  • 

Here  is  the  normal  stress  acting  on  the  edge  of  the  aper¬ 
ture  (a  given  quantity),  o  =  0  is  the  polar  angle  determining 

the  positions  of  the  points  on  the  contour  of  the  unit  circle  and, 
at  the  same  time,  in  the  basis  to  Eq.  (48.2),  also  the  positions 

of  the  points  on  the  contour  of  the  aperture;  is  the  quanti¬ 
ty  conjugate  to  u(o).  w 

In  the  following  section  we  consider  by  way  of  example  the 
stress  distribution  in  a  plate  with  an  almost  quadratic  aperture 
in  greater  detail. 

§49.  EXTENSION  AND  PURE  BENDING  OF  A  SLIGHTLY  ANISOTROPIC  PLATE 

WITH  AN  ALMOST  QUADRATIC  APERTURE 

We  consider  a  plate  weakened  by  a  small  aperture  whose  con¬ 
tour  is  given  by  the  equations 

x  —  a  (cos  0  -}-  e  cos  3D),  y  =  a(sinf>  —  esin3n),  (49.1) 

where  is  a  parameter  varying  from  zero  to  2tt;  a  and  e  are  con¬ 
stant  coefficients  where  a  >  0,  |e|  <  1/3.  A  suitable  choice  of  the 
coefficient  e  enables  us  to  obtain  a  shape  which  differs  but 
slightly  from  a  square  with  rounded  corners. 

The  problem  of  the  stress  distribution  in  an  isotropic  plate 
with  an  almost  quadratic  aperture,  which  is  deformed  by  forces 
applied  to  the  outer  edge,  has  been  considered  by  several  authors 
who  solved  it  with  the  methods  by  N.I.  Muskhelishvili .  P.A.  Soko¬ 
lov  considered  extension  and  shear,*  G.N.  Savin  extension  and 
bending**  and  M.I.  Nayman  bending  alone.***  Using  the  equation  of 
the  aperture's  contour  in  the  form  of  (49.1),  M.I.  Nayman  assumed 
e  =  1/9  and  G.N.  Savin  supposed  e  =  +1/6;  Savin  also  considered 
contours  determined  by  more  complex  equations  which  give  a  better 
approach  to  the  square . 

A  function  mapping  an  infinite  plane  with  a  cutout  (49.1)  on 
the  exterior  of  a  unit  circle  has  the  form 


('•)  "  ( - 


I.  L  xiorpj  i  on  .  A  slightly  an  !  sot  roji  i  c  but  orl  hot  rop  1  c  rcc  tan-- 
gular  plate  Is  weakened  by  u  small  aperture  In  Its  center  arid  de¬ 
formed  by  normal  force*:,  p  distributed 
,y  uniformly  on  two  sides.  It  Is  sup- 

p-r - - - 4 - * - rp  posed  .at.  tbe  orlriclpal  d  1  re-e* 1 1  ons 

^  of  elasticity  <:  par-aJ  le*l  to  the 

"*"j  AiA\  *■  M -?  sides  so  that  the  tension  direction 

\ /  a'  coincides  with  the-  principal  dlrec- 

i.i  tlons. 
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Fig.  109 


Placing  the  origin  of  coordinates 
In  the  center  of  the  aperture  and  di¬ 
rect  the-  x,  y-axes  of  symmetry  of  the 
plate  j  we  may  consider  the  contour  of 
the  aperture  given  by  Eq  .  (49.1).  With 
positive  e  the  "square"  has  a  position 
as  shown  in  Fig.  109a  and  the  tension 
acts  In  a  diagonal  direction;  with  ne¬ 
gative  e  the  position  of  the  aperture 
corresponds  to  Fig.  109b. 


In  the  case  of  extension 


0  0  f 

°y  --  Txy  —  v 

?2o(0  =  J  Z, 

'i'M  (?)  —  y*, 

?°e  (z)  —  0, 

'i'lO  (0  =  f7- 

?20  (?)  “  0, 

??» CO  -  0, 

(**9.3) 


(49.4) 


which  is  easy  to  prove  when  these  values  and  °X~P<  ay--"xy  —  §  are 
substituted  in  Eqs.  (47.9)  and  (47.10). 


The  functions  <5> .  .  and  ¥ 0  o  which  must  be  known  in  order  to 

4  J 

determine  the  stress  around  the  aperture  read* 


*««>“7(r —{—?)■ 

*“  (':’ =  T (f-TT)  (■ —  T  +  jr)  +  T  "  ({)  “«<•)• 


rf>  _  /?«  <1  -f-  3t3)  . 

TioU-  ir(r=7rwu  + 


,  _pa*_  rr3  10 
‘8(1  — «)  ['  ^ 


10t3-i-3c  —  2  1  4t3  (1—0 
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c» 


;t]  + 


(49.5) 


+  j  “  (f)  [*'„  C)  -  2Uoo  (C)  -  o>  (I)  OooW] . 

*u  K)  =  -  so^TT)  l3e5  ( 1  +  e)  4-  1  -  e]  u  (C)  + 

pat*  r  13tM-3c-2.  1  4.3(1 -0  ,-) 

'  8  (1  —  t)  [p  '  1-.  C  C»  '  J  ^ 

+  [8«  10o + st/ooQ  -  ru  (I)  Uoo  (oj . 

Supposing  that  C  —  a  — cBi  pn  these  expressions  and  substituting 
it  in  (48.5)  we  obtain  the  stress  distribution  along  the  contour 
of  the  aperture.  The  formulas  for  are  very  cumbersome  and  we 

do  not  give  them  here;  we  only  give  the  values  of  the  stresses  in 
the  two  most  important  points. 

At  the  points  B  and  B \  at  the  ends  of  the  diameter  which  is 
perpendicular  to  the  tensile  forces  (Fig.  109  a  and  b)  we  obtain: 


°o  =  -^ThTI-30  [3  +  2e  -  3e*  +  (a,  -f  «,)  (1  +  4*  ■ -  6b2  -  3s»)  + 
. -H«5  +  «|)  (“  5  +  5e  4.  32e‘  -  33,*  +  1 2e«)  + 

+ ' «,«, 2lT^r) (1  —8s  -}-  e*  +  38Ea - 2 1  +  3.»)]  . 


(49.6) 


In  the  case  of  extension  in  the  direction  of  the  diagonal 
(Fig.  109a)  we  obtain  for  e  =  1/6 


«,=p|7.80-KaI  +  «l)3.57~  (3i  +  «I) 0.15  —  a,a2  •  0,03]; 
and  for  e  =  1/9 

°8  —P  15.37  -[•  (aL -j- a2)  2,3 1  — (a*  -}-  a*)  0,05 -f-  Oja2  •  0,02]. 


(49.7) 


(49.8) 


In  the  case  of  extension  in  the  direction  of  a  side  of  the 
"square”  (Fig.  109b)  for  e  =  -1/6 


for  e  =  -1/9 


°»  =  P 1 1  >47  +  (at  +  a2)  0, 1 0  —  (a?  -f  a])  0,03  -  a ta2 .0,09];  (  ^  9  •  9  ) 


°»  —  P  H 1 85  — J—  (oj  a2)  0,32  —  (a*  -f-'a*)  0,02  — {—  a,a2  -  0,06].  (49.10) 


With  e  =  0  we  obtain  a  round  aperture  of  radius  a.  At  the 
points  at  the  end  of  a  diameter  perpendicular  to  the  forces  we 
obtain  according  to  Eq.  (49.6): 


°»  —  P(  3  ~ {-  ai  ~ {—  <*a). 


(49.11) 
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rata  res  jlt^sea  Ec ^?Vl0USly  *  “lth  «»  acou- 

can  be  reduced  to  the  moments  M  (Fig.  110  a  and  b).  es^  "  0 


a 


Pig  110 


In  this  case* 


M  .  0  0  _ 

x  —  7  7  =  try  =  0 


(7  is  the  moment  of  inertia  of  a  cross  section). 


(49.12) 


'Uz)  =  ~z\ 

Q  ,  .  Ml  — 

®S0U)  =  jgy^..  ‘J'lo(z)  =  0, 

»W) - $*>. 


('(9.13) 


'ioo  (’)  “  —  'Poo(')  ~  (*)  2/0C)  (Q, 

^0(C)  =  -3^{1+2e),+  ,-(l)i/oi(,)i 

^o(Q  =  ^e2|3(1+2e)r7  + 

H-(3  +  6e  -f  e2  -}-  1 87>)  1  -  j  + 

T  10  (r)  [2u‘°  ^  ~  “oo  (C)  —  y  0)  j  Voo  (C)J  . 

$“^  =  We2[3(1+2e)C2-f 

-}-  (3  -f  6e  —  38e2  -f  36es)  1  —  li£+  2t)j  _j_ 

~^7  “  (r)  [4Ul°  ®  +  ^oo(')  —  7  “  ({■)  voo (C)j . 


(49.14) 
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At  the  points  A  and  A  \  (Fig.  110  a  and  b)  o6  =  0.  At  the  points  B 
and  Si 

«•  =  jjpzr&) 12  0  +  +0,5  (at  +  «,)(!+  6*  -  6e>)  - 

—  0,25  (a*  4- ape*  (3  —  2e  —  1 7e2  —  18e*)  —  ‘  (49.15) 

—  O^a^e*  (3  -}-  2e  -f-  lie2 —  1 8e*)l. 


When  the  aperture  has  been  cut  out  as  shown  in  Fig.  110a, 
the  results  of  t.ie  calculation  according  to  Eq.  (49.15)  lead  us 
to  the  following: 

for  e  =  1/6 


Ma , 


°*  =  —  -j-  (5,33  4-  (a,  -f  a2)  1 ,97— (aT  4-  a!)  0,002-a^ .0,09];  (49.16) 

for  e  =  1/9 

Ma, 


°»  —  ds-^-[3,67  4-(“i  +  “2)  1  >24  —  («i  4~ “2) 0.01 — aja2-0,03].  ^7) 

When  the  aperture  has  a  position  as  shown  in  Fig.  110b  we 
have  for  e  =  -1/6 


o8  =  it  ^  [0.89  +  («,  4~  «*) 0,09— (a* -f  a?)  0.004-«,«2 -0,031;  (49.18) 


*  1  Ax 


for  c  =  -1/9 


Ma 


®  ~  “ ET  [1 '  1  ?  +  (ai  4~ a2)0. 1 3  («* 4'  a*) 0,01  — a2a2 •  0,0 1 J.  (49>19) 


Assuming  in  Eq .  (49.15)  e  =  0  we  obtain  the  stress  at  the 


edge  of  a  round  aperture  at  the  points  0=:±y: 


*^(2+3.45.) 


(49.20) 


It  is  interesting  tr  note  that  also  this  result  agrees  with 
the  accurate  result  [see  Eq .  (40.10)]. 

§50.  DISTRIBUTION  OF  STRESSES  IN  A  HOMOGENEOUS  RING  COMPRESSED  BY 

UNIFORM  PRESSURE 

In  §26  we  considered  the  solution  of  the  problem  on  the 
stress  distribution  in  a  ring  with  cylindrical  anisotropy  com¬ 
pressed  by  normal  forces  distributed  uniformly  on  the  inner  and 
outer  contours.  The  solution  has  a  very  simple  form:  the  radial 
directions  are  equivalent  with  respect  to  the  elastic  properties 
so  that  the  stress  only  depends  of  the  single  coordinate  r  (dis¬ 
tance  from  the  center).  The  same  problem  for  a  homogeneous  ring 
with  rectilinear  anisotropy  is  much  more  complex  owing  to  the 
fact  that  the  radial  stresses  are  in  this  case  not  equivalent  and 
it  is  therefore  not  justified  to  expect  the  stresses  to  be  inde¬ 
pendent  of  the  polar  angle  0.  An  exact  solution  to  this  problem 
has  not  yet  been  obtained.  We  shall  here  give  the  solution  for  a 
slightly  anisotropic  orthotropic  ring  obtained  in  a  second  approx¬ 
imation  . 
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Placing  the  origin  of  coordinates  at  the  center  of  the  ring, 
we  assume  the  principal  directions  of  elasticity  in  the  direc¬ 
tions  of  the  axes  x  and  y.  We  denote  by  a  and  b  the  inner  and 
outer  radii  of  the  ring  ( c  =  a/b )  and  by  p  and  q  the  quantities 
of  the  inner  and  outer  pressures  per  unit  surface  area  (Pig.  44 
in  §26). 


Let  us  return  to  Eqs.  (  47 . 8  )  -  { *' 7 . 10  ) .  The  functions  <?00  and 
4>oo  determining  the  stresses  in  an  isotropic  ring  are  well  known, 
namely  * 


iq-p)bW  l 

Swv*.  —  -  •  -  • 


(50.1) 


The  other  functions  Tia-  P  o>  ?2o-  *0'  ?n  and  ijj  1 1  are  obtained  in 
an  elementary  manner  from  the  giver  functions  <?oo  and  ij^oa  in  the 
form  of  polynomials  with  positive  and  negative  powers  of  s ;  the 
coefficients  of  these  polynomials  are  determined  from  the  bound¬ 
ary  conditions  (47.12). 

We  arrive  at  the  result  that  ?io  —  'Wo r-  ?2o  —  'ko  = 0  and  only  <?n 
and  ipn  are  nonzero.  Omitting  all  the  intermediary  calculations 
which  are  elementary,  anyway,  we  only  give  the  final  formulas  for 
the  stresses: 


Here 


^  (4)’  +  V  [■<  (t)'  +  *  (t)’+ 

+sc(7):+“(f),+^)’!ssr^“«- 

a  ■  (p  -  q)  (  b  y  . 

.iA{'V-e(p;  +  2  c  (*-)'+ 

\b/  \bj  1  \ r 1  1 


x,i  =  a, a.. 


(50.2) 


C  =  -|S(i  +r*)(I+5cH-^).  D  =  5i4(;+4^  +  ^).  (50.3) 

5=  ?4-4c2-|-10c'  +  4c8-j-c8.  -  J 


Formulas  (50.2)  which  give  the  stress  distribution  in  a  homo¬ 
geneous,  slightly  anisotropic  ring  in  a  second  approximation,  only 
contain  products  aia2  and  do  not  contain  first  or  second  powers  of 
ai  and  a2 .  Hence  it  follows  that  the  stress  distribution  in  such  a 
ring  agrees  in  a  first  approximation  with  the  distribution  in  a 
ring  of  isotropic  material;  the  corrections  for  anisotropy  are 
quantities  which  are  small  of  second  order. 


When  for  a  given  material  one  of  the  complex  parameters  is 
equal  to  i.  i.e.,  a2  =  0,  the  stress  distribution  in  an  anisotrop¬ 
ic  ring  will  be  precisely  the  same  as  in  an  isotropic  one.  This 
holds  true  noc  only  for  a  slightly  anisotropic  material  and  in  a 


r- 


h 
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second  approximation,  but  also  for  a  material  for  which  the  sec¬ 
ond  complex  parameter  is  an  arbitrary  number,  even  when  its  ab¬ 
solute  value  is  very  high.  In  fact,  with  a*  =  0  the  equation  for 
the  stress  function  (*17.*0  assumes  the  form 

The  stress  function  for  an  isotropic  ring  has  the  form* 

F  =  Ar*-{-B\nr.  (50.5) 

It  is  easy  to  verify  the  simple  statement  that  it  will  a^so 
satisfy  Eq.  (50. *0  for  a  ring  with  an  anisotropy  of  a  given  type, 
from  which  we  can  deduce  the  validity  of  what  has  been  said 
above . 

It  follows  from  Eq .  (50.2)  that  in  a  ring  compressed  by  pres¬ 
sures  of  equal  intensities  (p  =  q)  and  also  in  a  disk  without  ap¬ 
erture  compressed  by  the  pressure  q,  which  is  distributed  uniform¬ 
ly  along  the  edge  (a  =  0)  a  uniform  field  of  stresses  will  estab¬ 
lish: 

o,  =  ~  —  7-  Vt  =  0-  (50.6) 

These  formulas  prove  to  be  exact  for  a  homogeneous  ring  and  a 
disk  with  rectilinear  anisotropy  with  arbitrary  cti  and  a2. 

Applying  the  method  of  small  parameters  described  in  this 
chapter  it  is  easy  to  obtain,  in  a  second  approximation,  formulas 
for  the  stresses  in  a  homogeneous  ring  which  is  deformed  by  forces 
distributed  arbitrarily  along  the  contours. 
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geneous  equation  which  is  easy  to  integrate  and,  having 
obtained  F i0  we  use  nonhomogeneous  equations  to  deter¬ 
mine  F 2  o  and  F i i  and  so  on. 

f<0  -1  (’l-(  a2)  c10  '!'  (°i  3"  a2^)  f  20  H*  ^  C| 
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Chapter  3 


APPROXIMATION  METHOD  FOR  THE  DETERMINATION  OF  THE  STRESSES 
IN  AN  ANISOTROPIC  PLATE  WITH  AN  APERTURE 

§51.  GENERAL  FORMULAS  FOR  A  PLATE  WITH  AN  APERTURE  WHICH  IS  AL¬ 
MOST  ELLIPTIC 

An  exact  solution  of  the  problem  of  the  stress  distribution 
in  an  anisotropic  plate  with  an  aperture  is  only  known  for  the 
case  where  the  aperture  is  elliptic  or  circular;  it  has  been 
dealt  with  in  Chapter  6.  For  no  other  form  of  aperture  an  exact 
solution  has  been  achieved  so  far  owirg  to  the  great  mathematical 
difficulties.  When,  however,  the  form  of  the  aperture  in  an  iso¬ 
tropic  plate  is  such  that  it  may  be  considered  to  be  only  slight¬ 
ly  different  from  elliptic  or  circular  form,  it  is  not  difficult 
tc  obtain  an  approximate  solution  to  it  by  introducing  a  small 
parameter  characterizing  the  deviation  of  the  aperture  from  the 
elliptic  or  circular  form  and  neglecting  powers  of  this  parameter, 
beginning  with  the,  say,  third  or  fourth  power.  The  present  chap¬ 
ter  is  devoted  to  this  approximation  method. 

Let  us  consider  an  anisotropic  plate  with  an  aperture  whose 
contour  is  given  by  the  equations 

jc  =  a  £cos  0  -}-  e  2  («„  cos  sin  n!})  j  • 

r  N 

y  —  a  c  sin  ft  -{-  e  2(—  °n  sin  £„cc'  n!1) 

L 

With  e  =  0  we  obtain  an  ellipse  with  the  semiaxes  a  and  aa , 
and  with  small  e,  a  form  which  differs  only  slightly  from  an  el¬ 
lipse.  Assume  given  forces  X  ,  Y (per  unit  area)  distributed 

along  the  edge  of  the  aperture.  For  simplicity  we  shall  assume 
that  the  vector  sum  of  these  forces  is  equal  to  zero.  It  is  re¬ 
quired  to  determine  the  stress  at  an  arbitrary  point  of  the  plate, 
first  of  all  the  stress  in  surfaces  normal  to  the  edge  of  the 

aperture,  at  the  aperture  itself  (Fig.  111). 

The  course  of  the  problem's  solution  is  the  following:  we 
map  conformally  an  infinite  plane  with  a  cutout  given  by  (51.1) 
on  the  £  plane  with  a  cutout  in  the  form  of  the  unit  circle  |s|  = 

=  1;  the  mapping  function  has  the  form: 

*  ~  r'  f  1  •  {-  -}  e*ro] .  (51.2) 
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&£<»«■**.»•  v- -»*» .  *>+  »«  ».*» 


where 


N 


•H0=  S  (a„4-^„)C-n. 

n*  I 


(51.3) 


Fig.  Ill 


In  order  to  obtain  a  mapping  which  is  in  one-to-one  correspondence 
and  conformal  it  is  necessary  that  all  solutions  to  the  equation 

^-^•^+e'/(r0  =  °  (51.4) 

are  mapped  in  the  ?  plane  as  points  inside  the  unit  circle  |c|  = 

=  1.  The  coefficients  a  .  b  and  the  parameter  e  are  always  cho- 

ft  /t 

sen  so  that  this  condition  is  satisfied. 


In  the  given  case  it  is  more  convenient  instead  of  $1  and  $2 
to  introduce  the  functions  <p ,(z')  and  <?2(z')  of  the  variables  z\  =  z-\-\~z 

and  ^  —  z-j-k^z,  where  Xi  and  X2  are  complex  parameters  of  second 

kind  (see  §7  and  §8). 

When  the  external  forces  are  given,  the  boundary  conditions 
for  these  functions  have  the  form 


0 

2  Re  |<?,  (z[)  +  ©2  (z'i)  1  =  J  Y„  ds  +  c, , 

0 

0 

2  Re  [(*,<?,  (z[)  -j-  ivs2  (zz))  =  —  |  Xn  ds  +  c2> 

0 


(51.5) 


where  e\3  e2  are  arbitrary  constants  and  the  integral  is  taken 
along  the  arc  of  the  contour  for  which  the  anticlockwise  circum¬ 
vention  is  considered  to  be  positive. 


Replacing  the  variable  z  by  its  expression  (51.2)  we  repre¬ 
sent  the  functions  cpi  and  cp2  in  the  form  of  series  expanded  in 
powers  of  the  parameter  e : 

?l  =  ,'?l0+e?ll  +  £*?12+  ••••  ) 

?2  —  ?20  +  e?2l +e*?22  +  •••  I  (51.6) 
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Here  ?ik  and  ?2 *  are  functions  which  do  not  depend  on  e  and  are  ex¬ 
pressed  in  the  following  way* 

?io  /io  (m),  920  =  /2c  (»4)> 

?u  “  /1 1  (rM)  -1-  1*  (C)  f  *1*  (C)|  /l'o  (Cl), 

?2i  =  /21  (’2)  4"  I'}*  ( ')  4"  At*  (C)l  /20  (C2), 


«  /ik  (rM)  4- I*  (C)  4-  >-4  (C)l  /1.  A-1  (C[)  4-  •  •  • 

•••4-ilt(C)4-^WlVio’(c;). 

?2k  =  fik  ('i)  4- 11}1  (')  4"  M*  (C)|  A,  k- 1  (C2)  4- .  .  . 
•••  4-il^(')  +  4?(4)V20)(C2), 


(51.7) 


where  /l4.(C(),  /^(Cj)  are  unknown  functions  of  complex  variables 

c'i  =  I±£  C4-  L=i.l  +  x{  (l±f  C+1— c.i')  (51.8) 

2  2  t  V  2  1  2  c ) 

(  /  =  1 ,  2;  C  is  the  variable  conjugate  to  £)• 

Assuming  the  forces  X  ,  Yn  depending  on  e,  we  expand  then  in 

a  power  series  of  this  parameter  and  then  obtain  in  the  general 
case 


/  Knds4-C!=  2  e*  ak0+  2  (“tm0’”  4"  «*»,«"  w)| . 

0  *“0  L  w»-i  J 

/  Xn  ds  4-  c 2  =  2  e*  f  FkO  4-  2  (pkm°m  4"  Pkm0_m)]  • 

0  *“°  L  m-1  J 


(51.9) 


Here  a*m>  Pkw  are  given  coefficients  depending  on  the  law  of 
distribution  of  the  forces_  on  the_edge  of  the  aperture,  akm,  $km  are 
the  conjugate  quantities  cx^q  and  are  arbitrary  constants;  for 

brevity  of  formulation  we  introduced  the  denotation  o  —  e*1,  which 
will  be  used  in  the  following  throughout  this  chapter. 

Substituting  the  boundary  values  cp  1  and  cp2  in  the  boundary 
conditions  (51-5)  and  comparing  the  coefficients  of  equal  powers 
of  e,  we  obtain  a  series  of  pairs  of  boundary  conditions  for  the 
functions  and  (the  arguments  of  these  functions,  their 

derivatives,  and  also  the  conjugate  quantities  and  the  functions 
if>  and  ip  are  not  given): 
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■  'i»  ’  ■■  n 


The  constants  , 


have  no  influence  on  the  stress  dis¬ 


tribution  and  can  be  arbitrary  -whj ie  3  are  determined  from 


the  boundary  conditions.  Prom  Conditions  (31.10.0)  we  obtain 


A  _  Poin  Ha°0  in  p 

0  m—  —  aO  m" ' 


Fowl  Hla0m 
Hi~  H 


(51.15) 


and  so  we  determine  the  functions  f\o  and  fzo  yielding  a  solution 
to  the  problem  "in  a  zero  approximation." 


In  the  next  boundary  condition  [(51.10.k)  for  k  =  1]  the  val¬ 
ues  of  the  unknown  functions  fn  and  fz  i  and  the  derivatives  of 
the  known  functions  / n  and  fzo  are  contained.  Prom  these  condi¬ 
tions  we  determine  uhe  coefficients  of  the  functions  fn,  f zi 
which,  instead  of  f\o3  fzo,  determine  the  solution  to  the  problem 
in  a  first  approximation.  Knowing  now  /io-  h o-  fu>  fa  we  find  from 
Conditions  (51.10.k)  with  k  =  2  the  coefficients  of  the  functions 
f\z  and  fzz  which,  together  with  those  obtained  previously,  de¬ 
termine  the  solution  to  our  problem  in  a  second  approximation, 
and  so  on. 


For  an  actual  determination  of  the  coefficients  A^m, 

from  Conditions  (51.10.k)  we  must  expand  in  power  series  of  o  all 
products  of  the  form 

^,('H  KWH'.  (51.16) 

The  coefficients  of  these  series  will  determine  on  the  coef  ici- 
ents  3  the  fractions  f^  and  f^  themselves.  In  order 

to  establish  all  these  functions  it  is,  obviously,  necessary  that 
the  form  of  the  function  ip(z)  is  given,  i.e.,  we  must  know  which 
terms  in  Eq .  (51.3)  are  nonvanishing. 

§52.  FORMULAS  FOR  A  PLATE  WITH  AN  APERTURE  OF  PARTICULAR  FORM 

In  this  chapter  we  consider  various  cases  of  a  plate  with  ap¬ 
ertures  whose  forms  are  given  by  equations  of  the  type 


x  =r=  o  (cos  0  *  |  e  cos  A/D),  1 
y  ==  o  (c  sin!)  —  e  sin  A/D),  J 

where  0<c<l,  and  N  is  an  integral  number.  With  o  =  1  and  N  -  2 
the  aperture  has  three  axes  of  symmetry  and  with  a  due  choice  of 
the  parameter  e  it  will  differ  only  slightly  from  an  equilateral 
triangle  with  rounded  corners .  With  o  =  1  and  N  =  3  we  have  four 
axes  of  symmetry  and  with  certain  values  of  e  the  aperture  re¬ 
sembles  a  square  with  rounded  corners.  With  o  <  1  and  N  =  3  an 
oval  hole  of  special  form. 
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The  mapping  function  has  the  form 


1±£  r  _l  JjuL 

2  2  C  ^  C*7' 

<KC)  =  C-N. 


(52.2) 


Let  us  give  general  formulas  according  to  which  we  can  dete 
mine  the  coefficients  of  the  products  (51.16)  with  arbitrary  val 
ues  of  n  and  N.* 

We  introduce  the  notation 


1  +  c  -f-  (1  —  c) 

1-e  +  Ml+c) 

1  +  C  +  X<  (l  —  £) 
(/=•!.  2). 


Pi  =  luiXi 


(52.3) 


Each  of  the  products  of  the  type  (51.16)  is  represented  in 
the  form  of  a  sum  of  a  finite  number  of  terms  with  positive  pow¬ 
ers  of  a  and  infinite  series  expanded  with  respect  to  negative 
powers  of  a.  The  first  of  the  products  of  (51.16)  with  arbitrary 
(integral)  k ,  n  and  N  is  written  as  follows 


JV  n  -  n  - 1  co 

2  ^.-»ow+ 


(52.4) 


All  coefficients  A^m  are  determined  by  means  of  the  follow¬ 


ing  general  formula: 


2  >»  t  .Yn-n  +  i-JiSmi  Q'lt  ®l)- 

l-l 


(52.5) 


The  are  here  integral  polynomials  with  respect  to  a*  and  ai 

*5,<  “»)  -  {m  !' N,t  -  n  •*- 2  -  2,>  ai'“,V,“1  X 

X  {('«  -|-  Nn  —  n  -  /  j-  2)  (in  -j  Nn  —  n  —  /  -|-  3)  . . . 

...  (m-f/V/i —  /)/(/  I  !)...(<  !-n-  2)  (X^)*  + 

+  n  (m  +  Nn  —  n  — 1-\-2- -N)(m-\-Nn  -n  —  /-f  3— AO  . . . 

. . .  (m  +  Nn  —  /  —  AQ  (l  —  N)  (l  -(-  1  —  N)  . . . 

...(l  +  n  — 2_A0(X1ajy-,  +  (:j)x 

X.(m-\-Nn  —  n  —  l  +  2  —  2N)  (m  -j-  Nn  —  n  —  /  +  3  —  2N). . . 

•  Nn  —  /  —  2N)  (/  —  2N)  (/  + 1  —  2N)  . . .  (52.6) 


■■•  +  (2)(m“n-'+2  +  2N)  <m-«-*  +  3  +  2A0~- 
. . .  (m  —  /  2//)  (/  —  Wn  +  2<V)  (/  —  Mi  +  2W  -{- 1)  ... 

. . .  (1- •  Nri+n  +  2/V-2)  (X,ajV+ n  (m-n-1  +  2  +N)  X 
X(«-f»  —  /  +  3  +  AO  ...(«-/  +  AO (/  — Mi  +  AO  X 
X(l-Nn  +  N-\-\)...(l~Nn-\-n  +  N-2)  (X^*)  + 
+  (m  -  n  - 1  +  2)  (m  -  n  -  /  -(-  3) . . .  (m  -  /)  (/  -  Nn)  X 
XO-Nn  +  l)  ...  (I  —  Nn-\-  n  —  2)} 
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etc . 

The  use  of  Formulas  (52.5)  and  (52.6)  must  be  done  in  the 
following  way:  carrying  out  the  summation  in  Expressions  (52.5), 
beginning  with  i  =  1 ,  we  must  eliminate  all  terms  containing  the 
coefficient  A  with  negative  second  subscript,  since  the  function 
/- ^  on  the  contour  is  represented  by  a  series  expanded  with  re¬ 
spect  to  negative  powers  of  o  such  that  all  Ak.-m~Q-  Further,  de¬ 
termining  the  from  Formula  (52.6),  we  must  eliminate  all  terms 

with  negative  powers  of  oti  when  they  appear  in  the  summation.  With 
this  reservation  we  obtain  from  Eqs.  (52.5)  and  (52.6)  the  coeffi¬ 
cients  of  the  product  (52.4)  for  arbitrary  integers  k ,  n,  among 
them  also  for  negative  m.  The  formula  for  the  second  product 
(51.16)  has  the  same  form,  a,  n,.  ">i  must  everywhere  be  replaced 
by  Bs  X  2 ,  a  2  and  oj2  . 

If  a  =  1  (aperture  slightly  differing  from  circular  form), 
oj.  =  1,  a{  ==  pi=r-. (/ ; ,  2).  For  this  case  Eq  .  (52.6)  which  in  general, 

"Is 

is  very  complex,  can  be  simplified  a  little. 

When  we  ;o:ve  the  problem  in  a  first  approximation,  retaining 
in  the  expressions  of  cpi  and  cr.iy  the  firs4:  powers  of  the  para¬ 
meter  e  and  neglecting  the  higher  ones,  Is  lr  reduced  to  two  prob¬ 
lems  for  an  infinitely  large  plate  w'th  elliptic,  or,  in  partic¬ 
ular,  round  aperture.  Retaining  in  (51.6)  also  the  second  powers 
of  e,  we  obtain  finally  a  solution  in  a  second  approximation;  for 
this  we  have  to  solve  three  problems  for  a  plate  with  an  elliptic 
aperture,  and  so  on.  Considering  concrete  problems,  we  restrict 
ourselves  to  the  third  approximation  and  in  a  series  of  cases 
even  to  the  second  one. 

In  every  particular  case  we  are  first  of  all  interested  in 
the  stress  o\)  in  surfaces  normal  to  the  contour  of  the  aperture, 
at  the  edge  itself.  From  the  magnitude  of  this  stress  we  may  con¬ 
clude  as  to  the  stress  concentration  near  the  aperture.  It  is  de¬ 
termined  according  to  the  formula 


coefficients 


Newton's  binomial 


a[>  _  DP  r^l!  M-l-e.fi)3  ,  rf?3  (A  +  M)3! 
aC1  [  dH  }i1/l  —  3  dH  —  B  J  '■ 

Here  we  have  introduced  new  denotations. 


(52.7) 


i4  =  ccosQ  —  eA/ cos  A/0, 

B  =  sin  0  -j-  eA/  sin  A/0,  (52.8) 

C2  =  A2  4-  B2. 

cpi  and  g2  in  Eq .  (52.7)  denote  the  values  of  the  functions 
of  complex  variables  on  the  contour  of  the  aperture,  determined 
in  the  one  or  other  degree  of  accuracy. 

In  the  following  we  shall  consider  plates  with  three  types 
of  apertures:  similar  to  an  equilateral  triangle,  an  oval  form  of 
special  contour,  and  similar  to  a  square  with  rounded  corners. 

We  give  the  boundary  values  of  the  functions  cp^  for  a  nonortho- 


tropic  plate  with  an  aperture,  on  the  edge  of  which  the  forces 
Xn>  Yn  are  distributed  such  that  their  vector  sum  is  vanishing-. 

Extension  and  bending  by  moments  of  orthotropic  plates  is  in¬ 
vestigated  in  greater  detail. 

For  such  plates  we  give  the  formulas  for  the  stress  o  on 
the  contour  of  the  aperture  and  at  individual  points  of  it. 

In  the  case  of  equal  complex  parameters  ‘he  limiting  transi¬ 
tion  must  be  carried  out  in  the  stress  formulas,  assuming  p2~  jv 

Considering  extension  and  bending  of  a  plate  with  an  aper¬ 
ture,  we  also  give  the  results  of  calculations  for  a  veneer  plate 
for  which,  as  already  mentioned,  id  =  -  4,1 1/.  \i, .  0.313/,  when  the  x-axis 
is  directed  along  the  fivers  of  the  sheet  and  0,2-13/,  (i2  -  -  2,91  /. 
when  the  axis  is  perpendicular  to  the  fiber's. 

At  the  end  of  this  section  we  give  a  compilation  of  the  de¬ 
notations  used  when  studying  the  extension  and  bending  of  an  ortho¬ 
tropic  plate  with  an  aperture: 


*--- --hiv*  ]/"!’■  11 

^  ~  -  -  |*3AJ)  (B!  —  ,^/F). 

D«  =  —  /IV: -f  2 k  -  k-)  |  k  -n*), 

E*  =  A*  {2k'-  -  n-  -{  k)-\  2k  -1  )  — fldt; 

e  ~  (ITH7")5  ’  h  =  (TfaTF/jp K 1  f  k  (k  2n  6)], 


d  = 


/ 


(1  -k-n), 


1  +  k  +  n  '  ‘  1  +  k  +  n 

r-  u  +  *+  n)s  1 1 1 ~  3  ( 1  +  *»)  ■ +  n(  1  +  k)\ . 

5  =  I*3  +  3*2  (fl  -  1 1 )  4 -  k  (3«-  -  22 n  +  27)  + 


-+•(« — l)2(rt_3)l: 


fln  —  7i  ^  »•  ^ii 


H  —  Pa 


+2 

a,p?  —  a,p? 

b„  =  nb*  +  2 1  — - — 

21  .  “  r  i*i-i*a 


Pi  —  Pa 

Pi  — Pi' 

«,P>1  -  °2$P2 


C,,  - 


Ptt*a  ~  Pa!-*i 
1*1  —  14 


Pi- Pi 


PlPl  -  Plfi2 


alP\Pl  ~  a2$P I 


fl23  — 


1*1  —  Pi 


bi  3  —  * 


1*1 -1*3 

Pj-P  * 


1*1  — 1*3 


P?(*2  — PlH-, 

C23“  1*1  — Pi  ’ 


(52.9) 

(52.10) 


(52.11) 


(52.12) 


For  an  i jo tropic  plate 


|il  -  -  (ij  r  -  r  ).2  ;  0,  k  1  ,  n  —  -  2, 

g=  h  -  0,  W  -  r  I .  / .  -  s  —  1 , 

.  I 

flu  r  '  Ou  :  '  '"n  '  -  '  -j  j  '  . 


«21  -  -•  bu  •  f21  -=  ^  j  Lyy 


°2 3  '  ‘  ^23  '  ;  t23 


f23  •  •  C. 

L  -  C4,  D*-—!:*---  -CL 


(52.13) 


53.  DETERMINATION  OF  THE  STRESSES  IN  A  PLATE  WITH  TRIANGULAR  AP¬ 
ERTURE 


Let  us  consider1  an  anisotropic  plate  with  an  aperture  whose 
contour  is  given  by  the  equations 

x  --  a  (cos  0  |  :  cos  20),  | 

y  -  CP-20)  |  (53.1) 

(c  =  I ,  N  2).  I 

With  r.n  appropriate  choice  of  t.t^  (aramctcr  c  (wncee  absolute 
value  must  be  smaller  than  0.5)  this  aperture  will  differ  only 
slightly  from  an  equilateral  triangle  witn  rounded  corners.  With 
c  -  0.25  the  cuT'vature  of  the  middle  sections  of  the  sides  is 
equal  to  zero.  For  simplicity,  let  us  agree  upon  an  aperture  of 
the  form  (53-1;  which  in  the  following  will  be  called  "triangu¬ 
lar  .  " 

feme  problems  on  the  stress  distribution  ir.  ar.  isotropic 
plate  with  triangular  aperture  were  considered  in  papers  by  G.N. 
Savin*  and  M .  I .  Naym.an .  ** 

Let  us  assume  the  forces  X  ,  Y  distributed  on  the  edge  of 

n  n 

an  aperture,  tne  vector  sum  of  them  being  equal  to  zero;  in  other 
respects,  the  distribution  may  be  arbitrary. 

In  order  to  obtain  a  solution  to  this  problem  in  a  third  ap¬ 
proximation,  in  the  expressions  of  the  functions  cpi  and  cp*  the 
third  powers  of  e  must  be  retained  and  the  higher  ones  are  omitted. 
We  have 


?l  —  ?IO-f  e?ll  +  e2?|2-HeS?i3>  1  (53.2) 

?2  =  ?20  ~f  e?21  -f  e*?22  -f  eS?23-  I 

Since  a  =  1  the  form  of  the  functions  and  f ^  [Eqs. 
(51.12)  and  (51.13)]  is  simplified  a  little;  in  the  case  given 


235 


(53.3) 


{spa,, ,, 


m-l  \C,H-K  C,  ~4X,/ 

»-t  U+k  <;  -<v 

Cl  =  C-h  >|C.  Ca  — =  C  — X2C. 

On  the  contour  of  the  aperture  Conditions  (51.10.0)  and 
(50.10.k)  must  be  satisfied,  where  k  =  1,  2,  3. 

The  final  expressions  for  the  functions  cp  .  on  the  contour 
of  the  aperture  have  the  form;*  lK 

00  -  - 

?10-=-V|-  V  0-n., 

^  Hi  —  .^a 

M  ^  1  • 

m  - 1 

00  _ 

?I2  -  'V +  2 


,  A  .2  ,  <H.  ^i)  ■)  Soi^-2  (f1:  ^  * 

— p  “j - -  • 


(53.  *0 


oo  _  «. 

_  _  ,1  _i  V  Pa'"  ~  t*233'  i  a-m  I 

?,3  =  ^+  2i-izpp  0  + 

m»l 

-{-  (^U^-1  —  4/W'l)  5  —  A.W  -(- 


M„‘riV!)(^2-f,H-(si.^ -  tsf2^<n2  -^2)  1 


Hi  —  Ka 


^01^1  ^X2  ^1)  3'  fl0l^2  0*2  ^2^  ^ 


Hi  —  Ha 


'  o<‘  j 


Here  a~e  » A>>  Ai<  Ai  and  A  3  are  arbitrary  constants,  ?*,„ 
are  coefficients  entering  the  integrals  of  (51-9)  and  which  depend 
on  the  distribution  of  the  external  forces. 

Expressions  for  the  functions  will  not  be  given,  neither 

here  ror  in  the  following  sections  of  this  chapter;  they  are  ob¬ 
tained  from  the  expressions  for  cp^,  if  everywhere  in  the  latter 

A,  B,  p.2.  1,,  k2  jS  replaced  by  B,  A,  (i2,  |ip  X2,  X,  }  respectively  (or, 
briefly,  when  the  letters  B  and  A  and  the  subscripts  of  y  and  X 
are  exchanged).  The  constants  A 1 1  and  Bn  are  determined  from  the 
formulas 


A,=  *^+2V, 


(53.5) 


(  /,02>  Bol  are  the  coefficients  at  a  in  the  functions  cp  1 0  and 
9zo). 
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In  order  to  find  the  stresses  at  the  edge  of  the  aperture, 
we  must  use  Formula  (52.7)  substituting  in  it 

A  ---cos  3 —  2a  cos  20,  j 

B  ■-  si m  0  )-  2a  sin  20,  |  (53.6) 

C2  -  I  4a2 — 4a  cos  30.  I 

§54.  EXTENSION  OF  AN  ORTHOTROPIC  PLATE  WITH  TRIANGULAR  APERTURE* 

An  orthotropic  rectangular  plate  with  small  triangular  aper¬ 
ture  in  the  center  is  extended  by  normal  forces  p  which  are  dis¬ 
tributed  uniformly  along  two  sides.  The  principal  directions  of 
elasticity  are  assumed  parallel  to  the  sides  of  the  plate  and  the 
aperture  has  been  cut  out  such  that  the  direction  of  one  of  the 
three  sides  is  parallel  to  a  principal  direction. 

Just  as  in  the  case  of  an  elliptic  aperture  the  stress  dis¬ 
tribution  in  this  plate  is  obtained  by  superposing  the  stresses 

in  a  massive  plate,  without  aperture, 
which  is  extended  by  the  forces  p, 
and  the  stresses  in  an  infinitely 
large  plate  with  an  aperture  loaded 
by  forces  arranged  on  the  edge  of  the 
aperture.  The  additional  stresses  are 
determined  by  the  functions  ?iK)  and 
?2(^)'  which  are  chosen  in  such  a  way 
that  the  conditions  ^n"°.  Fnx=0  are 
satisfied  at  the  contour  of  the  aper¬ 
ture.  This  application  of  the  solution 
to  an  infinite  plate  will  be  justified 
if  the  dimensions  of  the  aperture  are 
small  compared  to  the  dimensions  of 
the  plate  sides  and  if  it  is  located 
in  the  center  of  it.  For  each  of 
these  cases  we  give  the  values  of  the  coefficients  akm,  A0,„,  B0m 
in  the  formula  for  the  stress  on  the  contour  of  the  aperture 

and  at  individual  points  of  it  obtained  in  a  third  approximation. 

Case  I .  The  forces  are  perpendicular  to  one  of  the  sides  of 
the  aperture  (Fig.  112). 


Fig.  112 


Po. 


Pal  a  _ Pal . 

~2  *  r  12  —  ~2~  ' 


the  other  $klll  and  akm  are  vanishing. 


(54.1) 


n0l 


BP 


pnl 

2(sV--M  ’  "w‘ 

A)m=  «<,„ 0  .  («»>2); 


P£l. _ I 

'  2  0m  “Hi)  ’  \ 


=  Pqj  +  [AD*  cos  3  BC*n  sin  0  — 


(54.2) 


—  2z(AD*  cos  2!)  BC*n  sin  23)  -f-  e2C‘/i  (Agk  cos  0  -}-  Bh  sin  0) —  ^  ) 

—  s?AC*kn  ( dh  -J-  g{  dgn)  cos  23  -j-  t*BC*n  ( Jgk  —  h[)  sin  23). 
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Remember  that  C2 }  D*  and  L  are  determined  according  to  Eqs. 
(52.8)  and  (52.10)  where  we  must  put 

A  =  cos  0  —  2e  cos  20,  | 

B  =sin  0  -{-  2e  sin  20.  / 

At  point  A  U  =  0,  Pig.  112) 

(3»U  =  j  [—  1  +  f~2 \  ~  i~Tt n  (dh  +  &  +  rf£")]  • 

At  point  C  (0=t.) 

(°8)c  =  j  [-  1  +  8n  +  ftps' n  ( dh  +  Sl  +  rf£")]  • 

The  investigations  show  that  the  highest  value  of  a ^  is  at 

the  points  D  and  D\  where  the  tangent  to  the  contour  is  parallel 
to  the  extending  forces  (Pig.  112).  The  position  of  these  points 
is  determined  by  the  values  0=±:0o,  where  do  is  the  smallest  solu¬ 
tion  of  the  equation 


(5^.4) 


(54.5) 


(54.6) 


cos00  —  2ecos20o  =  0.  (54.7) 

In  particular,  for  e  =  0.25  we  obtain  *><>=  1 1 1°30'.  At  the  points  D 
and  D\  the  stress  is  determined  by  the  formula 

(o»)d  =  P  ( 1  +  7j  lsin  °o— 2*  sin  20o  -f  zVi  sin  0o  -f-  ^(dgk—lil)  sin  20o]  j .  (54.8) 

For  an  isotropic  plate  p,  =  ltI  =  /,  s  =  h  =  0,  d=  1,  /  =  —  1 

a#  =  £(l— 2COS2D  +  Ai  cos  0  —  4e!)  (54.9) 

and  Eq.  (54.3)  obtained  in  a  third  approximation  proves  to  be 
identical  with  the  exact  formula  for  an  isotropic  plate.* 

Case  2.  The  forces  are  parallel  to  one  side  of  the  aperture 
(Pig.  113). 


“o'--®11  —  y;  (54.10) 

the  other  akm  and  all  pA))J  are  vanishing; 


A 


01 


PW  3  p  _  _  PW 1 

01  “  2 (^i  —  P-a)  ’ 

A0m  =  B0m  =  0  (fti^-  2); 


°»  =  +  [AC'kn  cos  0  -f  BE 4  sin  0  -f- 


A-  2s  ( AC*kn  cos  20  -{-  BE 4  sin  20)  -f- 
-J -t*C*kn\ — A(gn  /i)cos 0  -f- 5^ sin  0) -f- 

-f-  t^AOkn  Wgin*  —  k)  (dh  -f-  gl)n-\-  hi]  cos  20  — 
—  »3BC4An  (dh  -|-  gl  -f-  dgn)  sin  20). 


(54.11) 


(54.12) 
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The  stress  will  be  maximum  at  point  A  (Fig.  113): 


(ae)x  —  p- f-  7 "ZTot  '  T  I'  +  2e  — e2 (8n  *0  — 

(S^  13) 

—  t*dgk-\-  ^(gnr\-h)(dn-\~l)\.  V  5  2  J 

By  means  of  a  limiting  transition  from  the  approximate  equation 
(5*1.12)  we  obtain  the  stress  formula  for  the  isotropic  plate  ex¬ 
tended  as  shown  in  Fig.  113: 


--  Qi  (1  •  H  2  cos  20  —  \i  cos  0  —  4e2). 


(5*1. 1*1) 


This  formula  is  also  identical  with  the  exact  one. 

Let  us  give  some  results  of  calculations  for  a  veneer  plate 
with  an  aperture  characterized  by  the  parameter  e  =  0.25. 

In  Table  6  the  numerical  values  of  the  stress  (in  frac¬ 
tions  of  p)  are  compiled  for  the  most  important  points  of  the  con¬ 
tour  as  obtained  in  first,  second  and  third  approximations.  In  the 
case  of  tension  in  the  direction  of  which  is  perpendicular  to  the 
side  of  the  aperture  (Case  1)  the  numerical  results  obtained  are 
different  according  to  whether  the  direction  of  x  is  directed  par¬ 
allel  to  the  fibers  of  the  sheet  or  perpendicular  to  the  fibers. 
The  same  holds  true  for  the  extension  in  the  principal  direction 
of  y  (Case  2).  For  each  of  the  cases  1  and  2  the  values  given  re¬ 
fer  to  both  extension  along  the  fibers  of  the  sheet  (nT  —  £mal  and 

and  across  the  f ibers  {Ex  =■=  £,„ia  and  Everywhere  two 

significant  ciphers  have  been  retained  after  the  comma. 

The  results  of  a  calculation  of  the  stresses  in  a  fourth  ap¬ 
proximation  (which  are  not  given  here)  differ  only  very  little 
from  the  results  of  the  third  approximation;  in  any  case,  in  the 
fourth  approximation  the  first  cipher  after  the  comma  remains  one 
and  the  same  as  in  the  third  approximation.  It  is  therefore  unnec¬ 
essary  to  calculate  higher  approximations,  it  is  sufficient  to  use 
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TABLE  6 


The  Stresses  a %  at  Points  on  the  Contour  of  a 

v 

Triangular  Aperture 


1 

CflyuA  1 

1 

£ 

B  —  Emit 

Ex 

8=5  ^mlo 

£„  = 

^rulo 

ripMfljiU 

A 

D 

c 

A 

D 

C  . 

A 

c 

A 

c 

1-e 

-0,71 

10,61 

-0,71 

-1,41 

7,80 

—1,11 

14,38 

2,49 

10,45 

2,05 

2-e 

-0,74 

10,94 

—0,72 

-1,36 

7,93 

-1,40 

13,95 

2,31 

10,27 

1,99 

3-e 

-0,77 

10,86 

—0,70 

-1,43 

7,90 

-1,37 

14,09 

2,30 

10,33 

1,97 

1)  Case  1;  2)  case  2;  3)  points;  *0  approxi¬ 
mation  . 


the  third  or  even  the  second  approximation  in  order  to  estimate 
the  stress  concentration. 

For  an  isotropic  plate  with  an  aperture  at  which  e  =  0.25  we 
obtain  the  following  results. 


Case  1 .  At 

the  points  A  and  C 

(<J»)x  =— Pi 

(5^.15) 

at  point  D 

(a»)j)  =  5.32 p. 

(54.16) 

Case  2.  At 

point  A 

(«»)*  =  7  p\ 

(54.17) 

at  point  C 

(o8)c=  1,67 p. 

(54. 18) 

From  the  table  given  we  see  that  the  stress  concentration  in 
both  cases  (1  and  2)  is  higher  if  the  plate  is  extended  in  the  di¬ 
rection  of  the  fibers  of  the  sheet  (in  the  direction  of  higher  E ). 
With  an  extension  in  a  direction  perpendicular  to  the  fibers  of 
the  sheet  (i.e.,  in  the  direction  of  smaller  E) ,  the  stress 

is  distributed  over  the  contour  more  uniformly  and  the  difference 
between  the  maximum  and  minimum  stresses  on  the  contour  is  consid¬ 
erably  smaller  than  in  the  case  of  extension  in  the  direction  of 
large  E. 

Comparing  the  results  obtained  for  a  veneer  plate  and  an  iso¬ 
tropic  plate  we  see  that  in  all  cases  the  maximum  stresses  in  a 
veneer  plate  are  considerably  higher  than  in  an  isotropic  plate 
of  the  same  type. 
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All  these  conclusions  are  valid  also  for  a  series  of  other 
anisotropic  materials  applied  in  practice  (for  example,  for  vari¬ 
ous  forms  of  wood). 

The  solution  of  the  problem  on  the  extension  of  an  anisotrop¬ 
ic  plate  with  a  triangular  aperture  by  means  of  the  method  de¬ 
scribed  was  obtained  for  the  first  time  by  V.P.  Krasyukov.*  Anoth¬ 
er  approximation  method  of  determining  the  stresses  in  an  extended 
orthotropic  plate  with  triangular  aperture  has  been  suggested  in  a 
paper  by  K.  Stephens.** 

§55.  PURE  BENDING  OF  AN  ORTHOTROPIC  PLATE  WITH  TRIANGULAR  APER¬ 
TURE*** 

An  orthotropic  rectangular  plate  with  a  triangular  aperture 
in  the  center  is  deformed  by  forces  distributed  on  two  sides, 
which  can  be  attributed  to  the  action  of  the  moments  M  in  the 
mid-plane.  It  is  suggested  that  the  directions  of  the  sides  of 
the  plate  and  one  of  the  sides  of  the  aperture  are  parallel  to 
the  principal  direction  of  elasticity  of  the  material. 

Approaching  the  problem  in  the  same  way  as  the  problem  of 
the  extension  considered  in  &54  we  distinguish  also  here  between 
two  cases. 


Case  I .  The  sides  of  the  plate  parallel  to  one  of  the  sides 
of  the  aperture  are  loaded  (Fig.  11*1). 

o  __Ma*  ■£  Mai 

Po2  — tt>  Pu — 

a  Mai  -  _Mai  (55-D 

Pis  4/  ’  8 J 

( J  -  moment  of  inertia_of  a  plate  cross  section  perpendicular  to 
the  x-axis,  the  other  3 ^  and  all  a^m  are  vanishing; 


^01  =  '  ^01  — 

Mai  Mai 

02“8  87  (h-Hj)’ 

m  —  B0m  —  0  (hi  ^  3);  , 


(55.2) 
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J 


+  27ZO  {“  ^C'/i  cos  20  AD1  sin  2H  -|- 

4  e  l —  DC*n  (cos  D  —  3  cos  30)  AD'  (sin  H  -3  sin  3ft)|  -f-  (55-3) 

-j-  2s2 1 —  BC*n  cos  10  AD'  sin  10|  4 
-f  en BC*n  [h  0,5  (dgk  —  lit) |  cos  0  -  z'AC'gkn  sin  0  4 
4  0 ,5^AC*kn  ( till  -f  gl  -f  si  11  0  j , 

where  A  and  B  are  determined  according  to  Eqs.  (5**.*0 

At  the  points  A  and  C  (Fig.  11*0  °b  =  The  stress  reaches  its 
highest  absolute  value  at  the  points  D  and  D\  where  the  tangent  to 
the  aperture’s  contour  is  parallel  to  the  x-axis  (i.e.,  the  non- 
loaded  side  of  the  plate).  At  point  D 

(a®)x»  ~  4“  (sin  —  8  sin  20o)'i  {—  cos2004 

48(3cos300 —  cos0o)  —  2e2cos4004  (55 • ^ ) 

4 »» [h  4  0, 5  (dgk  —  hl)\  cos  0o} 

[the  angle  is  determined  from  Eq .  (5^.7)]. 

Carrying  out  the  limiting  transition,  we  obtain  from  (55.3) 
a  formula  for  an  isotropic  plate  which  coincides  with  the  exact 
expression: * 


°*  =  7^(s'n  ^  —  Jin  3*)  4 6  sin  4**  —  6s2  sin  fl). 


(55.5) 


Fig.  115 


Case  2.  The  sides  perpendicular  to  one  of  the  sides  of  the 
aperture  are  loaded  (Fig.  115). 


Mai  -  -  •  Mai 

®02  —  §7"'  all  — ®13 —  4J~  • 

Mai 

024  “  8/ 


(55.6) 


u 


is  the  moment  of  inertia  of  a  plate  cross  section  perpendic¬ 


ular  to  the  x-axis); 


a 


km 


with  other  subscripts,  and  all  are 


equal  to  zero; 


^02 


Aq{  B0l  -  -  0, 

_  __  Af^V, 

8-^  (lU  -  -  H2)  ’  02  &/V,  --  ^  ’ 

«<  ~  /Jo, «  ~  0  3); 


(55.7) 


°»  -jf-  (cos  0  |  e  cos  2D)  1  -  -f- 

+  2/Tci  [AOkn  cos  2f>  |  -  tf/:‘  sin  23  -f 

+  E  [AC'kn  (cos  3  3  cos  33)  -[-  /3ZT*  (sin  3  f.  3  sin  33))  {-  (55.8) 

4-  2e2  [AC'kn  cos  43  -f-  BE 1  sin  43)  -f' 

+  0,5*MC<*h[A(Z  —  2)  4- </£(«*  —  *)  -f  (d/i -+  gf~2ff)«lcosD-f- 
-f  tPBC'gkn  sin  0  —  O.Ss’/JC1*,/  (rf//  4-  gl  4-  rf£,i)  sin  3). 


At  point  A  (Fig.  115) 

c.)x=>+'i+jiferT|M+I‘+i,+  '  - , 

-f- 0,25s3 l/i (/ —  2)4-rf^(n2  —  k)  +  (dh  +  gl  —  2g)n)).  ,y; 

From  (55.8)  we  obtain  the  formula  for  the  isotropic  plate; 
it  also  coincides  with  the  accurate  expression:* 


(55.10) 


In  Table  7  the  values  of  the  stresses  c^  (in  fractions  of 

Ma/J)  are  given  for  a  veneer  plate  calculated  in  first,  second 
and  third  approximations  (for  Case  1  at  point  D  and  in  Case  2  at 
points  A  and  C).  The  parameter  e  is  taken  to  be  equal  to  0.25. 

In  each  of  the  two  cases  numerical  values  are  given  for  a 
plate  in  which  the  fibers  of  the  sheet  are  perpendicular  to  the 
external  sides  (  (£*  =  £„,„  and  Ey  =  E m„).  and  for  a  plate  where  the 
fibers  are  parallel  to  the  external  sides  {Ex  =  EmlD  and  Ev  —  EmiB). 

TABLE  7 

The  Stresses  at  Points  on  the  Contour  of  a 
Triangular  Aperture 


j  CjiyHaA  l 

2  Oiy'ufi  1 

Ex  —  ^max 

Ex  —  ^mio 

£y  = 

Emil 

Ey  = 

Tomiih 

■D 

; 

A 

C 

A 

c 

npHO.v 

l-e 

6,77 

5,11 

10,16 

-0,75 

7,56  . 

—0,75 

2-e 

6,73 

5,09 

10,71 

-0,91 

7,95 

-0,88 

3-e 

6,71 

5,08 

10,70 

-0,91 

7,94 

-0,88 

1)  Case  1:  2)  case  2;  3)  points;  4)  approxi¬ 
mation  . 
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Prom  the  table  we  see  that  the  third  approximation,  within 
the  limits  of  accuracy  accepted  (two  significant  ciphers  behind 
the  comma)  differs  very  little  from  the  second  or  is  even  the 
same.  Therefore  already  the  second  approximation  renders  it  pos¬ 
sible  to  estimate  the  magnitude  of  the  coefficient  of  concentra¬ 
tion  with  an  accuracy  sufficient  for  practice. 

For  an  isotropic  plate  with  the  same  triangular  opening  we 
obtain : 


Case  ! .  At  point  D 


Case  2.  At  point  A 


—  3,63 


(o8).  =  5,50. 


at  point  C 


(°8  )r.  = 


0,83 


(55.11) 


(55.12) 


(55.13) 


Table  7  shows  that  the  coefficient  of  stress  concentration 
in  a  veneer  plate  in  all  cases  reaches  much  higher  values  than 
the  coefficient  of  concentration  in  an  isotropic  plate  of  the 
same  form.  Of  the  two  basic  cases  of  orientation  of  the  principal 
directions  with  respect  to  the  loaded  sides  of  the  plate  the 
first  one  is  less  favorable  as  the  forces  are  there  acting  on  the 
sides  perpendicular  to  the  fibers  of  the  sheet  and  in  this  case 
the  stress  concentration  around  the  hole  is  higher. 

§56.  DETERMINATION  OF  THE  STRESSES  IN  A  PLATE  WITH  AN  OVAL  APER¬ 
TURE 

Let  us  consider  an  infinite  anisotropic  plate  with  an  aper¬ 
ture  whose  contour  equation  reads 


x  —.a  (  cos  D  -fe  cos  30), 
y  =  a(c  sin  0  —  a  sin  30). 


(56.1) 


When  o  is  positive  and  smaller  than  unity  the  aperture  has 
a  lengthy  form  and  the  x  and  y-axes  are  the  axes  of  symmetry. 

With  a  =  0.36  and  e  =  -0.04  we  obtain  a  figure  which  differs  only 
slightly  from  a  rectangle  whose  short  sides  have  been  replaced  by 
half  circles;  with  such  a  form  the  length-to-width  ratio  is  equal 
to  3  and  the  curvature  in  the  middle  of  the  long  sides  is  equal 
to  zero.  With  a  =  0.537  and  e  =  -0.038  the  hole  has  an  oval 
shape;  the  length-to-width  ratio  is  equal  to  1.93.  An  aperture  of 
the  type  (56.1)  with  a  <  1  will  be  called  oval  in  the  following. 
The  problem  on  the  extension  of  an  isotropic  plate  with  such  an 
aperture  (and.  in  particular,  with  an  aperture  for  which  a  =  0.537 
and  e  =  -0.038)  has  been  considered  by  Greenspan*  and  the  problem 
on  bending  caused  by  moments  by  Joseph  and  Brock.**  Solutions  to 
a  series  of  other  problems  for  an  isotropic  plate  with  oval  aper¬ 
ture  were  obtained  by  Ye.F.  Burmistrov***  (using  the  method  by 
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inhii'fcLfW1  -  ij- 


N.I.  Muskhelishvill ) . 


Assuming  m  Eq.  (56.1)  c  =  1 ,  we  arrive,  as  already  indi¬ 
values  of  t  wll]rdi  f-fth  f°i'r  aX6S  °f  symmetI’l'  which,  with  certain 
corners?^  only  llttle  from  a  stluare  with  rounded 

Assume  given  forces  Yn  attacking  at  the  edge  of  the  oval 

theI’functions1i’Jlh°andVe0^,r  u™  ^  e<5ual  t0  zero-  In  ‘his  case 
notions  <?,*(*,)  and  '-?2k(z2)  have  the  form  (51.7)  and  f  ir\  and 

/*CC»)  are  represented  by  the  series  ( 51 . 12  )- ( 51 . 13 )  /l(C,) 

the  exDressfo’:sef^0blem  V'  2  second  approximation,  we  omit  in 
i  e.,  we  haJe  91  “  ’’ 2  p0wers  °f  e  hieher  than  the  second. 


?1  =  ?io  +  e?ii  +  £2?12 


?2  "  -  ?20  +  e?21  “I-  e2?22 


(56.2) 


In  the  right-hand  sides  of  the  boundary  conditions  CRT  R ) 
we  also  neglect  all  powers  of  e  higher  than'the  second?  (51’5) 

After  some  transformations  we  obtain  the  following-  exnnp<? 
sions  for  the  boundary  conditions  of  the  functions J  ?  P  S‘ 

*  _  Y1 k' 


?.o  =  A0-f  2  % 

**  Hi  —  Ha 


w»-l 
ao  _ 


=  ^ +  2  a  ~ ,n  -  ^oiPi0 


mm  i 


oo 

V"’  1.2m  Ha32w  _  _i_ 
,  Hi  —  Ha  ~ 

mm  1 


_ Ai  Pi  (Ha  —  Hi)  +  5qi  Pa  (Ha  —  Ha) 

Hi -Ha  a  ’ 


?12 

Vim  l 

+  i(3/1oiai  +  6Aoj)  pf  ^up,]  o  -f  3A02)3f02-f  /oip*0»_j. 

-f  j(3/10laH-6j03)F?-A„p,|(;x,-|Ii)^|(35u,^+6flUJ)^2_fl„3j|  (fi2_'z) 

Hi -Ha  * 

2 


X  !-f-  3  A °2^  (^  ~  |Xl)  -1-  B^\  (Ha  —  Ha)  1 
0  ~Hi  —  Ha  0»  • 


+ 


'oJf  0*2  ~  ~  Hi)  •[-  50J2  (h2  —  h2)  i 


Hi  —  Ha 


(56.3) 


Here  aq,  av  A2  are  arbitrary  constants, 

Au  rr=  Ell—  Halu _ Api.M  (h?-HiW-  «„i?.(:»a  -  p)  , 
Hi -Ha  Hi -Ha*  + 

_  (''^oiai  "t-  3/i03)  p,, 

5U  —  —  LlLZllblu  _  /Toi3,  (;i,  (u,  ■  -  jh) 

Hi  — Ha  Hi  — Ha  " 

+  (soia2-f  3Z3oi)P2; 


(56.4) 


and  so m  are  obtalned  from  Eqs.  (15.15). 
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The  expressions  for  the  boundary  values  of  the  functions  cp2^ 

are  obtained  from  (56.3)  by  an  exchange  of  the  letters  A  and  B  and 
the  subscripts  of  p,  a  and  8. 

For  the  determination  of  the  stresses  at  the  edge  of  the 
aperture  Eq.  (52.7)  is  used  in  which  we  must  substitute 

/l  =  ccosD —  3e  cos 3ft,  |  ^ 

fl=  sin  0 -f- 3b  sin  3D.  J 

The  formulas  given  here  can  also  be  used  in  order  to  deter¬ 
mine  th3  stresses  at  the  edge  of  the  aperture  for  which  c  =  1 , 
ai  =  Pi“^p  a2  —  P2  —  ^2" 

§57.  EXTENSION  OF  AN  ORTHOTROPIC  PLATE  WITH  OVAL  HOLE* 

A  rectangular  orthotropic  plate  with  small  oval  aperture  is 
deformed  by  tensile  forces  p  distributed  uniformly  on  two  sides. 
The  principal  directions  of  elasticity  and  the  axes  of  symmetry 
of  the  aperture  are  parallel  to  the  sides. 


Solving  the  problem  in  a  second  approximation  (by  means  of 
superposition),  we  consider  two  cases  (denotations  see  §52). 

Case  I .  The  plate  is  extended  in  the  direction  of  the  major 
axis  of  the  aperture  (Fig.  116), 


Poi  —  —  \-pacl,  p,3  --2-pnl\  (57.1) 

?*•«*=  0  for  the  other  k,  w,  akm=-.  o  for  all  k,  m ; 


A  —  _  Pacl  R  —  Pacl 
01  2(Fl-F2)  1  "<»-  2  (iv- Ha)’ 

Aqik  —  B0m  ~  0  (hi  2); 

o»  =  p  (c(/lD'cosO  -J -BCkn  sinO)-L 

— e  [2 ACibllckn  cos  0  —  3AD4cos30  — 

—  BC*n  (2nuc  sin  0  — f-  3  sin  3f>)]  -(- 
.  -f-  2 e!C4cn  [--  Ak  (b2y  cos  0  -f-  36*,  cos  3D)  -j- 

-\-B(au  sin  0 -f- 3j*,  sin  3D)]}. 


(57.2) 


(57.3) 


The  stress  distribution  on  the  contour  is  symmetrical  rela¬ 
tive  to  the  axes  of  the  aperture.  It  reaches  its  highest  (abso¬ 
lute)  value  at  the  points  A  and  A\  or  at  the  points  B  and  B\  at 
the  ends  of  the  axes  (Fig.  116). 


j 

y 

tint! 

y////// 

IIIIIp 

_ 

.  > 

77tJ  1 

HHI 

HHIp 

117 


At  the  points  A  and  A 1 


4-  *  (3  +  2btlcn)  -  2 zhn  (bu  +  3 &„)]; 
at  the  points  B  and  Si 


(57.4) 


(°»)jB=:/,  +  y33i«|c  +  e(3—2fluc)4- 

4*  2EJc(a2l  —  3a23)l. 


(57-5) 


In  an  isotropic  plate  at  the  same  points  A,  A\  and  S,  B j,  by 
virtue  of  (57-4)  and  (57.5) 


(»•>*  = 


[‘ 


E  - - -  _L  EJ  C _ ]• 

E!+c-he  (1  +  C)»J * 


(°o)n  —  P  4  T. 


2  P 


1  —  3c 


e4±^-|-e2 _ - _ 1 

1  +  e  1  (140T 


(57.6) 

(57.7) 


In  contrast  to  the  plates  with  triangular  apertures,  Eqs.  (57.6) 
and  (57.7)  for  an  isotropic  material  do  not  agree  with  the  exact 
formulas  but  are  approximations  [to  the  same  degree  as  Eqs.  (57.4) 
and  (57.5)]. 


Case  2.  The  plate  is  extended  in  the  direction  of  the  minor 
axis  of  the  aperture  (Fig.  117), 


the  other  a, 
km 


and  all  3 
^01 


1 

avi  “  '  *  ~  y  P11’ 

are  vanishing; 


_  P±\ i?__  n  _  _Wi_ 

2(^1-^''  01 ' "  *  '2(:n  -^y 

\m  —  --  0  («»  >  2); 


(57.8) 


(57.9) 
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(57.10) 


°8  —  P-Qi  -f-  -jgf  [ACikn  cos  0  -|-  BE 4  sin  0  -}- 

+  «  \AC*kn  ( —  2c,,  cos  ft  -f-  3  cos  3ft)  -f- 
+  2 BC*bnkn  sin  !)  -f  3 BE*  sin  3ft)  -f 
*4*  2 &2C*kn  [A  (c21  cos  ft  -f-  3c23  cos  3ft)  — 

—  B  (b2l  sin  I)  -(-  3 bn  sin  3ft)] ) . 

At  the  points  A  and  Ai  (Pig.  117) 

(o8)x  =  A+  T—Zi  ‘  T  l1  +  «(3  —  2fii)  +  2£j(f2i  +  3c23))‘>  (57.11) 

at  points  B  and  B\ 

(a*)B  =  rzi; k  [—  1  4-e(3  +  2ft„«)+2eJ«(—  -I- 3*23)1-  (57.12  ) 

At  the  same  points  of  an  Isotropic  plate 

A['+«TT7  +  ‘!irRr);  (57-13) 

<«.)*”- r^[>+.\^+'!<H^].  (57.1*0 

In  Table  8  the  results  of  calculating  the  stresses  o  at  the 

*0 

points  A  and  B  of  a  veneer  plate  with  an  aperture  for  which  c  = 
0.36  and  e  =  -0.04  are  compiled;  we  consider  the  cases  where  the 
major  axis  of  the  aperture  is  parallel  to  the  sheet  fibers  and 
where  it  is  perpendicular  to  the  fibers.  The  values  of  a  are 
given  in  fractions  of  p .  ^ 


For  an  isotropic  plate  with  such  an  aperture  we  obtain  the 
following  values  for  the  stress  0^  at  the  points  A  and  B: 


(a8)4  =—.{), 92p.  (oB)a=  l,39/>. 
(°8  )x  =  4,44p,  (od)*^  — °<90 p. 


(57.15) 

(57.16) 


In  Table  9  we  give  the  results  of  calculations  for  a  veneer 
plate  with  an  aperture  characterized  by  the  parameters 
c  =3 0,537,  e  =  — 0,038.  For  such  an  isotropic  plate  we  have  at  the 
points  A  and  B: 


Case  I  . 

Case  2. 


(°o)x  =  “  0.92B.  (ao)ji 1  >7  ]P- 
(oD)4«3,58  p,  (’»)/;  =  — °*92 1>- 


(57.17) 

(57.18) 


In  Tables  8  and  9  only  the  first  and  second  approximations 
have  been  given.  The  calculations  show  that  with  given  values  of 
the  parameters  of  the  aperture  and  other  constants  the  third  and 
higher  approximations  do  not  alter  the  first  two  ciphers  behind 
the  comma. 


Comparing  the  ciphers  of  these  tables  for  different  cases 
and  juxtaposing  them  to  the  values  obtained  for  the  isotropic 
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TABLE  8 


Stresses  a ^  at  Points  of  the  Aperture's  Con¬ 
tour,  c  =  0,36,  «  =  —  0,04 


1 

GiymA  1 

2  GiyMiA  2 

Ex  —  ^mlo 

Ey 

—  Em&i 

Ey" 

=  ^mlB 

^*^^3  To*ikh 

A 

B 

A 

•  B 

A 

B 

A 

*  B 

l-e 

-0,62 

1  79 

-1,25 

1,59 

8,54 

—0,61 

6,39 

-1,20 

2-e 

—0,63 

1,78 

-1.21 

1,58 

8,50 

-0,61 

■6,38 

—1,19 

1)  Case  1;  2)  case  2;  3)  points;  4)  approxi¬ 
mations  . 


TABLE  9 

Stresses  at  Points  of  the  Aperture's  Con¬ 
tour,  c  =  0,537,  t=  —  0,038 


j  Cay 'll  A  l 

2  OiyiiA  2 

• 

Ex  —  E; nax 

Ex  —  ^mla 

Ey  ~r  E 

Ey- 

^mln 

Tomkm 

llpufljiFir — 

A 

B 

A 

B 

A 

B 

A 

B 

l-e 

-0,63 

2,51 

-1,27 

2,10 

6,65 

-0,63 

5,04 

-1,24 

2-e 

-0,63 

2,50 

-1,27 

2,09 

6,63 

-0,63 

5,03 

-1,24 

1)  Case  1;  2)  case  2;  3)  points;  approxi¬ 
mations  . 


plate,  we  arrive  at  the  same  conclusions  as  in  the  case  of  the 
extended  plate  with  triangular  aperture,  namely:  1)  the  stress 
concentration  is  highest  in  the  case  where  the  plate  is  extended 
in  the  direction  of  the  higher  Young's  modulus  (i.e.,  along  the 
sheet  fibers);  2)  the  coefficients  of  concentration  for  a  veneer 
plate  are  in  both  cases  1  and  2  higher  than  the  coefficients  of 
^  concentration  for  the  same  isotropic  plate. 

r 

§58.  PURE  BENDING  OF  AN  ORTHOTROPIC  PLATE  WITH  OVAL  HOLE* 

J? 

On  a  rectangular  orthotropic  plate  with  a  small  oval  hole, 
as  considered  in  the  preceding  section,  forces  are  assumed  to  act 
which  are  distributed  on  two  siues  and  which  are  due  to  bending 
moments  M. 


-> a b e  I  .  The  forces  are  applied  to  the  sides  parallel  to  the 
minor  axis  of  the  aperture  (Fig.  118). 


rY 
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(58.2) 


plt-4£.  8.  ^  g  ^ 

87  2  4J  P,t  ir-  P*.=-ar.  (58. 1} 

the  other  and  all  are  equal  to  zero; 

Aoi  ~  Bn  —  0, 

A«  =.-***!!£_  o  =_  Ma>c> 

02  8 y(m-nj)  •  (58.2) 

^Om  —  S0m  =  0  (m  3) 

ine!  tlTX.fa^f^e  aperture "Ctl°n  °f  the  Plate  pai" 

°*  =  ^j  (c  sin  8  —  e  sin  38)^4. 

+2^3  {c2(— BC</icos284-/iD<sin28)4- 

-f-  2ec  ( —  BC*n  (cos 20  —  2 cos  40) 4-  (c-o  ^  \ 

-f-  /ID4  (sin  20  —  2  cos  48)]  -(-  °  ‘ 

+  3s2  [BC*n  (2a23cycos  2Q  —  sin  63)  -f- 
+  2AC*c2b23kn  sin  28  4-  AD1  sin  63]  ]  . 


(58.3) 


V=% 

77,777777/ 


Fig.  118 


118)  4Uhe  polnts  A  and  Ai  at  the  ends  of  the  major  axis  (Fig. 

s'.ss;  ;.r& ,*ue/s%s 

Ms  =  —  {  c  f  e  4-  [0.5c2 4-  3ec  4-  1 ,5s2  ( 1  —  2a23c2)]  J  .  (58.4) 

to  ^  StrSSS  at  the  Same  P°lnt  of  an  ^otropic  plate  Is  equal 

(a»)s  —  yjrzrge)  lC  ( I  4"  c)  4“  8  ( 1  4"  3c)J . 

(58.5) 

Sion,  just  as  in  the  case  of  the  triangular  aperture. 

lor  axise0f‘th»!rs  ^  a?plled  tolhe  sldes  Parallel  to  the  ma- 
jor  axis  01  the  aperture  (Fig.  119), 
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Ala*  -  -  Mat  -  _  A)fl3  _ 

a02  ~  gy'1  ai2-'al4“‘  ~\j~'  a2C"~  ~sT  ' 

«*«*--■  0  for  other  A.  m;  pi.,,  =  0; 


(58.6) 


^01  ~  floi _  ■ 

_  2UQ-H-2  _  n  _ _ 

02  “  w  (m  -  hi)  '  02  sy  (Fl  -  K2) 

^Om  =-:  B0m  r=  0  (ffl  >  3) 


(58.7) 


(J  is  the  moment  of  inertia  in  a  cross  section  of  the  plate  par¬ 
allel  to  the  major  axis  of  the  aperture); 


o8  r=  —  (cos  ft  -f-  e  cos  3ft)  ^  -f-  27 iqj  (AC{  kn  cos  2ft  BE 4  sin  2D  -f- 

-|-  2e  \AC*kn  (cos  2ft -\-  2  cos  4ft)  +  BE*  (sin  20  +  2  sin  4ft)J  + 

-f  3s°  [AC*kn  (2c23  cos  2ft  +  cos  6ft)  — 

—  2BC*bukn  sin  2ft  +  BE*  sin  6ft) }  . 


(58.8) 


At  the  points  B  and  Si  (Pig.  119)  09  =  0. 

At  point  A,  at  the  end  of  the  major  axis5 

(aoU  =  ^-7-  {l  +  e  +  -c  _r3~  •  j  10,5  -f-  3e  +  1,5a2  (I  +  2c23))  J  .  (58.9) 

At  the  same  point  of  an  isotropic  plate 

'(3  +  0I.  (58.10) 

and  this  formula  agrees  with  the  exact  one. 

The  numerical  values  of  the  stress  a.  (in  fractions  of  Ma/J) 

V 

at  point  B  in  Case  1  and  at  point  A  in  Case  2  are  compiled  in 
tables  for  a  veneer  plate. 

Table  10  applies  to  a  plate  with  an  aperture  whose  parameters 
are:  a  =  0.36,  e  =  -0.0  +  For  an  isotropic  plate  of  this  form  we 
obtain : 


Case  I .  At  point  B 


(°9)b  =  0,36  .  (58.11) 

Case  2.  At  point  A 

(«.)a  =  2,55^?.  (58.12) 

» 

In  Table  11  we  give  the  values  for  a  plate  whose  aperture 
is  characterized  by  the  parameters  o  -  0.537  and  e  =  -0.038.  For 
an  isotropic  plate  with  such  an  opening  we  obtain  the  following 
values : 

Case  I .  At  point  B 
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. . . . . inf*m,»i,ri>  inin»» m.i  um  1  *«■« 


ill  1  Tilth  111  min . — » 


r . 


tit 


(°»)b  =  0,65  ~ . 


(58.13) 


Case  2.  At  point  B 


(°8>x  2,16  J  ‘  (58.14) 

Two  significant  ciphers  are  everywhere  retained  after  the  comma. 


Pig.  119 


TABLE  10 


Stresses  Oq  at  the  Points  of  the  Aperture's 
Contour,  c=.0.36.  .  =  —  0,04 


j  CjiyqaA  1,  tomki  B 


2  OiyMaA  2,  tomki  A 


Ex  ~  E*  ~  fiolo  Ey  =  fm.i  Ey  =  E m|n 


1)  Case  1,  point  B ;  2)  case  2,  point  A;  3)  ap¬ 
proximation. 


TABLE  11 

Stresses  at  the  Points  of  the  Aperture's 
Contour,  c  =  0,537,  a  = —0,038 


C/iyMafi  1,  tomki  B 


2  C/iymA  1,  tomki  A 


Ex  —  f  rat  x  Ex  —  £,□(„  Ey  =  Ea 


Ey  —  Em  |D 


1)  Case  1,  point  B\  2)  case  2,  point  A;  3)  ap¬ 
proximation. 
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As  we  see  from  these  tables,  the  coefficient  of  stress  con¬ 
centration  is  higher  in  the  case  where  the  sides  of  the  plate 
perpendicular  to  the  fibers  of  the  sheet  are  loaded. 

§59.  EXTENSION  OF  AN  ORTHOTROPIC  PLATE  WITH  A  SQUARE  HOLE* 

Consider  an  orthotropic  plate  with  the  principal  directions 
of  elasticity  parallel  to  the  directions  of  the  sides,  which  is 
weakened  by  a  small  central  hole  whose  contour  is  given  by  the 
equation 


x  a  (cos  fl  e  cos  3D),  | 

y  —  a  (sin  ft  --e  sin  3D)  J  (59-1) 

(the  axes  x  and  y  are  parallel  to  the  sides). 

With  certain  values  of  the  parameter  e  (e.g.,  with  e  =  — V9)  } 
the  aperture  differs  only  little  from  a  square  with  rounded  cor¬ 
ners;  in  the  following,  for  the  sake  of  simplicity,  we  shall  call 
it  square . 

With  positive  e  the  (rounded)  corners  of  the  square  lie  on 
the  axes  x  and  y,  i.e.,  these  axes  coincide  with  the  diagonals; 
with  negative  e  the  sides  are  parallel  to  the  coordinate  axes. 

Let  us  assume  the  plate  extended  by  the  forces  p  which  are 
distributed  uniformly  on  two  sides  (Figs.  120  and  121). 


Fig.  120 


Fig.  121 


The  formulas  in  order  to  calculate  the  stresses  a,,  on  the 

•u 

contour  of  the  hole  and  at  individual  points  of  it  are  obtained 
in  a  second  approximation  from  Eqs.  (57 . 3)= (57.7) ,  assuming  a  =  1. 

oa  =  p~j- J-  (  AD*  cos  fl  j--  BC*n  sin  0  — 

—  t\AC*  dkri  cosft -\  3AD*  cos3b  |  BC*n  (/  sin  0  {- 3  sin  30)] —  (59-2) 

—  z*C*n  ( Ak(r  cos  0  -  3g  (.os  30)  {-  B(s  sin  !)  —  3 li  sin  30)j  ). 

At  the  points  A  and  A \  at  the  ends  of  the  diameter  parallel 
to  the  forces  the  stress  is  given  by 


,  j  f  ■*!  In  n'li  ~rWl  ■ 
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The  first  two  of  them  are  approximative,  the  third  agrees 
with  the  exact  formula.* 

From  Eqs.  (59 • 2 )- (59 . 8 )  one  can  calculate  the  stresses  in  a 
plate  with  aperture,  both  in  the  case  of  extension  along  the  dia¬ 
gonals  (Case  1,  e  >  0,  Fig.  120),  and  in  the  case  of  extension  in 
the  directions  of  the  sides  of  the  square  (Case  2,  e  <  0,  Fig. 
121).  In  order  to  pass  over  from  one  case  to  the  other,  we  must 
only  change  the  sign  of  e  wihout  changing  the  value  of  this  para¬ 
meter  . 

The  values  of  a  at  the  points  A,  B  and  C  (in  fractions  of 

p)  for  a  veneer  plate  with  aperture,  for  which  |e|  =  1/9,  are 

given  in  Table  12.  In  both  cases  we  considered  the  extension  in 

the  direction  of  the  higher  young's  modulus  ( E  =  E  )  and  of 

cc  ma  x 

the  smaller  one  (2?  =£’.).  The  results  given  have  been  Galen¬ 

ic  min 

lated  not  only  in  first  and  second  approximations  but  also  in  the 
third  approximation  [according  to  a  formula  which  is  not  given 
here);**  we  retained  everywhere  two  ciphers  after  the  comma]. 

For  an  isotropic  plate  with  the  same  aperture  we  obtain  the 
following  values  for  the  stresses  a ^  at  the  points  A,  B  and  C: 

Case  I ,  e  =  1/9 

(«8>x  5.38/7, 

(58)8  =  5,38/7,  (59.9) 

(Pb)a  —  0,5/7. 

Case  2,  e  =  -1/9 
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(o8)x-  :  •  0,85/*, 
(Oa)W  =  :  1 ,85/*, 

(Jo )c  -  :  V 


(59.10) 


TABLE  12 

Stresses  o.  at  Points  of  the  Contour  of  a 
0 

Square  Hole 


l 

Cjij 

inti 

1,  t 

1 

9' 

? 

Cjiy>iaii  2, 

C  S.-5 - 

1 

9 

Ex 

—  ^MlUX 

Ex 

Ex 

r?  F 
'-'fllftX 

Ex 

“  ^M»l0 

TOMKII 

A 

B 

c 

A 

B 

C 

"1 

B 

C 

A 

B 

C 

l-e 

-1,01 

10,9(5 

0,20 

-2,03 

7,92 

0,10 

-  0,55 

2,70 

0,81 

-  1,11 

2,27 

1,26 

2-e 

-1,05 

10,79 

0.22 

-2,05 

7,85 

0,11 

--0,57 

2,61 

0,82 

-1,12 

2,23 

1,27 

3-e 

—1,05 

10,82 

0,21 

-2,06 

7,86 

0,11 

-  0,57 

2,60 

0,83 

-1,11 

2,22 

1,28 

1)  Case  1;  2)  case  2;  3)  points;  4)  approxi¬ 
mation. 


Within  the  limits  of  accuracy  accepted,  the  third  approxima¬ 
tion  for  the  plate  given  differs  only  little  from  the  second  or 
is  even  equal  to  it. 

The  conclusions  which  can  be  drawn  when  comparing  the  results 
for  a  veneer  plate  and  an  isotropic  plate  are  quite  analogous  to 
the  conclusions  drawn  previously  with  respect  to  the  plates  with 
other  apertures.  The  stress  a ^  in  an  isotropic  plate  varies  along 

the  contour  more  rapidly  than  the  stress  in  an  analogous  isotrop¬ 
ic  plate,  forming  "peaks"  at  individual  points.  This  also  explains 
the  fact  that  the  maximum  stress  in  a  veneer  plate  is  in  all 
cases  higher  than  in  an  isotropic  plate.  The  stress  concentration 
coefficient  in  a  veneer  plate  is  higher  in  the  case  of  tension  in 
the  direction  of  the  high  Young's  modulus  (along  the  fibers  of 
the  sheet)  and  smaller  when  tension  is  exerted  in  the  direction 
of  the  small  E  (across  the  fibers);  in  the  latter  case  the  stress 
is  distributed  more  uniformly  along  the  contour.  It  should 

also  be  mentioned  that  the  maximum  stress  in  a  plate  stressed  in 
the  direction  of  the  diagonal  of  the  aperture  is  much  higher  than 
the  maximum  stress  when  the  plate  is  extended  in  the  direction  of 
the  side  of  the  aperture  (at  least  for  the  plates  considered 
here ) . 

§60.  PURE  BENDING  OF  AN  ORTHOTROPIC  PLATE  WITH  SQUARE  APERTURE* 

Consider  a  rectangular  plate  with  a  small  quadratic  hole  in 
its  center,  as  considered  in  the  preceding  section,  which  is  sub¬ 
ject  to  the  action  of  forces  applied  to  two  sides,  which  are  due 
to  the  moments  M.  With  e  >  0  the  moments  act  in  such  a  way  as 
shown  in  Fig.  122,  with  c  <  0  such  as  in  Fig.  123. 


W74*-  rv/ra-ttr*  MAiixraw  .. 


Prom  the  formula  for  a  plate  with  an  oval  opening  (58.3) 
with  a  =  1  we  obtain 

a*  =  41? (sin  0  —  e  sin  3&)~  {  -  BC4/i  cos  20  -|-  /ID4  sin  20  f 

4*  2s  (— •  BC4/j  (cos  20  --2  cos  40) -f-  AD 4  (sin  20  —  2  sin  40)] 4-  ( 60 . 1 ) 

-f-  3e2  \BC*n  ( h  cos  20  -  -  cos  60)  — 

—  AClgkn  sin  20  -f-  /ID4  sin  60] }  . 

At  the  points  A  and  A  i  (Figs.  122  and  123)  a8  =  0.  At  point  B 

(«»)fl  =  7 li  +  0,5/i  —  e  (2-3/1)— 3c2 0  +0.5/ib— 0,5«)].  ( 6 0 . 2 ) 

At  the  opposite  point  30  will  have  the  same  absolute  value 
but  the  opposite  sign. 

At  the  points  C  and  C\ 

(°®)c  =  7(1  +  3.)  •  ~  ija  1 1  “  k  +  2s  ( i  —  k  -  2«)+  (60. 3) 

4-3e2(A  —  gkn—  I)]. 

The  stress  at  the  symmetrical  points  C2  and  C3  differs  from 
the  stress  at  the  points  C  and  C i  only  by  the  sign. 


c* 

pi  -  o 


rct  3 

14.  o  a  Z 


Fig.  122 


Fig.  123 


For  an  Isotropic  plate  we  obtain  for  the  points  B  and  C : 


,  .  2Ma  1  +2t 

(°8)a  J  1  _  3c  ■ 


(°&)c  =  — 


2  y~2Ma 


(60.4) 

(60.5) 


1  -|-  3t’ 


These  formulas,  which  have  been  obtained  from  the  approximate 
formulas  by  means  of  a  limiting  transition,  are  also  identical 
with  the  exact  ones.* 

In  Table  13  the  numerical  values  of  are  compiled  in  frac¬ 
tions  of  Ma/J  for  the  points  B  and  C  of  a  veneer  plate  obtained 
in  first  and  second  approximations;  the  aperture  parameter  is 
taken  equal  to  e  =  drV9.  The  third  approximation  is  not  given;  in 
the  worst  case  it  differs  from  the  second  by  at  most  0.01. 
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In  an  isotropic  plate  the  stresses  at  the  points  B  and  C  are 
Case  I ,  e  =  1/9 


Case  2,  e  =  -1/9, 


<«»)b=  U7y; 
(°a)c=0,47^. 


(°s)fl  ==  3,67  y? ; 
(°e)c  =  —  0,24  ~ . 


Values  of  at  Points  on  the  Contour  of  a 
v 


TABLE  13 
Values  of  at 

V 

Square  Aperture 


(60.6) 


(60.7) 


Cjiy^afi  1,  c  =  — 


Cay  Mail  2,  i  =  — 


^^^To'ikh 

npilO.I.  4^; 


B 


£raax 

Ex  =  £mln 

£*  = 

^max 

Ex  —  Em\a 

c 

B  C 

B 

c 

B  C 

—0,13 

5,11  -0,11 

1.47 

0,18 

1,31  0,34 

— 0,13 

5,10  -0,11 

1,46 

0,18 

1,30  0,34 

1)  Case  1;  2)  case  2;  3)  points;  4)  approxi¬ 
mation  . 


A  comparison  of  the  values  for  a  veneer  plate  and  an  isotrop¬ 
ic  plate  leads  us  to  conclusions  which  are  quite  analogous  to 
those  drawn  for  plates  with  triangular  or  oval  apertures. 


Manu¬ 
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Chapter  9 

THE  THEORY  OF  BENDING  OF  ANISOTROPIC  PLATES  (THIN  SHEETS) 

§61.  APPROXIMATE  THEORY  OF  BENDING  OF  ANISOTROPIC  PLATES  (THIN 
SHEETS) 

The  cases  considered  in  Chapters  2-13,  dealing  with  the  de¬ 
formation  of  anisotropic  plates  are  characterized  by  the  fact 
that  the  median  surface  of  the  plates  remains  plane.  In  the  pre¬ 
sent  chapter  we  shall  consider  the  general  theory  of  deformations 
of  anisotropic  plates  with  which  the  median  surface  becomes 
curved,  that  is,  the  theory  of  bending.  Here  we  shall  only  treat 
this  category  of  plates  which  has  become  known  as  the  "thin 
sheets"  and  we  shall  deal  with  the  approximate  theory  of  thin 
sheets.  The  basic  conceptions  of  the  theory  of  bending  of  aniso¬ 
tropic  plates  may  be  found  in  the  papers  by  Gehring*  and  Boussi- 
nesque.**  The  approximate  theory  of  bending  of  anisotropic  plates 
was  developed  mainly  in  the  papers  by  Huber.*** 

In  the  theory  of  elasticity  the  term  thin  sheet  is  applied 
to  a  plate  whose  thickness  is  small  compared  with  the  other  di¬ 
mensions,  carrying  out  studies  on  bending  and  investigating  de¬ 
flections  which  are  small  relative  to  the  thickness  (in  any  case 
they  must  not  exceed  the  thickness). 

Since  within  the  framework  of  the  present  book  we  are  only 
concerned  with  thin  sheets,  we  shall  call  them  in  the  following 
simply  "plates." 

Let  us  consider  the  elastic  equilibrium  of  a  plane  homoge¬ 
neous  anisotropic  plate  of  constant  thickness,  which  is  fixed  on 
its  whole  edge  or  partly,  and  which  is  deformed  by  a  bending  load. 

In  the  general  case  the  bending  load  consists  of  the  load  q 
in  kg/cm2,  distributed  on  plane  surfaces  and  normal  to  the  median 
surface  in  its  nonctrained  state,  and  of  loads  which  are  distrib¬ 
uted  on  the  edges,  in  the  form  of  bending  moments  m  and  forces  p 
normal  to  the  nonstrained  median  surface;  the  latter  may  be  given 
or  may  be  reactive  moments  and  strains  arising  at  the  fastened 
places . 

In  the  most  general  case  the  plate  is  assumed  to  be  nonortho¬ 
tropic  but  possessing  at  every  point  a  plane  of  elastic  symmetry 
which  is  parallel  to  the  median  surface. 

We  assume  the  mid-plane  of  a  nondeformed  plate  in  the  xy- 
plane;  the  origin  of  coordinates  is  placed  at  an  arbitrary  point 
0,  the  s-axis  is  directed  to  the  nonloaded  outer  surface  (Pig. 
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124).  Volume  forces  will  be  neglected.  On  the  basis  of  the  suppo¬ 
sitions  made  as  to  the  elastic  properties  we  shall  assume  the  equa¬ 
tions  of  Hooke's  generalized  law  in  the  form  (2.5)  applicable  to 
the  plate. 


The  approximate  theory  of  bending  of  plates  (thin  sheets)  is 
developed  on  the  following  two  suppositions: 

1)  rectilinear  sections  which  in  the  nonstrained  state  of  the 
plate  were  normal  to  the  plane  of  its  median  surface  remain  rec¬ 
tilinear  and  normal  to  the  curved  median  surface  after  bending 
(hypothesis  of  the  straight  normals"); 


2)  the  normal  stress  a in  sections  parallel  to  the  median 

surface  is  a  small  quantity  compared  with  the  stresses  in  the 

cross  sections  a  ,  a  and  t 

x’  y  xy 

Let  us  denote  by  h  the  thickness  of  the  plate,  by  u  and  v 
displacements  of  arbitrary  points  in  the  directions  of  the  axes 
x  and  y  and  by  u(x,  y)  the  deflection  of  the  median  surface,  i.e., 
the  displacement  in  the  direction  of  the  z-axis  of  particles  of 
zhe  plate  lying  in  the  median  surface;  the  form  of  the  function  w 
depends  on  the  form  of  the  curved  median  surface. 


From  the  first  supposition  it  follows  that 


v  — 


z 


dw 

57’ 


e 


X  ’ 


ftw  (fiw  _  _  n  5?«l_ 

Zdx *'  zdf‘  ^xu ' "  ZZdxdy' 


(61.1) 

(61.2) 


Assuming  the  equations  of  Hooke's  generalized  law  (2.5)  valid 
for  the  plate,  we  use  three  of  them  (neglecting  a  ): 

3 


ex~'an3.r~^  nu'u  1 '  ni€,~jy 
® y  ^.'23!/  I  '  *L')\r|/’ 

Txu  ~  °io3x  '4 '  a:iPu  ^co'j  v 


(61.3) 


Solving  these  equations  with  respect  to  the  stress  components 
we  obtain 
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(61.4) 


The  constants  B..  are  expressed  In  terms  of  a...  namely: 
tj  to 


(a22fl66  °26 

). 

Rn 

A"(0lia66 

«?.)■ 

^12  ~ 

■jf  (al0fl2G  ~  °I2 

®GG 

=  S-(%fl22- 

- 

®IG  — 

1  ,  • 

^(a\2a2G  0  22 

"ig)' 

^2G 

1  , 

=  "  X  (°l2al«  - 

*  flll°2c) 

°n- 

fll2- 

WI6 

■  A  = 

°12' 

n12< 

°2G 

0 10  • 

a  26' 

°6G 

(61.5) 


The  components  of  the  strains  t  and  t  are  determined  from 
the  equilibrium  equations  zx  z ^ 


dx  '  dy 


dz 


-0, 


dx*v  J Jjy  Ldy±-  n 

d*  +  dj  d;  “ 


(61.6) 


Taking  into  account  that  on  the  outer  surfaces  z  =  ±:/i/2  x.a  =  x.„  —  0. 
we  obtain 


■ - 1  (*’ ~  t)K  -I" <»'■  +  + 

+  3B‘*k) J3+ 


(61.7) 


Let  us  consider  separate  areas  in  the  plate  which  are  normal 

to  the  Initial  mid-plane  xy ,  with  a  height  equal  to  the  thickness 

of  the  plate  and  the  base  sides  dx  and  dy ;  the  stress  components 

a  ,  a  .  t  can  then  be  reduced  to  the  moments  Mudx,  //  <y.v  and 
xJ  y 3  xy  v  xu 

M  dy,  H  dv  and  T„  ,  T  to  the  forces  Nxdy,  Nydx.  The  quantities 
x  ✓  yx  ✓  ■  zee  z y 

M  j  M.  are  called  the  bending  moments,^*/-  fiu*  the  torsion  moments 
cc  y 

and  N  j  N  are  the  crosscut  forces  (all  referred  to  a  unit  length 
x  y 

of  the  median  surface).  Obviously, 


M3 


V2  ’  hi  2 

J  dz I  My  =-=  ^  OyZ  dz, 


H 


-hfi 


xy 


H y 


.-hi 2 


h/2  h/2 

Wa=  J  ^ixdz,  Ny=  J  x.ydz. 
-ha  -hj  2 


h/2 

J  xxyz  dz, 
-ha 


(61.8) 
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From  tMs  and  from  (61.4)  and  (6l.7)  we  can  derive  the  functions 


,  n  0  . 

I  dx-i  2o  dy*  '  ‘  1  M  dx  dy 

3  0.5 WTy  +  ■ 


V- 

’f)=J 


(Di-S+D»w+«^). 

|M»  ■"  ‘  "  (D‘!  5,1-1-  °!S  5J1  -i-  2  °!6  5i  J  ) . 

Hn  =  —  (O.jJ 

n>”-  hS+ 

+  (0,!-|-2'W  5^1-1- o4|]. 
w»  =  -fo.£-HO!+2oct)334-  + 

+  3D«  a-f^s 


The  constants  D..  are  connected  with  the  fl..: 


(61.9) 


(61.10) 


/V"^T2-  (61.11) 

In  analogy  to  the  isotropic  plate  for  which  we  introduced 
the  conception  of  the  "rigidity"  we  call  the  constants  D^j  the 

rigidities  of  the  anisotropic  plate,  namely:  Dm,  D2 2  -  the  rigid 
ity  of  bending  about  the  axes  y,  x D6e  the  rigidities  of  torsion 
0iO.  02i  the  secondary  rigidities;  taking  the  formulas  for  the 
orthotropic  plate  into  account  (which  will  be  given  below)  the 
ratiosDu/Dj^  ■jl,DlJIDu~  j2  can  be  called  the  reduced  Poisson  coeffici¬ 
ents  . 


The  stress  components,  moments  and  crosscut  forces  are 
linked  through  simple  relations  which  follow  from  the  formulas 
given  above : 
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\wxv 

A3 
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xjy  ~  :  Tyx  T'~  ‘  h s  z< 

6NX  /A3 
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.  ^v[hi 
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A3  \  4 

2  )• 

V A3  \4 

(61.12) 


In  Fig.  125a  the  stress  components  are  shown  for  the  areas 
normal  to  the  axes  x  and  y ,  and  in  Fig.  125b  the  moments  and  the 
crosscut  forces  inducing  the  stresses. 

If  the  plate  is  orthotropic  and  the  directions  of  the  axes 
x  and  y  coincide  with  the  principal  directions  of  elasticity,  we 
shall  have  instead  of  Eqs.  (61.3),  (61.9)  and  (61.10) 


:  ----  £i 


'  h0!/)’  ev  i  {-'ll  ~  Txy~~ 


(61.13) 


0  '•‘y 
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iVifi  it'  - . 


(61.18) 


D= 


Ehs 


12(1  -  -  -4)  • 

Formulas  (6l.l4)  and  (61.15)  assume  the  form 


D(w  >■'$)• 
*.=  <>(£+’&). 

\  d.ra  t  d>=  j  • 


(61.19) 


(61.20) 


We  shall  here  give  those  expressions  for  the  potential  en¬ 
ergy  of  bending  for  nonorthotropic  and  orthotropic  plates  which 
result  from  Eqs.  (2.2)-(2.4)  when  we  neglect  t  .  t  and  a  : 


X  Z ' 


v-?J  J  K£)’  i-d»(S?)’  i 

(the  integrals  are  taken  over  the  areas  occupied  by  the  plate). 


(61.22) 


Apart  from  the  components  of  the  stresses,  moments  and  cross¬ 
cut  forces  acting  on  the  elements  of  the  plate  perpendicular  to 
the  axes  x  and  y ,  we  may  sometimes  encounter  the  stress  components 
"tn’  ~zi >  in  a  surface  making  an  arbitrary  angle  with  the  direc¬ 
tion  of  the  normal  n,  which  correspond  to  the  moments  H of 

bending  and  torsion  and  the  crosscut  force  (Fig.  125).  The  lat¬ 

ter  are  determined  from  formulas  resulting  from  (8.5): 


/VJ„=MJ.cos:!  {n ,  a)  |-  My  cos2  (n .  y)  j-  2 cos  (n ,  a  )  cos  ( n ,  y), 
Hin ~(My—  Aycos (n .  at) cos (h . y)  f  „  |cos3 (n ,  a)-  cos> ,y)|, 

N„  — A/j.cos(rt.  x)  Ny  cos  (n,  y)\ 


a 


n 


12  Mn_  _  _  12  fjtn 

A3  ’  ~~  h?  ’ 


>*’'5  '  A3  \  4 


(61.23) 

(61.24) 


The  signs  of  the  moments  and  crosscut  forces  will  be  deter¬ 
mined  according  to  Eqs.  (61.12)  and  (61.24),  respectively;  the 
moments  and  crosscut  forces  are  considered  to  be  positive  when 
they  are  produced  in  positive  directions  with  z  >  0. 

§62.  EQUATION  OF  A  BENT  SURFACE  AND  THE  BOUNDARY  CONDITIONS 

As  we  see  from  the  formulas  of  the  preceding  section,  the 
moments  and  crosscut  forces  (and  thus  also  the  stresses)  can  be 
expressed  in  terms  of  the  deflection  w  of  the  median  surface.  This 
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function  satisfies  a  differential  equation  of  fourth  order  which 
we  obtain  when  we  consider  the  equilibrium  of  a  plate  element  in 
the  form  of  a  rectangular  parallelepiped  with  the  sides  dx3  dy , 
h.  A  cross  section  of  this  element  with  the  area  xy  is  shown  in 
Pig.  126,  together  with  the  forces  and  moments  acting  on  it. 


The  conditions  of  equilibrium  of  the  element  (the  sum  of  the 
projections  of  the  forces  on  the  x-axis  is  vanishing  and  the  sum 
of  the  moments  relative  to  the  axes  x'3  y '  parallel  to  the  axes  x 
and  y  are  vanishing)  have  the  form 


W 


dM-r 


dll 


dx 

dAU 


dy 


dll- 


XU 


dy 


dx 


(62.1) 


q  is  here  the  load  distributed  on  the  outer  surface,  per  unit  area. 


Substituting  in  the  first  equation  expressions  for  the  cross¬ 
cut  forces  (61.10)  we  obtain  the  equation  of  deflection  of  a  non¬ 
orthotropic  plate 


D 


d*w  , 

“aF'f 


d*w 
dx  3dy 


2(DI2  +  2D66)-^  + 

.  .  „  d*W  .  r.  d*w 

+  4^26  dxdy*  °22  dy*  ~  ^ ' 


(62.2) 


In  particular,  for  an  orthotropic  plate  where  the  directions 
of  the  axes  x  and  y  coincide  with  the  principal  directions,  we 
obtain 


n  n  aw  1  n  0W 

r"  i~dxidyi  2  dy* 


(62.3) 


For  an  Isotropic  plate 


Eh » 

12  (1  —  v2) 


and  Eq.  (62.3)  assumes  the  form* 
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DV2V2w  =--q. 


(62.4) 


The  problem  of  the  elastic  equilibrium  of  a  plate  bent  by 
some  arbitrary  forces  is  thus  reduced  to  determining  the  function 
w(tf,  y )  in  the  zone  occupied  by  the  plate.  This  function  satisfies 
a  differential  equation  of  fourth  order,  Eq .  (62.2)  [or  (62.3)  and 
(62.4),  respectively]  and  the  boundary  conditions  on  the  edge  of 
the  plate  which  depend  on  the  way  of  fastening  or  loading.  Let  us 
give  the  boundary  conditions  for  five  fundamental  cases.  In  the 
general  case  the  edge  is  considered  to  be  curvilinear,  with  the 
normal  n  whose  direction  relative  to  the  axes  x  and  y  is  arbi¬ 
trary:* 


1)  The  edge  is  rigidly  fixed  (pinched): 


„~0.  £.■><>. 

dn 


2)  The  edge  is  resting  (hinged): 


ia~0,  Al„  -  0; 


3)  The  edge  is  free 


(62.5) 


(62.6) 


Mn  —  0.  Nn-\  --  0 


(62.7) 


(  is  the  derivative  with  respect  to  the  arc  s  of  the  contour). 

4)  The  edge  is  loaded  by  given  bending  moments  and  forces 
whose  magnitudes  per  unit  length  are  equal  to  m  and  p,  respective¬ 
ly: 


Mn-nx,  Nn-\-  d-Jf-  ~  P- 


(6 2.8) 


5)  The  edge  has  been  deformed  and  we  know  the  deflection  w* 
and  the  angle  a*  of  slope  of  the  curved  surface  with  respect  to 
the  ary-plane: 


(62.9) 


In  Eqs.  (62.8)  and  (62.9)  the  known  right-hand  sides  of  the 
equations  are  assumed  given  either  in  the  form  of  functions  of  the 
arc  8  of  the  contour,  or  as  functions  of  any  other  variable  deter¬ 
mining  the  position  of  a  point  cn  the  contour. 

§63.  CONNECTION  BETWEEN  THE  THEORY  OF  BENDING  OF  A  PLATE  AND  THE 
THEORY  OF  FUNCTIONS  OF  A  COMPLEX  VARIABLE 


The  equation  of  the  deflections  of  an  anisotropic  plate, 

§62.2),  belongs  to  the  same  type  as  the  equation  for  the  stress 

function  (5.9)  in  the  theory  of  the  plane  state  of  tension.  We 

know  a  general  expression  for  the  function  w;  it  depends  on  the 

roots  „  „  ~  ~  of  the  characteristic  equation 

ri«  !li>  lb 
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“1“  4D28jJ3  4"  2  -f-  2Dcg)  |*2-f-  'lDjgii  -|-  Du  0. 


(63.1) 


As  we  have  shown,  for  an  arbitrary  elastic  homogeneous  mate¬ 
rial,  this  equation,,  cannot  possess  any  real  solutions.*  The  com¬ 
plex  of  purely  imaginary  quantities  ih-H-p*  and  H-a  t  -h- 3  are 
called  the  complex  parameters  of  bending  (of  first  kind);  in  gen¬ 
eral  they  differ  from  the  complex  parameters  of  the  plane  state 
of  stress  for  this  pla-e  and  only  in  the  case  of  an  isotropic 
material  they  and  others  are  equal  to  i. 

The  general  expressions  for  the  deflections  read: 

1)  in  the  case  of  different  complex  parameters  (uz  i-  Ui): 

w  —  w0-(-  2Re  [m,  (2,)  +  a»2  (72)|;  (63*2) 

2)  in  the  case  of  equal  complex  parameters  (U2  =  Ui): 

t£»  =  «.0-j-2RcI-u:>l(zl)  +  F,w2(2rl)|.  (63-3) 

Here  u3  is  a  particular  solution  of  the  nonhomogeneous  equa¬ 
tion  (62.2)  whose  form  depends  on  the  distribution  of  the  loads 
q  over  the  surface,  w2(z2)  are  arbitrary  analytical  functions 

of  the  complex  variables  zl  =  x-\~\ily  and  z2  —  x -f- 

On  the  basis  of  Eqs.  (6l.9)  and  (61.10)  we  obtain  general 
expressions  for  the  moments  and  the  crosscut  forces  (for  the  case 
U2  /  y i  ) : 


Mx  —  M°x  — -2Re  [px-w'[{zx)~\- p2wl{z2)), 

My  =  M°y  —  2Re  [ qxw"  ( zx)-\-q2w2  (z2)], 

H xy  —  Hxu  2Re  \r ,w,  (z,)  -f-  r 2w2  (z2)]; 

NX  =  A/x—  2Re  +  ^2^2)1,  1 

=  Nu  +  2Re  (s1u<i"(^l)'rF  s2w'i'  ( z2)\ .  J 

Here  M°x,  AJ° .  A/£  are  the  moments  and  crosscut  forces  cor¬ 

responding  to  the  functions  w 0  [they  are  determined  from  Eqs. 
(-61.9)  and  (61.10)]; 

r 

Pi  —  &u  -f  -f-  ,2Dl0^l .  p2  —  Dn  -|-  D12u*-f-  2Dl0;i2, 

7j  =  D12-{- i2D2q\l1,  q2  —  DX2-\-  D22A  4~  2029(a2, 
ri  ~  ^i8  “I*  D2tfA  ~l~  2^cgIV  r2  —  D18  -f-  Dw[i\  -f-  2D6Cp2, 

SI“^i"t'3D16  4-(D12  +  2Oco)(i,  +  £>26iit,  (63.6) 

s*  =  77 +  3Dl8  -f  (Dl2  -I-  2 Dm)  +  Drf£,  . 

'‘“'■-ft* 

si  "f  rx  =  —  ft-i,  s2-\-r2— —q2\i2. 

Let  us  consider  the  case  where  the  plate  is  bent  only  by 
forces  and  moments  distributed  along  the  edge  ( q  =  0).  Equations 
(62.2)— (62.1»)  become  homogeneous  and  in  Eqs.  (63*  2 )— §63-5)  we 

must  P  Ut  W#  M°x  =----  M°y  =-■  Illy  =-.Nl=N°y=Q. 


(63.4) 

(63.5) 
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If  at  the  edge  of  the  plate  the  bending  moments  m(s)  and  the 
forces  p(s)  (per  unit  length)  are  given  as  functions  of  s,  the 
boundary  conditions  (62.8)  are  transformed  in  conditions  for  the 
functions  w {  and  u2:* 

f 

2Re[>7w'i(^  I  ('"'O'  \-fdx)-Cx-\-Cv 

.  •  .  (63.7) 

2  Re  I<7lw((^1)  -|  (*,)|  J  (  -  m  dx  \/dy)  \-Cy\  C2. 

V  0 

» 

C ,  C i,  Cz  are  here  unknown  constants,  f—jpds,  the  integrals  are 

0 

taken  along  the  arc  of  the  contour,  from  the  initial  to  the  vari¬ 
able  point. 

With  given  strain  of  the  edge  of  the  aperture  caused  by  un¬ 
known  forces  [  w’(s)  and  given]  the  boundary  conditions  (62.9) 

assume  the  form: 

m 

2  Re  (wj  (*j) -f  w' (*?))  ~  -  -~-cos(/i,  y)  -}-  a*cos(n,  x), 
2Re[|i,wJ(?l)4-|i2-u,'(z2)|r=i~cos>i.  x)  -f-  a*  cos  (n,  y)  (63.8) 

(n  is  the  direction  of  the  outer  normal  to  the  plate's  contour). 

Inside  the  region  of  the  plate  bent  by  forces  distributed 
on  the  edge,  the  functions  w[  and  w2  must  satisfy  a  series  of 
conditions  derived  in  our  paper  and  given  in  §62,  namely: 

1)  if  the  region  5  of  the  plate  is  simply  connected  (the 
plate  has  no  aperture),  the  functions  w[(zx)  and  '^(*2)  must  be 
holomorph  and  unambiguous  in  their  regions  Si  and  s z  (see  §8, 

Fig.  9); 

2)  if  the  region  of  the  plate  has  holes  but  the  forces  dis¬ 

tributed  on  the  edges  of  the  holes  are  in  equilibrium  on  each  of 
them  (vector  sum  and  resulting  moment  being  equal  to  zero),  the 
functions  K(zi)  and  are  holomorph  and  unambiguous  in  their 

domains  Si  and  S2 ; 

3)  when  the  zone  of  the  plate  is  limited  by  certain  contours 

(and  the  plate  as  a  hole)  where  for  one  of  the  contours  the  vec¬ 
tor  sum  and  the  resulting  moment  of  forces  are  not  vanishing,  the 
functions  and  will  be  multiple-valued. 

Consider,  for  example,  a  plate  with  one  hole  and  forces  and 
moments  act  on  the  edge  of  this  hole  which  can  be  reduced  to  the 
resultant  (vector  sum)  P  and  l  moment  with  the  components  m  and 

m  .  On  a  circumvention  on  an  arbitrary  closed  contour  surrounding 

the  aperture,  the  functions  w (  and  wz  grow  by  the  increments 
and  A z  and  their  derivatives  u"  and  w'z  (i.e.,  the  second  deriva¬ 
tives  of  the  functions  Ui  and  wz)  by  the  increments  Ai  and  A2 
which  are  determined  from  the  equations:** 
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^1  ~|~  ^2  Aj  -f-  A2  =---  0, 

Ml^l  +^2-^2  '  {'  Ml^i  |-  M2^2  =  0, 


Ml^l  ~f-  ^2^2  ~L  Mil I  -{“  ^2^2  ==  0, 

_}_  * "  1  1  a  ff  1  1  t"  ,  It"  P, 

A, -f  —  A2 -f  — At -f----A2  = -— ; 


Mi 


M2 


Mi 


M2 

V'  .  Tf 


D, 


Ai  -f-  A2  -{-  A(  -f-  A2  —  0, 
Hi^i  H-  ,u  2^2  — ;J  1  ^  1  — {—  H2^2  ~  0, 


) 


Mill-!-  M2I2  -{-  ;j  1 A 1  -f-  ;»2^2  —  —  -S— 

^23 


2*'  )  7727''  1  -27' 


— a(+~ 

Mi  M2 


yP. 


D 


22 


xP. 


'  1  1  7'  ■  !  7'  my  1 

2  +  —  Ai  +  —  A2  =  —  -  —  +  ■ 

Mi  M2  On  On 


(63.9) 


(63.10) 


On  the  basis  of  this  the  nature  of  the  functions  ^1(^1)  and 
■“'2(^2)  becomes  clear.  We  see  that  the  problem  on  the  bending  of  a 
plate  by  a  load  distributed  on  the  edge  has  much  in  common  with 
the  plane  problem  and  at  the  same  time  it  presents  the  same  in¬ 
herent  difficulties,  which  are  connected  with  the  determination 
of  the  functions  of  the  different  complex  variables  z\  and  z2i 
just  as  the  plane  problem.  With  simple  contours  where  the  plate 
has  the  form  of  a  rectangle,  strip  or  circle,  in  a  series  of 
cases  the  problem  can  be  solved  simply,  without  complex  represen¬ 
tations;  in  more  complicate  cases,  however,  the  complex  represen¬ 
tation  may  prove  to  be  very  valuable. 

The  deflection,  the  moments  and  crosscut  forces  may  also  be 
expressed  in  terms  of  functions  of  the  generalized  complex  varia¬ 
bles  Z[=2  +  X-Zi  and  Z'2^Z  +  \2Z  where 


_  I  4"  *Mi  1  _  I  +  *M? 

1  I  —  *Ml  '  2-;i-'M2 


(63.11) 


are  complex  parameters  of  second  kind  for  the  case  of  bending. 
The  deflection  can  then  be  represented  in  the  form 


u>  =  wQ  -I-  2  Re  |0,  (2[)  -I-  (*p| ,  (63.12) 

where  0i  and  02  are  arbitrary  analytical  functions  of  the  varia¬ 
bles  z{  and  z2.  In  the  following  this  representation  of  deflec¬ 
tions  will  not  be  used  so  that  we  restrict  ourselves  to  what  has 
been  said  above. 

Let  us  also  give  the  formulas  for  the  isotropic  plate  which 
are  analogous  to  the  formulas  of  the  plane  problem:” 

w  =  'uV-f-  Re  (r?  (J)  j -  y  (z)|;  . 

Mv—Mx -f  2 IHXU  =  —  All-f  2 tllly -f- 

-i-2D(l-v)|J?"(r)  (z)|. 

Mx +  My  -  M°x  -f-  Mj  -1  40 ( 1  +  v)  Rc  (o'  (z) ]; 

Nx  —  iNy  — -  N%  —  INI  —  \Dy  (z). 

Here  «o  is  an  arbitrary • particular  solution  of  the  nonhomoge- 


(63.13) 

(63.14) 

(63.15) 
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neous  equation  (62.4)  depending  on  the  distribution  of  load  q ; 

Mj,  M°u,  Ilxy ,  N°x<  N°u  are  the  moments  and  crosscut  forces  correspond¬ 
ing  to  the  deflection  wq  [they  are  determined  from  Eqs.  (61.19) 
and  (61.20)];  ?(*)•  x(z)  are  analytic  functions  of  the  variable 
z---x-\-ly,  t|» (2)  =  (2);  d  is  the  rigidity  of  the  isotropic  plate 

(61.18). 

Owing  the  complex  representations  of  the  deflections,  moments 
and  crosscut  forces,  the  methods  by  G.V.  Kolosov  and  N.I.  Muskhe- 
lishvili  developed  for  a  plane  problem  can  also  be  applied  to  find 
a  solution  of  the  problems  on  the  bending  of  isotropic  plates.  The 
first  complex  representations  of  bending  was  used  by  A. I.  Lur’ye 
who  considered  the  bending  of  an  arbitrarily  loaded  round  plate.* 
M.M.  Fridman  obtained  solutions  of  a  series  of  problems  on  the 
bending  of  isotropic  plates;  in  particular,  he  studied  the  bending 
of  plates  weakened  by  various  forms  of  holes.** 

§64.  THE  EQUATION  OF  A  CURVED  SURFACE  WHERE  THE  LONGITUDINAL 

FORCES  ARE  TAKEN  INTO  ACCOUNT.  PLATE  WITH  LARGE  DEFLECTIONS 

AND  PLATE  ON  AN  ELASTIC  BASE 


Assume  a  homogeneous  anisotropic  plate  loaded  by  forces  and 
moments  which  cause  a  bending  (as  considered  in  §§61-62)  and, 
moreover,  by  forces  which  act  in  the  median  surface  (longitudinal 
forces).  When  only  the  first  forces  and  moments  are  acting  the 
stress  distribution  which  develops  in  the  plate  corresponds  to 
bending;  when  only  the  longitudinal  forces  are  acting,  the  state 
of  stress  in  the  plate  will  be  generally  plane. 

When,  however,  these  forces  act  simultaneously,  it  would  be 
incorrect  to  determine  the  stress  by  a  simple  summation  of  the 
stresses  due  to  bending  and  the  stresses  corresponding  to  the 
plane  state  of  stress;  the  longitudinal  forces  exert  an  influence 
on  the  bending  and  Eqs.  (62 . 2 )- (62 . 4  )  are  no  longer  applicable. 

When  we  investigate  (approximately)  the  simultaneous  action 
of  the  bending  loads  and  the  longitudinal  forces  we  assume  that 
the  stress  components  in  the  plate  consist  of  two  parts: 


0  A-  0  1  0  —  0  | —  0  ,  x  —  x  — p  x  1 
x  *  x’  y  y  1  y  xy  xy  1  xy' 


x  =  x  , 

xz  xz 


(64.1) 


Here  °x>  V  Pk  are  the  stresses  averaged  with  respect  to  the 
thickness,  which  are  caused  by  the  longitudinal  forces  alone; 

°x'  V  ’xy  are  the  stresses  proportional  to  z  and  determined  from 
Eqs.  (61.12)  and  ( 6 1 . 9 ) .  In  order  to  obtain  an  equation  which,  in 
the  case  given,  must  be  satisfied  by  the  deflection  w,  we  intro¬ 
duce  the  quantitie  S  TX,  Ty,  S^y,  Syj.  }  1.6.,  the  longitudinal  and  tan¬ 
gential  forces  per  unit  length: 


Tx—  J  a xdz~hix. 


Ty  --  Illy,  Syv  -=  S j.  y  -  ll  . 


(64.2) 


It  is  obvious  that  T  ,  T  and  S  ,  in  the  absence  of  volume 

x  y  *y 
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Syj  fj 


aiil5dr 

sW  ~dx~  ^ 

1 5iv + if1  dy 


iry +7vtd^ 


r*>^  !  I? 


flu  d'uj- 

^+dFdx 


T*'Wdx 


Fig.  127 


forces,  satisfy  the  equilibrium  equations 


,  dSjj, _ 

dx  '•  dy  ~  °’ 
dSxy  (  dTy  _  n 
'  dx  "r*  dy  ’ 


(64.3) 


in  order  to  determine  them  the  plane  problem  must  be  solved  for 
the  plate. 

Let  us  separate  an  element  of  the  plate  in  the  form  of  a 
rectangular  parallelepiped  with  the  sides  dx ,  dy  and  h  and  con¬ 
sider  its  equilibrium.  Besides  the  forces  and  moments  shown  in 
Fig.  126  longitudinal  forces  will  act  on  the  element,  which  are 
represented  separately  in  Figs.  127  and  128.  Taking  into  account 
that  in  the  deformation  the  element  is  curved  and  the  forces 
Tx,  Ty,  Sxu  in  the  deformed  plate  will  not  lie  in  the  ay-plane,  we 
obtain  the  component  of  these  forces  in  the  s-direction: 


/_  d?u>  .  oc  .  .r  02u>\,  . 

"  \T *  dx?  ^  dx  dy  ^  r'J  Oy? )  ^ 


or  per  unit  area 


Z—T  —  42S  -*?- 

*  dx?  ^  dxdy 


d?w  .  T  d?w 
x  dv  V  dv 3 


(64.4) 


(64.5) 


This  force  must  be  added  to  the  load  q  in  the  equations  of  §62, 
and  we  obtain  for  a  nonorthotropic  plate 


n  d>w  .  An  d*w  .  ,  i  on  \  d,w  i  a  n  &lw  . 

Dn  dx*  dx?dy  2  (°li!'^;  2/^os)  dx?dy?  ^  ^D*°dx  dys^- 

,  n  d*w  ,  T  &W  ,  oc  d2u>  ,  T  (64.6) 

•  un  dy*  “  ?  x  dx a  “r  dx  dy  '  ^  dyJ 


and  for  an  orthotropic  plate 
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(64.7) 


The  problem  of  the  bending  of  a  plate  where  longitudinal 
forces  are  taken  into  account  becomes  much  more  complex  when  it 
is  not  based  on  the  assumption  that  the  deflection  is  small  com¬ 
pared  to  the  thickness.  In  this  case  the  deflection  and  the  stress 
functions  are  determined  from  a  system  of  two  nonlinear  equations. 


Fig.  128 


Such  a  system  for  an  isotropic  plate  was  obtained  by  Karman.# 
Let  us  give  a  brief  derivation  of  the  corresponding  system  for  an 
orthotropic  plate. 

Let  us  suppose  that  the  stress  components  are  determined  by 
Eqs.  (64.1)  and  the  strain  components  also  consist  of  two  parts: 


e  I-  a! ,  e  r  -.  e  T  ~T  -j- ,  • 

x  *  x'  y  U  1  V  **U  *xy  •  *xy 


(64.8) 


The  quantities  e*-  V  TxV  are  the  strain  components  in  the  median 
surface;  they  depend  not  only  on  the  displacement  u  and  v  but 
also  on  the  deflection  w.  From  the  general  expressions  (1.5), 
which  are  expanded  in  series  where  we  retain  the  first  powers  of 
the  derivatives  with  respect  to  u  and  v  and  the  second  powers  of 
the  derivatives  with  respect  to  u ,  we  obtain 


(64.9) 


Eliminating  u  and  v  by  means  of  differentiation  we  obtain 

d'i xy  __  /  d-u>  \  &V>  d-w  ( 4  _  -|  n ) 

dy 3  '  dx-  dx  dy  ~  \  dx  dy  )  dx 3  ’  dy 5 

The  components  V  V  Tx„  depend  on  the  bending  of  the  plate 
and  are  determined  from  Eqs.  (61.2).  The  total  stresses5!.  °y,  ~xy 
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*ij(* 


are  reduced  with  respect  to  the  thickness  of  the  plate  to  the  lon- 

■  x*  Tys  Sxy  and  the  moments  mx,  Mr  Hxy ,  and  the 

t  ,  t  are  reduced  to  the  crosscut  forces  N  ,  N  [see 
x  z  y  z  x  y 

(61.1*0  and  (61.15)2.  The  stresses  ax,  ay,  zxy  satisfy  the  equilibri¬ 
um  equations 


gitudinal  forces  T , 
stresses 


d° *  ,  d'*u  _  n 
dx  >  dy  ~ U' 


dtXIJ  dau 

v  +  _J1  =  0, 

dy 


dx 


(64 . 11) 


from  which  it  follows  that  can  be  expressed  in  terms  of  the  stress 
function  F : 


-  __  cPF_  -  _  dV^  -  __  (PF 

x  dy2 '  dx 3  ’  T xv  ~  dx  dy 


(64.12) 


These  stresses  are  linked  with  the  strains  by  the  equations 
of  the  generalized  Hooke's  law 


Bu=.L(au~^ax), 

~  _  1  - 
Ixy  q  ^xy 


(64.13) 


The  crosscut  forces  and  the  longitudinal  forces  satisfy  the  equa¬ 
tion 


dNx  dNu  dhv  d^w  d-w 


(64.14) 


which  is  obtained  from  a  consideration  of  the  equilibrium  of  a 
rectangular  plate  element  as  shown  in  Pig.  126,  taking  into  ac¬ 
count  the  force  components  in  the  direction  of  the  2-axis  which 
are  caused  by  the  longitudinal  forces  (Figs.  127  and  128). 


Let  us  substitute  (64.13)  in  (64.10)  and  express  the  stress 
in  terms  of  the  function  F ;  in  addition  to  this,  substitute  the 
expressions  for  the  (61.15)  in  Eq.  (64.14)  and  give  the  longitu¬ 
dinal  forces  in  terms  of  the  function  F . 


We  then 
satisfied  by 


obtain  a  system  of  two  nonlinear  equations 
the  stress  and  deflection  functions: 


which  are 


J_ .  ,  n _ 2V*  d'F  ,  _i_  _  d'£  __ 

Et  dx*  '  \  0  /  d.r‘Jd/J  '  Ev  ’  dy* 


d<u> 


1  dx * 


f  2  D, 


d*v> 


dx*  dy* 


D 

U*  dy* 


/  d2u>  y  _  Pw 
\dx  dy)  ox 3 


cPw  I 

dy3  • 


„ _i_  h  l^f-  d'w~  _  0  d*F  .  _£:«l _i_ 

’  '  \<tyJ  dx2  “  dx  dy  *  dxdy  '  dx 2  *  dy2) 


(65.15) 


These  equations  were  derived  by  G.G.  Rostovtsev. * 

Owing  to  the  fact  that  the  first  equation  contains  nonlinear 
terms,  their  integration  entails  great  difficulties;  at  present 


t 
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we  do  not  know  of  any  case  of  bending  for  which  these  equations 
would  have  been  solved  exactly. 

In  the  case  of  small  deflections  the  nonlinear  term  in  the 
first  equation  can  be  neglected  and  the  stress  function  is  then 
determined  independently  of  the  deflection. 

When  a  homogeneous  plate  lies  on  a  massive  elastic  base  and 
is  bended  by  the  load  q ,  its  deflection  may  be  considered  so  be 
small  relative  to  the  thickness  so  that  we  can  obtain  the  deflec¬ 
tion  equation  on  the  basis  of  Winkler's  assumption  that  the  reac¬ 
tion  R  of  the  base  at  a  given  point  of  the  plate  is  proportional 
to  the  deflection  at  this  point:** 

R--~kw,  (64.16) 

k  is  the  elastic  coefficient  of  the  base  or  else,  the  bed  coeffi¬ 
cient.  The  equation  of  a  plate  on  an  elastic  base  is  obtained  in 
the  same  way  as  that  for  a  plate  which  does  not  lie  on  an  elastic 
base;  it  must  only  be  taken  into  account  that  in  the  given  case 
the  load  q  —  kw  act  on  the  element.  As  the  result  we  obtain  the 
equation  for  the  nonorthotropic  plate 


D"  dxi  +  ',D|g  Ox*~dy  2  (Ol2-{  20c6)  -f- 


i  4  n 

1  dxJyi 


ffl**  4*5- q- 


(64.17) 


For  an  orthotropic  plate 


1  d<ii)  i  on  i  n  d'w  t  t 

■*"  2D-  n2dyi  +  kw  «  q. 


(64.18) 


When  a  plrte  lying  on  an  elastic  base  is  exposed  to  the  ac¬ 
tion  of  both  a  load  q  and  longitudinal  forces,  the  deflection 
equation  is  obtained  from  (64.6)  and  (64.7)  when  we  add  the  term 
kw  to  the  left-hand  sides. 

§65.  DETERMINATION  OF  THE  RIGIDITIES  OF  BENDING  AND  TORSION  OF 
PLATES  AND  OF  CORRUGATED  AND  STRESSED  EDGES 


The  fundamental  quantities  which  characterize  the  elastic 
properties  of  a  homogeneous  orthotropic  plate  on  bending  are  its 
principal  rigidities  D i,  D2  and  and  the  Poisson  coefficients 

v i  , v 2 •  In  order  to  calculate  the  rigidities  of  bending  and  tor¬ 
sion  of  an  orthotropic  homogeneous  plate  we  must  know  its  thick¬ 
ness  and  the  main  elastic  constants  c  e2,  ■*  v2,  o. 

Note  that  the  rigidity  can  be  represented  in  the  form 


n  _  E,J  n  _  -  .M 

D>  —  T-vV  °2~  i~v 


(65.1) 


where  J  =  -p  are  the  moments  of  inertia  of  beam  sections  cut  out 

of  the  plate  in  such  a  way  that  the  directions  of  their  axes  co¬ 
incide  with  tne  principal  directions.  For  plates  of  constant 


thickness  the  cross  sections  of  all  these  beams  are  rectangles 
whose  height  is  equal  to  the  thickness  h  of  the  plate,  with  unit 
base  area. 

In  practice,  plates  of  isotropic  material  corrugated  and  re¬ 
inforced  by  crimp  or  often  provided  with  stiffening  ribs  may  be 
considered  approximately  as  homogeneous  and  orthotropic.  Let  us 
give  examples  of  determination  of  the  main  rigidities  of  some  of 
these  plates. 

I.  Corrugated  plates.  A  corrugated  plate  of  isotropic  mate¬ 
rial,  i.e.,  a  plate  which  is  rippled  in  one  direction,  may  be 
considered  approximately  as  orthotropic  and  homogeneous  (of 
course,  if  the  number  of  corrugation  waves  along  the  side  is  high 
enough,  or,  in  other  words,  if  the  corrugation  wavelength  is 
small  compared  with  the  side  length  of  the  plate). 

The  determination  of  the  rigidity  of  the  corrugated  plate 
(or  a  plate  reinforced  by  a  close  arrangement  of  parallel  stif¬ 
fening  ribs)  is  reduced  to  the  calculation  of  the  moments  of  iner¬ 
tia  per  unit  length,  for  the  fundamental  cross  sections  [see  Eq. 
(65.1)]. 

Let  us  consider  a  corrugated  plate  as  shown  in  Fig.  129.  The 
principal  directions  of  it  are  the  direction  of  corrugation  and 
the  directions  perpendicular  to  it  (x  and  y  in  Fig.  29).  We  intro¬ 
duce  the  denotations:  l  is  the  chord  of  a  half-wave,  s  the  length 
of  arc  of  a  half-wave,  h  the  plate  thickness,  E >  v  Young’s  modulus 
and  Poisson's  coefficient  of  the  material.  Let  us  assume  the  cross- 
sectional  profile  of  the  corrugation  to  be  sinusoidal 


(65.2) 


Fig.  129 

According  to  Seidel,  the  approximate  formulas  for  the  rigid¬ 
ity  have  the  form* 
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(65.3) 


D,  =- 
1  s 


Eh 3 

12(1  —  .2)  ■ 


D, 


FJ, 


Eh i 

12(1 -(-O’ 


where  J  is  the  mean  moment  of  inertia  of  a  plate  cross  section  in 
the  xs-plane,  equal  to 


J  0,5/i//2  1 


(65.4) 


2.  Plate  reinforced  by  a  close  arrangement  of  stiffening 
ribs.  For  an  isotropic  plate  which  is  reinforced  on  two  sides  by 
parallel  stiffening  ribs  (Fig.  130),  the  rigidity  is  determined 
according  to  the  formulas 


D,  :  Dj  -- 

Ai  -- 


£/i3_ 

12  (1  -.2)  • 

£A3  £v 

12(1  -  '  d~ 


(65.5) 


where  J  is  the  moment  of  inertia  of  a  rib  cross  section  with  re¬ 
spect  to  the  axis  lying  in  the  median  surface,  E,  v  are  Young's 
modulus  and  Poisson's  coefficient  for  the  plate  material,  E'  is 
Young's  modulus  of  the  rib  material,  d  is  the  distance  between 
the  ribs  (the  ribs  are  supposed  to  be  equal  and  arranged  at  like 
spacings ) . 

When  the  ribs  are  arranged  only  on  one  side  of  the  plate, 
the  moments  of  inertia  of  the  cross  sections  must  be  calculated 
relative  to  the  lines  passing  through  the  centers  of  gravity  of 
the  cross  sections  which  will  not  lie  in  the  median  surface. 


For  a  plate  which  has  been  reinforced  in  two  orthogonal  di¬ 
rections  by  ribs  arranged  symmetrically  on  both  sides  of  the  me¬ 
dian  surface,  the  rigidity  can  be  calculated  according  to  the  for¬ 
mulas 


Eh3 

I2(f-~sj 
Eh 3 


R/f  r 


The  rib  axes  are  assumed  to  be  parallel  to  the  principal  di¬ 
rections;  E'}  E"  are  Youngls  moduli  of  the  materials  of  which  the 
ribs  parallel  to  the  axes  y  and  x  consists,  J\  and  J 2  are  tne  mo¬ 
ments  of  inertia  of  the  cross  sections  of  these  ribr  relative  to 
the  lines  passing  through  the  centers  of  gravity  of  the  cross 
sections  and  which,  owing  to  the  symmetry,  lie  in  the  median  sur¬ 
faces,  d i,  d 2  are  the  distances  between  the  ribs  parallel  to  the 
y-axis  and  the  x-axis. 

The  formulas  for  the  plate's  rigidities  in  the  case  of  rein¬ 
forcement  by  corrugation  and  when  the  plate  is  considered  to  be 
orthotropic  are  contained  in  the  book  by  S.N.  Kan  and  I.A.  Sverd- 
lov  mentioned  previously  (pages  23*3-257). 

§66.  DETERMINATION  OF  THE  RIGIDITIES  AND  OF  THE  REDUCED  MODULI 

OF  LAMINATED  PLATES 

An  Inhomogeneous  plate  which  consists  of  elastic  anisotropic 
layers  glued  or  soldered  together  can  in  a  series  of  case  be  con¬ 
sidered  as  homogeneous  and  anisotropic.  First  of  all  this  holds 
true  for  plates  of  symmetrical  structure  which  consists  of  an  odd 
number  of  homogeneous  layers.  Knowing  the  elastic  constants  of 
each  layer  we  can  determine  the  rigidities  of  bending  and  torsion 
for  all  plates,  and  also  the  reduced  elastic  moduli  for  the 
plates  deformed  by  forces  which  were  acting  on  their  median  sur¬ 
faces  . 

Let  us  consider  a  multilayer  plate  consisting  of  an  odd  num¬ 
ber  of  homogeneous  anisotropic  layers  arranged  symmetrically  with 
respect  to  the  middle  layer.  More  precisely,  two  layers  of  equal 
thicknesses  and  of  the  same  elastic  properties  are  attached  to 
either  side  of  the  middle  layer;  another  two  equal  layers  are  at¬ 
tached  to  the  outer  surfaces  of  the  former  and  so  on  such  that 
the  whole  plate  is  a  body  symmetrical  in  both  geometrical  and 
elastic  respects  (relative  to  the  mid-plane). 

We  shall  suppose  that  the  adjacent  layers  are  prevented  from 
sliding  on  the  contact  surfaces  by  means  of  gluing  or  soldering. 

We  restrict  ourselves  to  plates  consisting  of  orthotropic  layers 
whose  planes  of  elastic  symmetry  are  parallel  to  one  another,  one 
of  them  being  parallel  to  the  mid-plane.* 

We  assume  the  mid-plane  of  the  middle  layer  which,  at  the 
same  time,  is  the  mid-plane  of  the  plate  as  a  whole,  lying  in  the 
xy-plane  of  coordinates  and  the  directions  of  x  and  y  being  coin¬ 
cident  with  the  principal  directions  of  elasticity  of  the  layer. 

We  introduce  the  following  denotations:  2n  +  1  is  the  number 
of  layer  (we  count  them  from  bottom  to  top  so  that  the  lowest 
layer  is  the  first,  the  middle  layer  is  number  n  +  1  and  tne  top 
layer  is  the  2 n  +  lst_  layer);  h  is  the  total  thickness  of  the 
plate,  /»i.  . hnu . /z2„,  //Jnfl  are  the  distances  from  the  mid¬ 

plane  to  the  surfaces  of  the  various  layers  (Fig.  131); 

=  S2  *2  —  A3 . —  A„  f  i ,  8„ ,  t  r  -  -  2/»n  ( (  denote  the  layer  thick¬ 

nesses  from  the  first  to  the  n  +  1st  including;  e["‘\  Gtm),  •\m),  v(‘"’ 
are  the  main  Young's  mcuuii,  the  shearing  modulus  and  Poisson's 
coefficients  of  the  orthotropic  layer  number  m;  .o-o  is  Young's 
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modulus  and  Poisson’s  coefficient  of  the  isotropic  layer  number 
nr,  o'*!,  o^'i,  ->>,  -sM  are  the  stress  components  in  this  layer, 


w(x,  y)  is 

r/5 

symmetry 
fled  by  the 


the  deflection  of  the  median  surface.  Owing  to  the 

n  I  1)  n-fl)  r..'3-i)  r'2) 

r  - /:i  etc.;  the  same  conditions  are  satis- 
other  elastic  constants. 


Investigating  the  generalized  plane  state  of  stress  of  a 
multilayer  plate  we  introduce  in  our  considerations  the  reduced 
moduli  and  Poisson  coefficients  of  the  plate  in  a  plane  state  of 

stress,  which  are  denoted  in  the  following  by  G.  v  V  More¬ 

over,  considering  (in  the  next  section)  the  bending  of  a  plate 
which  consists  of  analogous  orthotropic  layers  with  different  or- 
ienrations  of  the  principal  directions,  we  introduce  the  new  de¬ 
notations  e[,  e'i,  G\  v(,  v'  ,  the  reduced  moduli  and  Poisson  coeffici¬ 
ents  for  bending. 

Consider  a  multilayer  plate  bent  by  a  normal  load  q,  which 
is  distributed  on  one  of  the  plane  surfaces,  and  by  the  moments  m 
and  the  forces  p  distributed  along  the  edge.  We  want  to  determine 
the  rigidities  of  bending  and  torsion  and  the  stresses  in  each 
layer,  based  on  the  supposition  that  for  the  multilayer  plate  the 
hypothesis  of  the  straight  normals  remains  applicable,  according 
to  which  the  relative  elongations  and  the  shear  can  be 

expressed  in  terms  of  the  deflection  of  the  median  surface  in  the 
following  way  (see  § 6 1 )  : 
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<m) 
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CpU)  (m)  _ 
0x2  '  *</  — 


z0y2- 


..(in)  __  _  Or 

I  xy 


dr~w 
dx  dy' 


(66.1) 


The  results  are  the  following. 


The  plate  which  is  bent  as  a  whole  and  considered  homogene¬ 
ous  and  orthotropic,  possesses  the  rigidities  D i,  D 2,  and  the 
Poisson  coefficients  vl  and  vl,  which  are  determined  by  the  for¬ 
mulas 
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(66.2) 


The  moments  and  crosscut  forces  are  determined  according  to 
Eqs.  (61.1*0  and  (61.15)  and  the  deflection  w  satisfies  Eq .  (62.3). 
The  boundary  conditions  on  the  edge  of  a  multilayer  plate  do  not 
differ  from  the  boundary  conditions  on  the  edge  of  a  homogeneous 
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plate  given  in  §63. 


The  stress  components,  however,  will  not  be  connected  with 
the  moments  and  crosscut  forces  by  the  same  simple  relations 
(61.12)  which  hold  good  in  the  case  of  the  homogeneous  thin 
sheet.  The  stress  components  in  the  layer  number  m  are  determined 
by  the  formulas 
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The  denotations  are  the  following: 


£<l) 


I  \  v2 


WO 
I'll  : 


1  __  V(I)JI)  ’ 

l  Vj 


wi)_ 
c12  — 


£<l>,'l> 


I  _VU)V(I)  * 
*  1  Y2 


ca»=o,i). 


‘  I  T  x-t,1  £'*>  c(m 

!«•) _  1  V  C‘  /"  1.2  ,,2  \  , 

11  •  £3  2j  !  _y(*)  (ft)  v'*  A*  +  lM  . 

*  =  1  ‘  1  V2  1  V1 


(»0fc2 


('■iJJiii) 
2 


III- 1 

Win]  1  I  VI 

*-'22  =  TTI 


£'*> 


/i^I  1 — J*JJ*> 
k- 1  1  * 


7aX,l*k~"  **  +  1)  •+- 


£j'X, 


1  _  y(»l)y(l'l) 

l  2 


W«») _ 

U10  - 


■"‘7,1  £(*).,<*>  pi  III) .  1 111)  l2 

V  /  2  _  /,2  \  i  '2  '“hi 

WW  [  _  y(A)N(A)  '  *  *■'  1  I  lllll  i»ll 

.  k  =  1  1  3 


I  _  yd'OJll') 


/-!'») _  I 

UC6  —  Ao 


L  k  =  1 


(66.5) 


[m  2,  3,  . . //  -)■•  !). 

The  stresses  in  the  symmetrical  layers  are  distributed  sym¬ 
metrically  . 


If  the  plate  consists  of  isotropic  layers  arranged  symmetric¬ 
ally  relative  to  the  middle  layer,  it  is  bent  like  an  isotropic 
plate  with  the  rigidity  D  and  the  Poisson  coefficient  v'  which  are 
determined  by  the  formulas 
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(66.11) 
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If  the  whole  layer  is  isotropic, 
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where  0,,).  v(,)  denote  the  rigidity  and  Poisson's  coefficient  of  the 
outer  layers,  D<2>,  v2)  is  the  same  for  the  middle  layer. 

Let  us  now  consider  the  generalized  plane  state  of  stress  of 
a  multilayer  symmetrical  plate.  An  approximate  expression  of  the 
reduced  moduli  for  the  plane  state  of  stress  is  obtained  under 
the  supposition  that  the  strain  components  ex>  V  are  the  same 
for  all  layers  and  that  they  do  not  depend  on  z ,  while  the  stress 
components  in  the  given  layer  do  not  vary  along  the  thickness  of 
it.  The  stresses  averaged  with  respect  to  the  thickness  of  the 
whole  plate  are  given  by  the  formulas 
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~  _  *  9  V  I  1  >1? 

x  Jj  1 1  > 

.  w  -*  1 

i-  r» 

■  I  O  V  „(»•)'  I  J"  II); 

av~  h  ^  2u°u  °mu  ’ 

ill*2! 

n  -y 

~  '  9  V  _f '**)_?  I  Jn  I  I); 

~j:y - ~li  x  ■*-'/  J"‘  ■  'J,J  J"  1  1  ■ 

.  Ill » I 


(66.13) 


Taking  these  expressions  into  account  and  using  the  equa¬ 
tions  of  the  generalized  Hooke's  law  for  each  layer  we  obtain  the 
relations 


e!/  ~  jT  (°U  v2CJ-)> 

Ixy  jj  ~xy 


(66.14) 


The  reduced  moduli  and  Poisson  coefficients  entering  these 
equations  are  determined  by  the  formulas 
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A.L.  Rabinovich  studied  in  detail  a  series  of  particular 
cases  of  multilayer  plates  which  are  of  interest  in  practice.1* 
Apart  from  plates  which  consist  of  layers  whose  moduli  and  thick¬ 
nesses  are  given  with  a  certain  arbitrariness,  A.L.  Rabinovich 
considered  plates  consisting  of  veneer  sheets  and  delta  wood, 
which  were  bent  by  loads  and  forces  acting  in  the  median  surface 

§67.  RIGIDITIES  AND  REDUCED  MODULI  OF  PLATES  CONSISTING  OF  SIMI¬ 
LAR  LAYERS 


All  formulas  of  the  preceding  section  become  simpler  when 
the  layers  are  of  equal  thicknesses  as  in  the  case  given: 


V-V  A  A  -...=A~Am  r.s/,/(2n  4-1). 
SirA‘--  ••-  0,1  -- /*/(2«  -f-  1). 


(67.1) 


If,  moreover,  all  layers  are  of  one  and  the  same  orthotropic 
material  and  are  arranged  in  such  a  way  that  in  adjacent  layers 
analogous  principal  directions  are  orthogonal,  all  summations  in 
the  formulas  of  §66  are  easy  to  carry  out  so  that  the  final  for¬ 
mulas  will  not  contain  any  sums. 

Let  us  denote  by  ^2-  v,  and  Vz  Young's  moduli,  the  shear¬ 
ing  modulus  and  Poisson's  coefficients  of  the  outer  layers  for 
the  principal  directions  x  and  y  and  by  X  the  ratio  of  Young's 
moduli 


A  =  E2}EV 


(67.2) 


For  all  layers  with  odd  numbers  we  have 


E [m)  =---  Ev  •  E[m)  ^  E2,  Gm  ■-=  0,  v(,m)  = 

(m  ~  1,  3,  5 . 2/1  +  1) 


,(»>)  (m) 

V1  —  'p  ~  ''2 


(67.3) 


For  all  layers  with  even  numbers 
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By  way  of  example  we  consider  a  three-layer  wooden  veneer 
sheet  flued  together  with  a  bakelite  glue.  The  numerical  values 
of  the  reduced  moduli  and  coefficients  in  a  plane  state  of  stress 
were  already  given  in  §11.  The  reduced  Young's  moduli  and  modulus 
of  shear  for  the  principal  directions,  taken  from  the  "Spravoch- 
nik  aviakonstruktora"  [Handbook  for  the  Aircraft  Designer]  are 
equal  to  1.2*105,  0.6*105  and  0.07*105  kg/cm2  and  the  Poisson  co¬ 
efficients  calculated  from  tabulated  values  are  equal  to  0.071 
and  0.036.  For  birchwood  the  ratio  between  the  smaller  and  the 
higher  Young's  moduli  is  equal  to  about  0.05.*  Considering  this 
value  as  basic  and  using  Eqs.  (67.8)  and  (67-5)  on  the  assumption 
that  n—  l,  2«-|-l--3.  we  obtain  the  following  results. 

Case  !.  The  x-axis  is  parallel  to  the  fibers  of  the  sheet. 

£,=  1,2.10  ',  £2  =  0,6  •  10",  0  =  0,07-  1C 

v,  =  0,071,  4  =  0,036,  X  =  0,05; 

E\  —  1 ,69  •  1 0-\  n'2  =  0,1-1-  1  O  ',  g'  =  0,07  1  c 

E'  v' 

*1  =  0,31.  -4  =  0,026,  ~-j  =  — )-  =  1 2 

t-2  *2 

D,  =  1,70  •  105  -J’  -,  D2  -  =  0,1 4  10r'  -y^-,  —  12,1, 

£,  =  0,183  •  10*--,  §=1,307,  Dk  ---  0,07  •  106  . 

The  complex  parameters,  i.e.,  the  roots  of  the  eq 

will  not  be  purely  imaginary  as  in  the  case  of  the  plane  problem. 
Solving  Eq.  (67.11)  we  obtain 

H,  =  1,04  +  1,55/,  (i2=  -  1,04  +  1,55/.  (67.12) 

Case  2.  The  x-axis  is  perpendicular  to  the  fibers  of  the 
sheet . 

£,  =  0,6-105,  £2=1,2-105,  G  =  0,07  •  10°, 

v,  =  0,036,  v2=-0,o71,  X  =  20; 

£4  =  0,14  •  10s,  £2=1,69  10-',  G'  -----  0,07  •  105, 

fJ  / 

v'  =  0.026,  Vt  =  0,3 1 ,  =  -J-  =  0,082-1; 

c2  -<2 

D,  =  0,14  •  l05-yj,  D2=  1,70  •  10’  j^-,  [-1  =  0, 0824, 

Da  =  0,183  •  105  §=0,108,  £>*  =  0,07  •  10'*--. 

For  complex  parameters  we  obtain  the  following  values 

jij  =  0,299  -}-  0, 1-1-17,  14=  -0,299  -I -0,4  Hi.  (67.15) 

Considering  numerical  examples  in  his  paper,  A.L.  Rabinovich 


(67.13) 


(67.1^) 
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used  somewhat  different  initial  data  assuming  for  Young's  modulus 
and  the  modulus  of  shear  in  a  three-layer  birch  veneer  1.3*105 
and  0.08*105  kg/cm2.  The  numerical  values  obtained  for  the  re¬ 
duced  moduli  in  the  case  of  bending  were  also  different  from  our 
values  but  this  difference  was  relatively  small  (see  page  22  of 
the  paper  referred  to). 


It  must  be  noted  that  the  reduced  Young's  moduli  in  a  plane 
state  of  stress  may  differ  essentially  in  their  values  from  the 

reduced  moduli  in  the  case  of  bending 
for  the  same  laminated  material  as  can 
be  seen  from  the  numerical  example  con¬ 
sidered.  When  for  a  three-layer  birch 
veneer  the  ratio  of  the  first  moduli  for 
the  principal  directions  is  equal  to  two 
the  ratio  of  the  second  moduli  is  con¬ 
siderably  higher:  it  is  equal  to  about 
12. 

Considering  (in  the  following  chap- 
Pig.  132  ters)  some  particular  cases  of  bending 

and  rigidity,  we  give  in  most  cases  the 
results  of  calculations  for  a  plate  with 
these  reduced  moduli  and  rigidities  as 
obtained  above  for  the  three-layer  birch 
veneer  [see  ( 67 . 9 )- (67 . 15 ) ] .  For  the  sake  of  brevity  we  shall 
call  in  the  following  "veneer."  Certain  authors  (Ya.I.  Sekerzh- 
Zen'kovich,  L.I.  Balabukh  et  al.),  in  papers  on  the  rigidity  of 
anisotropic  plates  published  until  1940,  used  other  values  for 
the  reduced  moduli  and  coefficients  of  a  three-layer  birch  veneer 
namely 

p* 

E[=\A-  10r'kg/cm2/:^  =  T„-,  O'  — =  0,12  •  10-kg/cmz! 


=  0,46, 


l 

12 


(67.16) 


(the  x-axis  is  parallel  to  the  fibers  of  the  sheet).  Discussing 
the  contents  of  these  papers  we  shall  give  the  results  of  calcu¬ 
lations  carried  out  by  the  authors  for  plates  of  a  material  for 
which  the  constants  have  the  values  given  in  Eq .  (67.16). 

A  nonhomogeneous  plate  consisting  of  an  even  number  of  anal¬ 
ogous  orthotropic  layers,  under  well-known  conditions,  will  be¬ 
have  on  bending  just  as  a  homogeneous  and  orthotropic  plate.  Con¬ 
sider  a  given  plate  which  consists  of  two  equally  thick  orthotrop 
ic  layers  glued  together;  they  are  assumed  to  display  the  same 
elastic  properties  and  are  joined  in  such  a  way  that  the  equiva¬ 
lent  principal  directions  of  elasticity  of  these  two  layers  make 
an  angle  of  2  cp  (Fig.  132). 

The  investigations  show  that  such  a  plate  behaves  on  bending 
just  as  a  uniform  and  orthotropic  layer.  Its  principal  axes  of 
elasticity,  x  and  y,  are  in  the  directions  of  the  bisectrices  of 
the  angles  made  by  equivalent  principal  directions  of  the  layers. 
''Formulas  (6l.l4)  arid  (61.15)  and  Eq.  (62.3)  apply  to  such  a  plate 
and  the  rigidities  are  given  by  Eqs.  (67.5)  where 
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B ,,  B2,  G,  vj,  -t2  being  the  main  elastic  constants  of  each  layer.* 

§68.  DETERMINATION  OF  THE  RIGIDITIES  OF  PLATES  WHOSE  ELASTIC  MOD¬ 
ULI  VARY  AS  FUNCTIONS  OF  THE  THICKNESS 

Using  the  hypothesis  of  the  straight  normals  it  is  not  dif¬ 
ficult  to  determine  the  rigidities  for  plates  whose  elastic  mod¬ 
uli  vary  symmetrically  with  the  thickness  (that  is,  the  values 
of  the  moduli  are  the  same  at  points  which  are  at  equal  distances 
on  either  side  of  the  median  surface).  In  the  present  book,  §66, 
we  discussed  in  detail  the  bending  problems  of  such  plates.  We 
shall  now  restrict  ourselves  to  the  most  important  results  ob¬ 
tained  for  orthotropic  and  isotropic  plates  with  variable  moduli. 

Consider  a  plate  of  constant  thickness  h  which  is  orthotrop¬ 
ic  but  at  the  same  time  nonhomogeneous :  its  moduli  are  the  same 

for  all  points  in  a  plane  parallel  to 
the  mid-plane,  but  they  vary  with  the 
thickness  in  a  symmetrical  manner.  At 
each  point  we  have  three  planes  of 
elastic  symmetry,  one  of  them  being  par¬ 
allel  to  the  mid-plane,  and  at  different 
Fig.  133  points  the  corresponding  planes  of  elas¬ 

tic  symmetry  have  one  and  the  same  di¬ 
rection.  We  assume  the  mid-plane  coin¬ 
cident  with  the  xy-plane  and,  as  usual, 
the  axes  x  and  y  agree  with  the  princi¬ 
pal  directions  of  elasticity  (Fig.  133).  We  denote  by  Bv  B2,  G,  v 
the  principal  Young's  moduli  and  Poisson's  coefficients.  In  the 
case  given  these  quantities  will  be  even  functions  of  z: 

(—  z) ---  Zq(z),  B2{  ~z)  =  E2{z),  G(  -z)^G(z), 
h  (—  \  60.  •'*(—  z)  =  ^W' 

We  shall  consider  these  functions  to  be  given.  As  regards  the 
continuity  of  these  functions  we  make  in  no  way  any  suppositions: 
the  functions  may  be  unsteady  and  may  possess  discontinuities. 

The  results  are  the  following.  The  nonhomogeneous  plate  is 
bent  as  a  homogeneous  orthotropic  plate;  the  moments  and  crosscut 
forces  in  it  are  calculated  from  Eqs.  (6l.l4)  and  (61.15),  the 
deflection  w  of  the  mid-plane  is  determined  from  Eq.  (62.3). 
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The  rigidities  are  obtained  from  the  formulas 


nn 

D,  =2  f  dz, 

J  1  —  Va 


D,  -- 2 


1  — -V'a 


\  -=  2  J  G22  rfz, 


(68.1) 


'I  v( 


■  J  *  ~  'l  '3 


/  _ /  /32 

'2 '  :  '1 77, 


vi.  ^  are  quantities  corresponding  to  Poisson’s  coefficients  f0] 
a  homogeneous  plate). 

The  stress  components  are  determined  by  the  formulas 


l-vjVjVdr-  1 '  '2  dyi)  ’ 

—  (d]v  1 

'  1  - - Va  W»* "  *”  '•  0.7)  1 


(68.?) 


‘  xay  ~  —  ^Gz  - 


dx  dy  ’ 


'[  -h/*  J  (68.3) 

V  -  4}  [S_  /(r^  +  *>)  •«  +  £  j  T#^]  ■ 

In  particular,  for  a  nonhomogeneous  plate  possessing  the 
properties  of  Isotropy,  for  which 


-1  =  E2  =  E  (Z),  Vj  -  v2  =  ,  (*),  G  ^  ^(TfV) , 


(68.4) 


we  obtain  the  following  result:  a  plate  is  bent  like  an  isotropic 
one  when  its  rigidity  D  and  the  Poisson  coefficient  v  are  equal 


nri 

D  =  2JrS^. 
0 

h!2 

.  /  2  r  a 

£>  J  1  —  v3 


(68.5) 


For  the  stress  components  we  obtain  the  formulas 


(68.6) 


(68.7) 


Example.  We  have  a  plate  which  is  isotropic  but  nonhomogene- 
ous  ;  its  Poisson  coefficient  v  is  a  constant  quantity  for  any 
point  of  the  plate  and  Young's  modulus  is  a  square  function  of 
the  thickness  : 


(68.8) 


This  plate  is  bent  as  a  homogeneous  isotropic  one  with  Pois¬ 
son's  coefficient  v  and  a  rigidity  calculated  from 


’>  0J5§)-  (68-9) 
§69.  CALCULATION  OF  THE  RIGIDITIES  FOR  ARBITRARY  DIRECTIONS 

The  rigidities  of  an  anisotropic  plate,  D .  .,  are  quantities 

'l'  J 

which  depend  on  the  directions  of  the  coordinate  axes  chosen, 

i.e.,  the  D .  .  are  changed  on  a  transition  from  the  x ,  y,  z  system 
"i-  J 

of  cooruxnates  to  the  system  x’y  y’,  z’.  Let  us  consider  the  for¬ 
mulas  for  the  recalculation  of  rigidities  for  the  transition  from 
one  system  of  coordinates  to  another  (analogous  formulas  were 
given  in  §9  for  the  elastic  constants). 

Assume  in  the  x ,  y,  z  system  of  coordinates  the  rigidities 
or  a  generally  nonorthotropic  plate  equal  to  O,,,  fX2,  Dl2,  O00,  nl6  and 
D 26  while  in  the  x'}  y’>  z1  system  which  has  been  turned  about 
the  2-axis  through  an  angle  of  the  rigidities  are  equal  to 
On,  D'u ,  d\i,  d'^,  d\ c  and  Z? 2  6  •  To  derive  the  rigidity  recalculation 
formulas  we  consider  the  expression  for  the  potential  energy  of 
deformation  per  unit  volume;  if  in  Eq .  (61.21)  the  derivatives 
of  the  deflections  are  replaced  by  the  strain  components  V 
we  obtain: 


in  the  x ,  y}  z  system 

w  =  A  [Dntl-\  2nl2^-u  I  0*4  I  ^coT^-t-2(0^x  }  0.c3y)jxj].  (69.1) 

and  in  the  x'j  y’y  z ’  system 
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(69.2) 


v^~[dU2-\  2D[^l  i  D'm';  \-rLi%\- 

4~  2  (Diotj  -j  -  D. cEj,)  7xi/l  • 

The  strain  components  Ex'  V  7-tv  and  zx,  e',  are  linked  by  the 
relations* 

t  =- e' cos2 '3  I  s'  siii2  '3  sin '3  cos '3, 

Vseisil‘*?  I  ^cos2?  }  7^  sill  '3  cos  ?I  (69.3) 

7x„  2(£X~  e')  sin '3  COS '3  i  7^  (cos2  <3  siii2  o). 


Substituting  these  expressions  in  (69.1)  and  setting  it  equal 
to  (69.2)  we  obtain  the  transformation  formulas  sought: 


D'n-- 

A. 

cos  (3 

|-2(D,. 

■  f  2/ )b0)  sin2  -3  cos5  0 

1  D.-j 

:  Sill*  <3  | 

4 

2(/),u 
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D22  r 

A, 

sin4  <? 

1  2  (Du 

|  2/)GG)  sin2  9  cos2  7  ( 

A, 

cos4  f  — 
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2(d|g 

Sill2  (3  |- 

D2G  cos2  'f)  sin  2o, 

D\ 2  - 

-  d12 

1  ID 

u  1  D22 

2  (Dl2  1  2Z>GG)|  sin2 

(3  COS 

2?  -I' 

-f-  (D2Q  —  ni(.)  cos  2o  sin  2'3. 

Dec  ~  De0  (-  [Du  4  D.n  -  2  (Z)l2  }-  2Duti)]  sir.2 tp  cos2  o  -f- 
+  (D2Q  —  D1(J)  cos  2o  sin  2®. 

f>i8=  1022  sin2 « — Du  cos2«-J~(D12  -|-  2Z)0(.)  cos  2’3]  sin  2<?  -f 

4-  ^18  cos2  (3  (cos2  <P  —  3  sin2  (3)  -f-  D2S  sin2  -3  (3  cos2  o  —  sin2  o),* 
Djo  —  [D22 cos2 <?— Du  sin3 o  -(D,2  f'  2DG0)cos  2-3]  sin  2^> -j— 

4-  D16  sin2  o  (3  cos2  v  —  sin2  o)  -f-  D20  cos2  <?  (cos2  o  —  3  sin2  o). 


Let  us  consider  the  case  of  an  orthotropic  plate.  Let  the 
directions  of  the  axes  a:  and  y  coincide  with  the  principal  direc¬ 
tions  and  the  main  rigidities  be  given  by  4,  p2>  Dk,  0^4-20*. 


When  it  is  required  to  pass  over  to  a  new  system  of  coordi¬ 
nates,  a:',  y'j  z' ,  whose  axes  make  angles  of  T  with  the  former, 
the  deflection  equation  in  the  new  system  will  read 


4-4D2C 


d‘0 


dx'  dy 


,  _ r  d{W 
3  +  D»^7T-7. 


(69.5) 


and  the  expressions  for  the  moments  and  crosscut  forces  are  ob¬ 
tained  in  the  form  of  ( 6 1 . 9 )  and  (61.10)  (where  D . .  must  be  re- 

3  0  f 

placed  by  D'..).  The  rigidities  of  bending  about  the  new  axes,  D u 
^  tJ 

and  D 22,  the  rigidity  of  torsion,  D 66,  and  the  rigidity  D\ 2  are 
determined  from  the  formulas  resulting  from  (69.4): 


d'u  -  D,  cos4,f  |  2/)j  sin2 -f.  ios*«f  | 
nil ■  D,  sill1  <?  I  2/)jSill*'f  C«SJ'f  I  /^cos*'j.. 

/)'c  •-  DA  I  (D,  I  <\  -2/)J)M„*¥tos,?1 
/")i2  *  A).',  |  (/>  |  D,  -  2/7.) sin* ? cos2?. 


(69.6) 


The  secondary  rigidities  D { 6  and  £>2'6  which  vanish  in  the  main 
system  x,  y,  z,  are  equal  to 

/>ic  -  -  (/)^  sin-  e>  D,  cos-  'f  |  Oj  cos  2f)  sin  2'f, 

i  ...  ,  n  .  ,  n  0  ,  .  0  (6  .7) 

D?c  —  .>  (/h  cos-  'f  -  D,  sin-  o  -  -  /)j  cos  2«)  sm  2o. 


Note  that  the  expressions  for  d(,  |  ni,  j  o n'l2  and  D'c  -  -  D'n  remain 
unchanged  whatever  the  system  of  coordinates,  i.e.,  they  are  in¬ 
variants  : 


d;,  i  n:n  i-2d;2-d,  (  nt  1-20^, 

Dm  ~  Du  Da  -  D^v,. 


(69.8) 


The  complex  bending  parameters  ui  and  p2  transform  in  a 
transition  to  new  axes  according  to  formulas  which  agree  precise¬ 
ly  with  the  transformation  formulas  for  complex  parameters  of  the 
plane  state  of  stress  (see  §10). 

§70.  THE  BENDING  OF  A  PLATE  DISPLAYING  CYLINDRICAL  ANISOTROPY 

Using  the  same  suppositions  and  simplifications  as  applied 
in  the  development  of  the  approximate  theory  of  bending  of  homo¬ 
geneous  plates  (thin  sheets),  it  is  easy  also  to  develop  a  theory 
of  bending  of  plates  of  curvilinear  anisotropy  and,  in  particular, 
of  plates  possessing  cylindrical  anisotropy.  This  type  of  plates 
will  be  considered  briefly. 

For  simplicity  the  plate  with  cylindrical  anisotropy  is  sup¬ 
posed  to  be  orthotropic  at  the  same  time,  with  the  planes  of  elas¬ 
tic  symmetry  being  all  radial  planes  passing  through  the  axis  g 
of  anisotropy.  The  pole  of  anisotropy,  the  point  of  intersection 
of  the  axis  of  anisotropy  and  the  mid-plane  (which  is  assumed 
perpendicular  to  this  axis),  may  lie  within  or  without  the  plate. 
We  let  the  pole  of  anisotropy  coincide  with  the  origin  of  the  cy¬ 
lindrical  system  of  coordinates,  r,  0,  z,  the  s-axis  being  in  the 
direction  of  the  axis  of  anisotropy  and  the  x-axis,  which  is  the 
polar  axis,  arbitrarily  in  the  mid-plane.  In  this  system  of  coor¬ 
dinates  the  equations  of  the  generalized  Hooke's  law  will  have 
the  form  (3-3). 

The  equations  of  the  theory  of  bending  are  derived  in  the 
same  way  as  in  the  case  of  the  homogeneous  plate.  Neglecting  a 

z 

we  can  write  the  three  equations  of  the  generalized  Hooke's  law 
in  the  form: 
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Here  Er<  -e  are  Young's  moduli  for  tension  (compression)  in 

the  radial  direction  r  and  in  the  tangential  direction  v  are 

the  main  Poisson’s  coefficients  ■  /:>,);  Gr,  is  the  modulus  of 

shear  for  the  (principal)  directions  r  and  6.  On  the  basis  of  the 

hypothesis  of  the  straight  normals  we  obtain  expressions  for  the 

displacements  of  points  u  and  in  the  directions  r  and  0  in 

v  t) 

terms  of  the  deflection  w(r,  8)  of  the  mid-plane: 


wu/  I 

U'~  ~  2  dr  ' 


(70.2) 


We  tht  n  determine  er-  Tm-  Prom  Eqs.  (70.1)  we  find  ai- 
from  the  equations  of  equilibrium  [see  the  first  and  second  equa¬ 
tions  of  (1.4)  where  /?  =  0^O]  we  obtain  the  components  and 

Tq3>  The  stresses  ar,at  are  reduced  to  thi  bending  moments  A1r,  M9, 

the  stresses  t  „  to  the  torsion  moment  H  Q  and  the  stresses 

1*  U  X*  u 

=  —  "rf  to  the  crosscut  forces  and  Na.  A  schematic  re- 

presentation  of  the  stress  distribution  around  a  point  in  the 
plate  is  given  in  Fig.  13 4  (upper  diagram);  the  moments  and  cross 
cut  forces  to  which  the  stresses  are  reduced  are  shown  schematic¬ 
ally  in  the  lower  part  of  Fig.  134. 


0  7  ~ 

\.r  Hro  Ms 


Fig  134 


For  the  stress  components,  the  moments  and  crosscut  forces 
the  following  formulas  are  obtained: 


„  _L2Ali,  „  .|2us  T  «2//r. 

°r  ^3  7'  °®  3'7,  ti9  --  As  7> 

- _ £iVf  /  /. 3  \ _ 6A'0/ft3  v 

A3  \  'l"  )'  ‘0:  ‘  7»3"  \  4  2  )• 

..  n  fi!»  ,  / 1  O-j)  .  1  d-;y\| 

Mr- ~Or  \-dri  \  (7  *  Or  'I*  71  *  tilD/J  ’ 

.  n  r  d'a)  ,  1  du;  .  1  d3;.-)] 
d/->  ■!■>'■  d/-  I '  73’  ‘  dOJ  j  • 

//j,  ~  s  “  —  2/)*  'd/dl  (7)1 


(70.3) 


(70.4) 


— M5+V‘5)-l  (£--■? )- 

w.— 1- ;  -go]. 


(70.5) 


Here  Dr>  A  are  the  bending  rigidities  for  the  directions  r,  0 
(i.e.,  about  the  axes  0  and  r  passing  through  a  given  point),  D , 
is  the  rigidity  of  torsion 


D  = 

r  12  (1  —  vs) ' 

/->  G,t,As 

LJv  -  -  — ; .  a—  , 


a  — 


12(1  -VI)  ’ 
Drij  —  Dr\  -[-  2D*. 


(70.6) 


Considering  the  equilibrium  of  a  plate  element  bounded  by 
three  pairs  of  coordinate  surfaces,  and  of  the  analogous  element 
represented  in  Fig.  126,  we  obtain  the  following  equations  for 
the  deflection  w(r,  0): 


n  d'w  L  on  1  d'“’  in  1  on  1  d*w  on  1 

°r  d7  >3  •  «Pd 02  +  Dl>  7*  '  dF  20 r  7  dF  ~  7 1  SFffi 

„  1  (Fw  1  n/ri  1  r,  .  1  (P\i)  .  1  dw  ,  U\ 

~  D*  T3  *  dT3  '  2  ^  *'  7*  '  dO3"  D«  ?3  ’  dr  q  (r '  ^ 


(70.7) 


where  q  is  the  intensity  of  normal  loading  distributed  over  the 
plane  surface.* 

In  the  case  of  an  isotropic  material 


Dr=-D,~D„:  -D^T2T_)-. 


Equation  (70.7)  takes  the  form 

DV2V2iv  ---  q  (r  ,  0), 

where  V2  is  the  Laplace  operator  in  polar  coordinates. 


(70.8) 


rj_^_  1 _f  d  *  1  _  _d3 

dr'1  '  r  dr  '  r3  dG3  ' 


(70.9) 


-  293  - 


Manu¬ 

script 

Page 

No. 


260* 


260** 


260*** 


266 


267 

268 


269* 

269** 


270 


[Footnotes ] 


Gehring,  F.,  De  aequationibus  dif ferentialibus  quibus 
aequilibrium  et  motus  laminae  crystallinae  definitur 
[Differential  Equations  Defining  the  Equilibrium  and 
Motion  of  Crystalline  Layers],  Berlin  i860. 

Boussinesque ,  M.J.,  Complements  a  une  etude  sur  la 
theorie  de  l'^quilibre  et  du  mouvement  des  solides  eias- 
tiques  [Supplements  to  an  Investigation  into  the  Theory 
of  Equilibrium  and  Motions  of  Elastic  Solids]  Journal 
de  Math,  pures  et  appl.  [Journal  of  Pure  and  Applied 
Mathematics]  Ser.  3,  Vol.  5,  1879. 

See  paper  by  M.T.  Huber:  1)  Teorja  plyt  [Theory  of 
Plates]  Lwow,  1921;  2)  Einige  Anwendungen  der  Biegungs- 
theorie  orthotroper  Platten  [Some  Applications  of  the 
Theory  of  Bending  of  Orthotropic  Plates]  Zeitschr.  f. 
Angew.  Math,  und  Mech.  [Journal  of  Applied  Mathematics 
and  Mechanics]  Vol.  6,  Fasc.  3,  1926;  3)  Probleme  der 
Statik  technisch  wichtiger  orthotroper  Platten  [Prob¬ 
lems  of  the  Statics  of  Technically  Important  Orthotrop¬ 
ic  Plates]  Warsaw,  1929. 

The  equations  of  the  theory  of  bending  for  an  anisotrop¬ 
ic  plate  have  been  derived,  for  example,  in  the  third 
of  Huber's  papers  mentioned  in  the  preceding  section  and 
in  our  own  paper:  "0  nekotorykh  voprosakh,  svyazannykh  s 
teoriyey  lzgiba  tonkikh  plit"  [On  Some  Problems  Connected 
with  the  Theory  of  Bending  of  Thin  Plates]  Prikladnaya 
matematika  1  mekhanika,  novaya  seriya  [Applied  Mathe¬ 
matics  and  Mechanics,  New  Series],  Vol.  II,  No.  2,  1938, 
and  for  an  isotropic  plate  in  the  books  by  B.G.  Galerkin 
"Uprugiye  tonkiye  plity"  [Elastic  Thin  Plates]  Gosstroy- 
izdat  [State  Publishers  of  Construction  Engineering] 

1933  and  S.P.  Timoshenko  "Plastlnki  i  obolochki"  [Plates 
and  Shells],  OGIZ,  Gostekhlzdat ,  Mosc ow-Leningrad ,  1948. 

See,  e.g.,  the  book  by  S.P.  Timoshenko,  mentioned, 
pages  92-98. 

See  page  187  of  our  paper  mentioned  in  the  preceding 
section.  The  formulas  given  below  are  also  derived  in 
this  paper. 

See  our  paper,  page  191,  mentioned  previously. 

The  determinant  of  these  systems  for  unequal  complex 
parameters  is  always  nonzero  (see  footnote  in  §8). 

See  our  paper  mentioned  in  §62,  where  derivations  are 
given  for  Eqs.  (63.14)  and  the  boundary  conditions  for 
functions  of  a  complex  variable  and  where  these  func¬ 
tions  are  investigated. 


-  294  - 


271* 


Lur'ye,  A. I.,  K  zadache  o  ravnovesii  plastiny  s  opertym 
krayaml  [To  the  Equilibrium  Problem  of  Plates  with  Sup¬ 
ported  Sides]  Izv.  Leningr.  politekhn.  in-ta  [Bull,  of 
the  Leningrad  Poly technical  Institute]  Voi.  XXXI,  ly28, 
pages  305-320;  see  also  nis  paper:  Nekotoryye  zadachi  ob 
lzgibe  krugloy  plastinki  [Some  Problems  on  the  Bending 
of  a  Round  Plate]  Prikladnaya  matematika  i  mekhanika 
[Applied  Mathematics  and  Mechanics]  Vol.  IV,  No.  1, 

1940. 

271**  Fridman,  M.M.,  1)  0  nekotorykh  zadachakh  teorii  izgiba 
tonkikh  plit  [On  Some  Problems  of  the  Theory  of  Bending 
of  Thin  Plates]  Prikladnaya  matematika  i  mekhanika, 

Vol.  V,  No.  1,  19^1;  2)  Izgib  tonkoy  izotropnoy  plity 
s  krivolineynym  otverstiyem  [The  Bending  of  a  Thin  Iso¬ 
tropic  Plate  with  Curvilinear  Aperture],  Ibid.  Vol.  IX, 
No.  4,  1954;  3)  Izgib  tonkoy  izotropnoy  plity  s  vpayan- 
noy  rugloy  isotropnoy  shayboy  iz  uprugogo  materiala  [The 
Bending  of  a  Thin  Isotropic  Plate  with  Soldered-in  Round 
Isotropic  Disk  of  an  Elastic  Material]  Ibid.  Vol.  XIV, 
No.  4,  1950;  4)  Izgib  krugloy  plity  sosredotochennymi 
silami  [The  Bending  of  a  Round  Plate  by  Concentrated 
Forces]  ibid.,  Vol.  XV,  No.  2,  1951;  5)  Resheniye  ob- 
shchey  zadachi  ob  izgibe  tonkoy  uprugoy  plity,  opertoy 
vdol  kraya  [Solution  of  the  General  Problem  on  the  Bend¬ 
ing  of  a  Thin  Elastic  Plate  Supported  Along  the  Edge], 
ibid. ,  Vol.  XVI,  No.  4,  1952 . 

273  Karman,  Th.,  Encyklopadie  der  mathematischen  Wissen- 
schaften  [Encyclopedia  of  Mathematical  Sciences]  Vol. 

IV,  1910,  page  349. 

274  F.ostovtsev,  G.G.,  Raschet  tonkoy  ploskoy  obshivki,  pod- 
kreplennoy  rebrami  zhestkosti  [Calculation  of  Thin  Panel 
Reinforced  by  Stiffening  Ribs]  Trudy  Leningr.  in-ta  in- 
zhenerov  grazhdanskogo  voadushnogo  flota  [Transactions 
of  the  Leningrad  Institute  of  Engineers  of  Civil  Avia¬ 
tion]  No.  20,  1940. 

275  Timoshenko,  S.P.,  Plastinki  i  obolochki  [Plates  and 
Shells]  Gostekhizdat ,  Moscow,  1948,  page  37,  243. 

276  Cf.  paper  by  E.  Seydel,  Schubknickversuche  mit  Well- 
blechtafeld  [Shear-Breaking  Tests  with  Corrugated  Iron 
Sheets]  DVL-Bericht  [DVL  Report]  or  the  book  by  S.N. 

Kats  and  I. A.  Sverdlcv,  Raschet  samoleta  na  prochnost 
[Strength  Calculation  of  Airplane]  Oboroygiz,  Moscow, 
1910,  page  254. 

278  See  paper  by  S.G.  Lekhnitskiy,  Izgib  neodnorodnykh  ani- 

zotropnykh  tonkikh  plit  simmetrichnogo  stroyeniya  [Bend¬ 
ing  of  Nonhomogeneous  Anisotropic  Thin  Plates  of  Sym¬ 
metrical  Structure]  Prikladnaya  matematika  i  mekhanika, 
Vol.  V,  No.  1,  1941.  In  this  paper  the  more  general 
case  where  the  layers  are  not  orthotropic  was.  also  in¬ 
vestigated  . 


295 


283 


Rabinovich,  A.L.,  0  raschete  ortotropnykh  sloistykh 
paneley  na  rastyazheniye ,  sdvig  i  izgib  [On  the  Calcula¬ 
tion  of  Orthotropic  Laminated  Panels  as  to  Tension, 

Shear  and  Bending]  Ministerstvo  aviatsionnoy  promyshlen- 
nosti  SSSR  [Ministry  of  Aviation  Industry  USSR]  Trudy, 
No.  675,  19*18. 

284*  In  the  same  form  the  rigidity  can  be  given  for  the  more 

general  case  of  a  laminated  plate,  only  the  form  of  the 
reduced  moduli  will  be  more  complex. 

284**  Equations  (67.5)  (67.8)  agree  essentially  with  the  for¬ 
mulas  obtained  by  A.L.  Rabinovich  in  the  paper  referred 
to  in  §66  (pages  13-14,  17-18).  A.L.  Rabinovich  used 
other  notations. 

285  See  A.L.  Rabinovich's  paper  mentioned,  page  15. 

287  See  paper  by  C.B.  Smith,  Some  New  Types  of  Orthotropic 

Plates  Laminated  of  Orthotropic  Material,  Journ.  of 
Appl.  Mech.,  Vol.  20,  1953,  No.  2.  In  his  paper  Smith 
uses  other  denotations.  This  paper  contains  general  con¬ 
siderations  with  respect  to  the  determination  of  the 
rigidity  of  plates  consisting  of  four  and  more  (even 
number)  plates. 

290  These  formulas  are  derived  in  the  mechanics  of  continu¬ 

ous  media. 

This  equation  agrees  essentially  with  an  equation  de¬ 
rived  independently  by  Carrier  in  the  paper:  G.F.  Car¬ 
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Chapter  10 

THE  BENDING  OF  PLATES  UNDER  NORMAL  LOAD 

§71.  THE  SIMPLEST  CASES  OF  BENDING 

In  this  chapter  we  shall  consider  a  series  of  concrete  prob¬ 
lems  on  the  bending  of  homogeneous  plates  of  rectangular,  ellip¬ 
tic  and  round  form,  of  strips  and  of  a  curvilinear-anisotropic 
round  plate  . 

The  simplest  cases  of  bending  of  a  uniform  plate  are:  1) 
pure  bending;  2)  pure  torsion;  3)  bending  on  a  cylindrical  sur¬ 
face.  The  deflections,  moments  crosscut  forces  and  stresses  are 
obtained  in  these  cases  in  an  elementary  way,  and  we  give  the 
formulas  without  derivations.  In  all  cases  the  plate  is  assumed 
to  be  homogeneous  but  not  orthotropic  so  that  the  bending  equa¬ 
tion  referred  to  the  chosen  axes  a:  and  y  has  the  form  of  (62.2) 
and  the  expressions  for  the  moments  and  crosscut  forces  have  the 
form  of  (61.9)  and  (61.10). 


Pig.  135 


I.  Pure  bonding.  A  rectangular  plate  is  bent  by  the  moments 
M\  (per  unit  length)  distributed  uniformly  on  two  sides  and  the 
moments  M 2  (per  unit  length)  distributed  uniformly  on  the  two 
other  sides. 

Denoting  the  lengths  of  the  sides  by  a  and  b  and  directing 
the  axes  along  the  sides  (Fig.  135),  we  obtain 

Mx  r  /VI,,  My  --  Mv  Hxy  -  Nx  r.-,Nv  .  0,  (71.1) 

,Ax*l-nxy  fey  l-Cpt-f  Cy  |-C0.  (71.2) 

where  A>  B ,  C  are  the  constants  determined  from  the  equations 
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(71.3) 


/iD„-i  nnlG-\-cDl2--.~^., 
ADn-\-BDw-\-Cn23  , 


and  tci’  C2*  co  are  constants  obtained  from  the  conditions  of  fixing. 
For  example,  for  a  plate  which  is  fixed  at  the  three  corners  (0, 

0 ) ,  (a,  *0) ,  \0y  b ) , 

w  —  A  (.t2  --  ax)  - 1  •  Bxy  4-  C  (y*  —  by).  (71.^) 


Another  case  of  pure  bending  is  the  bending  of  a  plate  of 
arbitrary  form  by  the  moments  M  (per  unit  length)  which  are  dis¬ 
tributed  uniformly  along  the  edge  (Fig.  136). 


Fig.  136 


In  this  case  for  an  arbitrary  element  with  the  normal  n 

Mn  ---  M,  /f(„  =  0,  Nn  --  0.  (71.5) 

2.  Pure  i  v.  Ion.  A  rectangular  plate  is  deformed  by  the  tor¬ 
sional  moment  li  (per  unit  length)  distributed  uniformly  on  all 
sides  (Fig.  137).  In  this  case 

AV-AIjr-  0.  //*„-//.  Nx  Nv  -  =  0.  (71.6) 

The  deflection  w  has  the  form  (71.2)  and  the  constants  A ,  B, 
C  are  determined  by  the  equations 

4*  BDiQ '  I '  CDl2  ■—  0,  ] 

ADl2 -|-  BD2Q- 1-  CD2 2  --  0, 

ADlQ-\-BDm-\ 

Another  variant  of  pure  torsion  is  the  deformation  of  a 
plate  hinged  on  two  opposite  sides,  by  the  forces  2H ,  applied  to 
the  free  corners  (Fig.  138).  For  this  variant  the  same  formulas 
(71.6),  (71.7),  (71.2)  are  applicable. 

3.  Bending  on  a  cylindrical  surface.  A  plate  in  the  form  of 
a  long  rectangle  fastened  uniformly  on  the  long  side.*:;  and  arbi¬ 
trarily  on  the  shore  sides,  is  deformed  by  a  load  which  does  not 
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(71.7) 


vary  along  the  long  sides.  In  this  case  at  points  remote  from  the 
short  sides  the  curved  surface  of  the  plate  will  be  similar  to  a 
cylindrical  surface;  for  an  infinitely  long  plate  the  surface 
will  be  precisely  cylindrical. 


Fig.  137  Fig.  138 


Placing  the  origin  of  coordinates  on  the  long  side  far  away 
from  the  short  sides  and  directing  the  rc-axis  along  the  long  side 
(Fig.  139),  the  deflection  w(y)  may  be  assumed  to  be  a  function 
of  y  alone. 

Then 

Mx  My  —  -  Dnxt>",  HXy  ~  | 

A/j  «  —  Nv  -  Dnwm.  .  )  (71.8) 


The  deflection  is  determined  from  the  equation 

D22w"'--=  q(j).  (71.9) 

This  equation  coincides  with  the  deflection  equation  of  a 
beam  with  the  rigidity  D 22  bent  by  an  arbitrary  normal  load  q; 
the  quantities  M  and  N  are  determined  as  the  bending  moment 

1/  v 

and  the  crosscut  force  in  this  beam.  The  fixing  of  the  beam  ends 

must  correspond  to  the  fixing  of  the  long  sides  of  the  plate.  In 

this  way  the  problem  on  the  bending  of  a  plate  on  a  cylindrical 

surface  is  reduced  to  the  problem  of  the  bending  of  a  beam  which 

can  be  solved  within  the  framework  of  the  elementary  theory  of 

bending.  The  unnecessary  force  factors  M  ,  N  and  N  which  do 

%c  ccy  X 

not  exist  for  the  beam  are  easy  to  determine  from  the  deflection 
obtained.  For  an  orthotropic  plate  at  which  the  principal  direc¬ 
tions  are  parallel  to  the  sides,  H  =  N  =0. 
h  5  xy  x 


Fig.  139 
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§72.  BENDING  OF  AN  ORTHOTROPIC  RECTANGULAR  PLATE  WITH  HINGED 
SIDES 

A  rectangular  orthotropic  plate  whose  principal  directions 
are  parallel  to  the  directions  of  the  sides  rests  (on  hinges)  on 
all  four  sides  and  is  bent  by  a  normal  load  distributed  according 
to  an  arbitrary  law. 


Fig.  140 


We  orient  the  x  and  y  axes  along  the  sides  (Fig.  140)  and 
denote  by  a,  b  the  lengths  of  the  sides  of  the  plate  and  by  a 
their  ratio:  a  =  a/b .  The  equation  of  the  deflections  will  have 
the  form  of  (62.3);  when  integrating  it  the  boundary  conditions 
to  be  taken  into  account  are  the  following: 

with  y  0,  y  =  - b  w  —  My  --  .0.  1  (72. 1) 


All  these  conditions  will  be  satisfied  when  we  use  the  solu¬ 
tion  of  Eq.  (62.3)  in  the  form  of  a  series 

00  *  00  #  , 

Vi  Vl  .  .  m-x  .  nr.y 

1A . . j- sin-/-*  (72.2) 

tn»i  n^l 


In  order  to  determine  the  coefficients  A  we  expand  the 

mn  ^ 

function  q(x}  y)  in  a  double  Fourier  series 


where 


■/  = 


^  ^  o,,m  sin  ' 


mr,x 


1  n;iy 
Sin  •  /  • 
a  0 


(72.3) 


“mu 


4 

ob 


f  f  .  mnx  .  lir.y 

J  J  VS«n  a  sin  '■ 
0  0 


dx  ( ly . 


(72.4) 


\ 


Substituting  Expressions  (72.2)  and  (72.3)  in  Eq.  (62.3)  and 
equating  the  coefficients  of  equal  sines  on  the  left-hand  and  the 
right-hand  sides,  we  obtain  the  following  expression  for  the  de¬ 
flection 


4 


00  00 


Ml -l  »l'»l 


,  mnx  ,  tir.y 

sin - sin  -  •/- 

a  b 


(72.5) 


This  solution  i.-.  analogous  to  Navier’s  solution  for  an  lao- 
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tropic  plate* 


(72.6) 


( D  is  the  rigidity  of  the  isotropic  plate).  In  Eq.  (72.5)  we  must 

substitute  the  values  of  the  coefficients  a  which  depend  on  the 

mn  ^ 

law  of  load  distribution.  Thus,  for  the  case  of  a  load  distributed 
uniformly  over  the  whole  area,  we  obtain 


omn  •  mn  f  or  mi,  n  r  -  1 1  3,  5,  . . . , 


(72.7) 


for  all  other  m  and  n  \ 
where  p  is  the  load  per  unit  area. 

For  a  concentrated  force  P  which  attacks  at  the  point  (t  Ti)> 


4  P  .  mn;  .  nirn 
a",n  ~  ~ab  Sm  ~~a~  sm  ~b~ 


(m  —  1,  2,  3 . n  —  1,  2,  3,  . . .). 


(72.8) 


The  moments  and  crosscut  forces  are  determined  from  Eqs. 
(6l.l4)-(6l.l5)  and  are  likewise  double  series. 


A  solution  in  the  form  of  a  double  series  is  of  theoretical 
interest  but  not  suitable  for  application  in  practice.  Though  the 
series  expressing  the  deflection,  moments  and  crosscut  forces  are 
virtually  always  convergent,  the  convergence  is  so  slow  that  many 
terms  of  these  series  must  be  taken  for  a  calculation.  Therefore, 
in  cases  where  one  can  do  it  without  the  double  series,  one  pre¬ 
fers  to  use  simple  series  for  the  solutions,  which  converge  much 
better  (we  shall  consider  such  solutions  below). 

When  on  the  sides  of  a  plate,  which  is  bent  by  an  arbitrary 
load  q  (72.3),  the  normal  forces  pi  and  p2  are  distributed  uni¬ 
formly,  we  shall  have  an  equation  of  the  form  (64.7)  where  we 
must  substitute 

Tx  ~  Pi<  Sj.y  —  0. 

Also  in  this  case  the  deflection  is  easy  to  determine  in 
the  form  of  a  series 

2  flmn  x 

(72.9) 

■)'[*$' M 

If  we  are  concerned  with  tensile  forces,  pi  >  0  and  p2  >  0; 
the  denominators  of  all  terms  of  the  series  are  positive  and  high¬ 
er  than  the  corresponding  denominators  of  the  series  (72.5).  From 
this  it  is  clear  that  an  adding  of  tensile  forces  distributed 
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.  mr.x  nr.y 

sin  sin  - 
a  o 


o, I '  I  "*•'  I  (‘ 
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along  the  sides  will  reduce  the  deflection;  the  plate  behaves  as 
if  it  were  more  rigid.  If  the  forces  are  compressivej  pt  <  0, 
p 2  <  0  and  the  denominators  of  Eq.  (72.9)  are  differences  of  po¬ 
sitive  quantities.  An  addition  of  compressive  forces  increases 
the  deflection  or,  in  other  words,  reduces  the  rigidity  of  the 
plate.  With  compressive  forces  we  may  also  encounter  cases  where 
one  or  several  denominators  of  Eq.  (72.9)  are  vanishing  and  the 
deflection  under  the  action  of  the  load  q  therefore  becomes  the¬ 
oretically  infinitely  large.  This  indicates  that  a  plate  compres¬ 
sed  by  the  forces  pi  and  p 2  alone  is  in  unstable  equilibrium. 


The  stability  problems  of  the  plate  are  also  considered  in 
Chapters  13-16. 

§73.  THE  BENDING  OF  AN  ORTHOTROPIC  RECTANGULAR  PLATE  WITH  TWO 

RESTING  SIDES 

A  rectangular  orthotropic  plate  with  two  opposite  sides  sup¬ 
ported  and  the  other  two  sides  fixed  in  some  way  is  bent  by  a 
normal  load  q.  We  consider  a  case  where  the  load  is  constant 
along  the  supported  sides.  A  more  general  case  of  load  will  be 
discussed  in  §76.  For  a  given  plate  we  can  obtain  a  solution  in 
the  form  of  simple  series  which  is  a  generalization  of  the  well- 
known  Morrls-Levi  solution  for  the  case  of  an  orthotropic  plate.* 

Let  us  place  the  origin  of  coordinates  in  the  middle  of  the 
supported  side  and  direct  the  x-axis  along  the  supported  side  and 
the  y-axis  perpendicular  to  it  (Fig.  142a). 

The  deflection  equation  will  have  the  form 


D>T&  +  2D*'.d'* 


0xJ  dyi 


1-  n 

i  Oyi 


(73.1) 


where  q(y)  is  a  given  function.  The  function  w  defined  by  this 
equation  must  satisfy  the  boundary  conditions  for  the  supported 
sides 


with  y  =J°.  y-~b  w 


d-w  ,  (Fw 
dyi  '  V‘  dx'1 


---=0 


and  four  conditions  for  the  other  sides. 


(73.2) 
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We  ?hall  seek  a  solution  in  the  form  of  a  sum 


w  -  -  w0(y)  |  •  wt  ( a- ,  y). 

Here  w0 (y)  is  a  function  satisfying  the  equation 

Dyu^  q  (_y) 


(73.3) 

(73. M 


and  the  conditions 


v>0 (0)  =-=  K'o  (0)  0,  wa  (b)  -u-C  (b)  0; 


(73.5) 


this  is  the  deflection  of  a  beam  of  length  b  and  rigidity  D, 
which  rests  on  its  ends  and  is  loaded  by  the  load  q  (Fig.  1^2b). 
The  function  Wi  satisfies  the  homogeneous  equation 


n  £**j.  .  on  ,  n  d'ltti 

U'  dx*  »  W>~d!*dyi~'  D*  dyi 


—  0, 


(73.6) 


and  Conditions  (73-2)  and  is  chosen  so  that  it  satisfies  the  con¬ 
ditions  on  the  sides  x  =  +a/2. 


Fig.  1*12 


In  many  cases  of  loads  the  function  uo  can  be  determined  in 
a  finite  form  by  the  methods  of  the  theory  of  materials  resist¬ 
ance,  but  in  order  to  satisfy  the  conditions  on  the  sides  x  =  + 
+a/2  it  must  be  represented  in  the  form  of  a  Fourier  sine  series. 
This  series  will  have  the  form 


where 


oo 

b*  a„  .  n~.v 

u,° 7)-;j2/vns,n  v- 


(73.7) 


b 


0 


(73.8) 


are  the  Fourier  series  expansion  coefficients  of  the  function 
q(y)  representing  the  law  of  load  distribution.  The  function  wi 
is  sought  in  the  form  of  a  series 
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(73.9) 


*i—  sln^- 

1 

The  total  deflection  «*=»„  +  «>,  wni  satisfy  the  conditions 
on  the  resting  sides  and  we  have  only  to  take  care  that  the  con¬ 
ditions  on  the  sides  *  — rtra/2,  are  satisfied  which  is  always  pos¬ 
sible. 

For  the  functions  Xn  we  obtain  the  equation 

D1*l,v  -  -  2D3  (j-J  x*  4-  d2  (-7)4  xn  —  o.  (73.10) 

The  form  of  the  function  X  depends  on  the  roots  si^  82  of 
the  characteristic  equation  n 

0^-20/40^0.  (73.11) 

These  roots  are  connected  with  the  complex  parameters  ui,  U2  of 
bending:  sl  =  i/lil,  s2  =  t/H. 

According  to  the  relations  between  the  quantities  of  rigid¬ 
ity  of  a  plate  we  may  distinguish  three  cases. 

Case  I.  The  roots  of  Eq.  (73*11)  are  real  and  unequal: 

its,,  ±sz  (s,  >  0,  sz  >  0). 

Case  2.  The  roots  of  Eq.  (73.11)  are  real  and  pairwise  equal 

riz  s  (s  >  0). 

Case  3.  The  roots  of  Eq.  (73.11)  are  complex: 

srtztl,  —sztztt  (s  >  0,  /  >  0). 


In  Case  1 

Xn  An  ch  -r^-  -1-  Bn  sh  Cn ch  -) -  Dn sh  .  (73.12) 

In  Case  2 


\-nnx) ch  ~-  -J - (CH 4 •  Dnx) sh  . 

In  Case  3 

+  (C„  cos^.l-O.sin-^sh^.. 
where  An,  Bn,  Cn,  Dn  are  arbibrary  constants. 


(73.13) 


(73.1*0 


In  this  way  we  obtain  the  following  expressions  for  the  de¬ 
flection.  In  Case  1 
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In  Case  2 


In  Case  3 


V) 


w 


-i  1  *.*!t+ 

+  C,.chiIK-t  vMji,?;?. 

+».*>  <>•-?-+ 

•|-(C„  +  U,jt)sh— Jsinf. 


CO 

f  ciiiA*  .  /  .  nr/jr  _  nr.tx\  .  nnsx  , 
i[/VW+('l-“‘T  l  B„sm— )c"-*-  + 

+  (C.  C0S  if.  l-o,,  sin  if)  sh  2f£]  Sin  if 


ft  **  l 


(73.15) 


(73.16) 


(73.17) 


In  each  case  the  denominator  contains  four  arbitrary  constants 
and  as  many  conditions  as  we  have  on  the  sides  a/2;  these  con¬ 

ditions  can  be  satisfied  with  an  arbitrary  fixing  of  th  sides. 


In  the  following  it  is  not  necessary  to  analyze  all  three 
cases  (1,  2,  3)  in  detail.  It  is  sufficient  to  consider  Case  1; 
the  solutions  for  the  other  cases  are  obtained  by  means  of  a  linv 
iting  transition  with  s,  --  s2  --  s,  0r  by  a  separation  of  the  real 
part  of  the  complex  expression  which  is  obtained  when  we  put 

5,  -  s  \-  tl,  s2  —  s-~tl. 

In  the  case  of  four  supported  sides  we  obtain 


u<  ■■  ■■  wu(y) 


V  a"  ■  v 

D„ n‘  &  «'(.vr  .**)  A 

*  n ..  I  \  *  */ 


r#*c|,  °rS'X 


ch 


•2 


i'?ch  . 

■*—  sin??-, 
ch  n-fc. 


(73.18) 


For  a  plate  whose  sides  *-■.'«/ 2  are  fixed 


fl  ^  1 

.  llr.S-C  ,  tliiSiX 
S2bh  —  •,  - cli  -  ‘  - 

w _ _ ‘ _ _ _ p _ 

^  »  nrs2C 


sish  •  -  s2 


,  iit.h.c  ,  nns2x 
‘2  A  nny 

nj:i,c  A 


sh 


n-s2c 


i  ch  -  o  - 


(73.19) 


Knowing  the  expression  for  the  deflections,  we  determine 
from  Eqs.  (63. 1^)  and  (61.15)  the  moments  and  crosscut  forces  and 
from  them  the  stresses. 

Series  of  the  type  (73.18)  are  much  more  suitable  for  the 
calculation  than  the  double  series  of  the  last  section  of  the 
book;  they  are  usually  converging  rapidly.  For  the  calculation 
of  the  deflections  and  stresses  at  given  points  in  an  accuracy 
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sufficient  for  practice  we  can  restrict  ourselves  to  a  few  terms 
of  the  series. 

§74.  THE  BENDING  OF  A  RECTANGULAR  ORTHOTROPIC  PLATE  BY  A  LOAD 
DISTRIBUTED  UNIFORMLY 

When  a  load  q  is  distributed  over  a  plate  as  considered  in 
the  preceding  section  in  a  uniform  manner  (Fig.  143), 

.  (74.1) 

a„  =  1,  3,  5,  . . an  «  0  n  «  2,  4.  6.  . . .  (74.2) 

The  series  (73.18)  and  (73.19)  will  only  contain  terms  with 
odd  n . 

Let  us  consider  two  cases  in  greater  detail. 


I.  Plate  with  four  supported  sides.  The  moments  and  crosscut 
forces  are  determined  from  Eqs.  (6l.l4)  and  (61.15).  For  the  de¬ 
flections  and  bending  moments  we  obtain  the  following  expressions 


W 


2 MV)  I- 


no 


n-  1,  8.  6.  ... 


f‘>  "T; 
\  c"  ■  2  ■ 


s>  b 


Cll 


(74.3) 
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The  maximum  deflection  and  highest  bending  moments  are  ob¬ 
tained  in  the  center  and  can  be  represented  in  the  following  way 


(74.5) 

(74.6) 


a,  8 ’  and  8  are  dimensionless  correction  coefficients  which  take 
into  account  the  influence  of  the  lateral  sides  *  —  When  the 

side  ratio  o  =  a/b  is  high  these  coefficients  can  be  taken  equal 
to  a  -  !•  P'  v  P  <>.  and  then  we  shall  have  a  bending  on  a  cylin¬ 
drical  surface. 


The  determination  of  a,  8'  and  8  with  finite  a  in  Case  1  is 
obvious  from  Eq .  (74 . 3  )- ( 74 . 4 ) .  We  give  the  values  of  the  coef¬ 
ficients  for  Case  3. 
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1- 

1,004 

s/ 

n 

X 

^2i7ch  • 

SJ  — 

,1,032 

V1 

St 

x| 

\s2  +  t 

n  1 

oo  •  - 

y  <--■>  -X 

JLi  li-’hn  A 


(-1) 


n_JL 
~  2 


n*»l,S,  6,v.. 


X  [(s2  + 12  —  V2  -f  V2)  sh  sin - 


o  i  t.  nnsc 

— -2v/ch— 2-cos— 2-l, 


f-'+T  .1 


(~b 


n- 

"2 


n-i,  s,  S,  ... 


x[(V*  -fV2”  I  /*)sli  ■' 

8„  =--  eh  nnsc  -j-  cos  tints. 


X 

nr.se  .  nntc 

2  sin--2 . 

-2s/ eh  ^  cos'll, 


(74.7) 


As  shown  in  §67,  the  parameters  pi,  pz  and,  consequently, 
also  ei,  8 2  are  found  to  be  complex  for  such  a  material  as  ve¬ 
neer.  For  a  veneer  plate  the  series  entering  Eqs.  (7^-7)  converge 
satisfactorily . 

The  formulas  for  Case  2  are  obtained  in  the  way  shown  above 
by  means  of  a  limiting  transition  with  t  -  0. 

The  bending  of  a  plate  with  four  supported  sides,  under  the 
action  of  a  uniformly  distributed  load  was  studied  in  detail  by 
Huber  for  the  case  where  the  rigidity  satisfies  the  condition 
Oa t-.r YdJ)2  (Case  2).  Huber  gives  Tables  for  the  calculation  of 

the  maximum  deflection  w  ,  the  maximum  moments  (AU  .  (/W„)ni(il. 

and  other  quantities,  which  are  of  interest  for  strength  calcula¬ 
tions,  such  as  1)  the  maximum  crosscut  forces  (Ns)mill>  (Ny)innt,  obtained 
In  the  middles  of  the  sides;  2)  the  maximum  values  of  the  support 
reactions  (.\\)  .  (/?j)mil.  obtained  for  these  points;  3)  the  total 

pressure  R \  of  the  plate  on  the  support  x  -  +a/2  and  R 2  on  the 
support  y  =  0,  y  -  by  l\)  the  reaction  R  at  the  corners  of  the 
plate.  All  these  quantities  are  considered  as  functions  of  the 
ratio 


6 


(«>*); 


they  are  determined  from  the  formulas 


(7*1.8) 


(74.9) 

(74.10) 


—  7  Q 

J  w  C  - 


(in  the  middle  of  the  plate  a-  0.y--b/2): 

i  *»(vt  *£)!/■£]«.  I 

«■>. . »[:■,,  I  , *«(v I  -$)| /■§] H  |  (7,-n) 

(at  the  points  x  *:n/2.  j^a/2,  i.e.,  in  the  middles  of  sides  6); 


(/V^« ' :  -  I- l*ii2  (*i  -I-  2^-)  ]/"gj] 

t1*2”  ^  1*112  ('I  (-  *£") 


(74.12) 


the  ^rJh*  ^  *•••.  *•  **>•  middles  of 


i- a-) /£]»»*; 


(74.13) 


(74.14) 


ents  ^  ShS11  g/V5  HUber'S  table  (0n  paSe  310)  for  the  coeffici- 
(*„•  pa . p12  for  a  series  of  values  of  the  ratio  e .  * 

QnH  .2-  p|a+e  with  +wo  supported  and  two  fixes  sides.  Deflection 
and  bending  moments  are  determined  from  the  equations 


i-J$  £  -  r;(l2Sh"^ch"“Hi— 

n  - 1,  3,  5.  ...  0 


c  ch  wrSlf  ,,rs5r\  .  nny 

S' s"  2  ^  c  ~b)  sm  -/-; 


(74.15) 


/,fx  =---  ?J-(*y— >'3H- 


+  -S:-S  X 

Hi*  I,  3.  5,  . . . 

■*  < 


(74.16) 


+T-  1  ^[0-v»*.si.^ch-"a£- 


n^i.  3,  5,  ... 


-  ( 1  -  vO *i  sh  -55M  ch  2«a£]  sin -  J3L . 
A„  =  5,  sh  71Hi£ ch  »- _  s2  sh  ch^li.  ‘ 
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TABLE  14 


Values  of  the  Coefficients  in  Eqs.  (74.9)- 
(74.14) 


c 

f 

Ku 

Km 

Km 

Kim 

Km 

1 

0,00107 

0,0303 

0,0368 

0,219 

0,119 

0,219 

1.5 

0,00772 

0,02,30 

0,0728 

0,199 

0,161 

0,335 

2 

0,01013 

0,0171 

0,0961 

0,139 

0,181 

0,-110 

2,5 

0,01150 

0,0099 

0,1100 

0,183 

0,183 

0,-153 

.1 

0,01223 

0,0055 

0,1172 

0,187 

0,135 

0,-176 

5 

0,01297 

0,0001 

0,1215 

0,136 

0,186 

0.-199 

co 

0,01302 

0,0000 

0,1250 

0,186’' 

0,186 

0,500 

t 

f 

t 

/ 

/ 

i 

Kin 

Hill 

K  122 

Km 

Km 

K  J2 

i 

0,119 

0,157 

0,093 

0,157 

0,093 

0,0166 

1,5 

0,039  ■ 

0,1-15 

0,122 

0,211 

0,081 

0,0611 

2 

0,055 

0,133 

0,133 

0,299 

0,066 

0.0663 

2,5 

0,031 

0,137 

0,131 

0,338 

0,051 

0,0670 

3 

0,017 

0,1 3G 

0,135 

0,365 

0,0-15 

0,0675 

5 

0,001 

0,136 

0,136 

0,-119 

0,027 

0,0679 

03' 

0,000 

0,136 

0,136 

0,500 

0,000 

0,0679 

The  maximum  bending  is  obtained  in  the  center  and  may  be 
described  by  the  formula 


5  qb< 

W  rrs  — 1 - ft. 

381  D% 


(74.17) 


As  regards  the  bending  moments,  they  reach  their  highest  val¬ 
ues  in  an  isotropic  plate  in  the  midpoints  of  the  fixed  sides;  ir 
the  case  of  an  orthotropic  plate  we  cannot  exclude  the  possibil¬ 
ity  that  the  bending  moments  reach  their  highest  values  in  the 
center.  Denoting  by  Mx0,  Mv0  the  bending  moments  in  the  center  and 
by  Mxb,  Mvb  the  bending  moments  at  the  midpoints  of  the  fixed 
sides,  we  can  represent  these  quantities  by  the  formulas 


(74.18) 


With  high  ratios  c  =  a/b 


«=>•  P'rv'  P— i.  P, 

We  restrict  ourselves  to  giving  the  expressions  for  the  co¬ 
efficients  a,  p',  p,  p[  and  3i  only  for  Case  3: 


ii.  .i.ii  mw  in  i  11  j  mi  ,i  i  mi  mini 
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. _  oo  22zi 

?i  -  1.032  \/  l\  V  (  1)  2  ... 

'  Dt  jij  (tshii7.sc — ssin/(-/c), 

>1*1,  .1,  6,  ...  " 


n-1 

2 


?. -l,032v.l flh  V  (-1)  2  ..  . 

1  r  D,  Jj  —n)-!r--(tshii7sc--ss\nnr.tc)l 

fl=»l,  3.  5.  ... 

An  r-  /  sh  nr.sc  -|  s  sin  // r./c. 


ine  In  En^  iq^  h  Ger  plate  the  te™s  of  the  series  appear- 

tinni  (7^'19)  decrease  rapidly  enough  so  that  in  calcula- 

\,ith  !CCUraCles  sufficient  for  practice,  we  can  be  satis 

as  t he ^ratio^^de creases?6  C°nVerSenCe  the  series  become  worse 


§75.  THE  BENDING  OF  A  STRIP  WITH  SUPPORTED  SIDES 


t-h«  An°ther  problem  which  is  very  interesting  for  practice  is 

t  r  +  Sendlng  0f  a  lonS  rectangular  ortSotJopL 

p  ate  with  supported  sides,  under  the  action  of  a  load  distrih 
uted  oyer  a  limited  part  of  its  surface  (in  the  ?heo?v  sucl  l 
?  ?  '  infinite  band  with  supported  sides) 
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to  thei^base^an^statements  I  »w**'*10u*'  Bering  Into  details  as 
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I.  Strip  loaded  along  a  straight  line  section.  An  infinite 
band  of  width  b  with  supported  sides  is  subjected  to  the  action 
of  a  load  distributed  arbitrarily  on  a  straight  line  section  per¬ 
pendicular  to  the  sides.  The  principal  directions  of  elasticity 
are  assumed  parallel  and  perpendicular  to  the  directions  of  the 
sides.  When  the  x-axis  agrees  with  the  side  and  the  y-axis  with 
the  loaded  section  as  shown  in  Pig.  144,  we  expand  the  given  load 
q'(y)  (per  unit  length)  in  a  Fourier  series;  we  obtain 
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The  expressions  for  the  deflections  will  depend  on  the  solu¬ 
tions  of  the  characteristic  equation  (73.11)  and,  for  positive  x, 
they  may  be  written  as  follows  (for  parts  of  the  plate  on  the 
right-hand  side  of  the  loaded  section): 


in  Case  1  (see  §73) 
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The  expressions  for  the  deflection  on  the  left-hand  side  of 
the  loaded  section  are  obtained  when  x  is  replaced  by  -x . 

In  each  particular  case  given  we  must  find  the  coefficients 
an  of  the  Fourier  series  and  substitute  them  in  Eqs.  (75.2)- 

(75*4).  Knowing  the  expressions  for  the  deflections,  we  can  de¬ 
termine  the  bending  and  torsional  moments  and  the  crosscut  forces 
from  Eqs.  (6l. 14 )-(6l . 15)  and  from  them  we  obtain  the  stresses. 

Note  that  the  formulas  for  the  cases  2  and  3  are  obtained 
from  Eqs.  (75.2)  by  means  of  a  limiting  transition;  in  the  follow¬ 
ing  we  shall  restrict  ourselves  to  giving  only  the  deflection  ex¬ 
pressions  for  Case  1. 


If  load  q ’  is  distributed  uniformly  on  a  section  of  length 
b\  of  the  y-axis,  the  midpoint  of  this  section  being  at  the  dis¬ 
tance  n  from  the  origin  of  coordinates  (Fig.  145),  we  have 
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In  particular,  if  the  plate  is  loaded  by  load  q '  distributed 
uniformly  along  the  width  (/',  -  />,  13:  :  N°.  Fig.  146),  we  obtain  for 
parts  on  the  right-hand  side  of  the  loaded  section 
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An  investigation  of  this  case  results  in  the  following.* 
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Fig.  146 


The  maximum  deflection  is  obtained  at  the  point  *  ~  0.  y  —  b/2, 
corresponding  to  the  midpoint  of  the  loaded  section  and  is  deter¬ 
mined  by  the  formula  (Independent  of  the  case  of  solution  consid¬ 
ered  ) 
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The  maximum  bending  moments  for  this  point  are 
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If  the  load  is  applied  not  to  the  whole  length  b  of  the  sec¬ 
tion  but  only  a  part  of  it,  of  the  length  b\  (with  the  center  at 
the  point  x  —  0,  y-  --b! 2).  the  maximum  moments  are  determined  by  for¬ 
mulas  which  differ  from  (75.9)  only  by  a  numerical  coefficient 
after  the  equality  sign.  The  coefficient  exceeds  0.0929  and  de¬ 
pends  on  the  ratio  b\/b\  the  smaller  this  ratio,  the  higher  the 
coefficient  or  the  stress  concentration.  Thus,  according  to 
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Huber,  we  obtain  with  the  ratios  ‘/w  V3)  values  of  0.2736, 

0.3370  and  0.3517  for  the  coefficient. 
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Fig.  1U7 


2.  Strip  loaded  by  a  concentrated  force  (Fig.  147).  The  con¬ 
centrated  force  may  be  considered  as  a  limiting  case  of  a  load 
distributed  along  an  infinitesimal  section,  with  a  finite  result¬ 
ant.  Denoting  by  P  the  magnitude  of  the  force,  assuming  q’b  1  =  P 
and  carrying  out  the  limiting  transition  with  b 1  =  0  we  obtain 
from  (75-6)  the  deflection  formula  for  the  right-hand  side  of  the 
point  to  which  the  force  is  applied: 
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The  deflection  decreases  rapidly  as  we  remove  from  the  point 
of  attack  of  the  force.  Huber  shows  that  in  practice  the  deflec¬ 
tion  may  be  considered  vanishing  even  at  a  finite  distance  from 
the  point  of  attack  of  the  force,  which  is  given  by 
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where  b^  is  the  reduced  width  which,  according  to  Huber,  is  de¬ 
termined  in  the  following  way: 


in  Case  1 
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When  the  force  is  applied  to  a  point  on  the  axis  of  the 
otrip,  the  deflection  under  the  fo-ce  is  equal  to* 


-  314  - 


'U', 


0,0 1  G% 


Pb* 

/»«' 


/>■» 

w„ 


A, 
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An  investigation  shows  that  all  formulas  for  a  strip  with 
supported  sides,  which  is  bent  by  a  concentrated  force,  can  be 
transformed  such  as  if  they  would  not  contain  infinite  series. 
This  is  a  consequence  of  the  fact  that  the  second  derivatives  of 
the  deflection  w  of  the  plate  considered  contain  series  which  can 
be  summed  up.  In  the  case  of  real  unequal  s\  and  sz  (see  §73)  the 
expressions  for  the  second  derivatives  of  the  deflection  are 
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Substituting  Expressions  (75 . 16 )- (75 . 18 )  in  Eqs .  (61.14)  we 
obtain  the  bending  moments  and  torsional  moments.  Knowing  the  ex¬ 
pressions  for  the  second  derivatives  of  the  deflection,  we  can, 
by  means  of  integration,  also  determine  the  deflections  w  them¬ 
selves;  these  are  rather  complicated  expressions  but  do  not  con¬ 
tain  any  series.* 

From  the  concentrated  force  it  is  easy  to  pass  over  to  a 
load  distributed  over  the  area  of  an  arbitrary  figure  S  on  a 
plane  strip.  The  solution  is  obtained  in  the  form  of  (75.10)  or, 
in  a  final  form,  as  obtained  by  summation  over  the  deflections 
caused  by  infinitesimal  forces;  it  is  derived  in  the  following 
way.  Let  P'> (v,  y;  r()  be  the  deflection  at  the  point  (x,  y )  distant 
from  the  point  (0,  t,);  of  attack  of  the  concentrated  force;  the  de¬ 
flection  at  the  point  (x,  y)  caused  by  a  force  applied  to  point 
(;.  Tj),  is  represented  by  a  function  Po{x--\,y,  tj).  When  the  plate  is 
subject  to  the  action  of  a  load  p(x}  y)  distributed  over  a  cer¬ 
tain  ar?a  5,  the  load  />(:•  ^d-dt],  which  falls  on  the  element  d\d q. 
of  surface  area,  may  be  considered  as  a  concentrated  force;  the 
deflection  due  to  this  force  at  point  (x,  y)  will  be  equal  to 
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p(L  T))S(x  r  i,  y,  f\)d\dn. 


The  deflection  caused  by  the  whole  load  is  obtained  by  in¬ 
tegrating  the  preceding  expression  over  the  area  S : 

w=JJp(;,  —  l,  y\  r))rf;rff|.  (75.19) 

Certain  cases  of  distributed  load  were  studied  in  detail  by 
Huber;  in  particular,  he  studied  the  case  of  a  load  distributed 
uniformly  on  the  area  of  a  rectangle.* 

§76.  APPLICATION  OF  THE  THEORY  OF  BENDING  OF  AN  ORTHOTROPIC  STRIP 

With  the  help  of  a  solution  for  an  orthotropic  strip  bent  by 
a  given  normal  load,  we  can  obtain  a  solution  of  the  problem  on 
the  bending  of  a  rectangular  orthotropic  plate  w*th  two,  three  or 
four  supported  sides,  under  the  action  of  an  arbitrary  load  (in 
§§73—7 ^  we  only  considered  a  load  which  did  not  vary  along  the 
supported  sides).  This  solution  is  obtained  in  the  following 
way.**  As  we  wish  to  determine  the  deflection,  moments  and  cross¬ 
cut  forces  in  a  plate  of  length  a  and  width  b  where  side  a  is 
supported,  we  consider  a  fictitious  auxiliary  plate  in  the  form 
of  an  infinite  strip  of  the  same  width  b  with  supported  sides.  By 
means  of  straight  lines  perpendicular  to  the  sides  we  cut  the 
strip  in  a  series  of  rectangular  sections  of  side  a  whose  area  is 
equal  to  the  plate  investigated;  we  then  load  these  rectangles  by 
loads  which  are  connected  with  the  load  acting  on  the  given  plate 
in  a  certain  definite  manner.  This  definite  distribution  of  load 
on  the  sections  will  at  the  boundaries  of  the  sections  produce  the 
same  conditions  as  exist  on  the  sides  of  the  plate  investigated; 
we  shall  show  this  below. 

The  solution  of  the  problem  for  a  strip  loaded  arbitrarily 
may  thus  be  considered  to  be  solved  [it  is  obtained  from  the  solu¬ 
tion  of  the  case  of  a  concentrated  force,  see  Eq.  (75.19)]  and  we 
can  therefore  also  obtain  the  solution  for  a  rectangular  plate 
with  arbitrary  distribution  of  the  load.  The  problem  is  reduced 
to  a  summation  of  the  deflection  of  the  strip  as  caused  by  a  load 
repeated  periodically  which  is  easy  to  carry  out.  Let  us  consider 
three  basic  cases  of  fixing  of  the  sides  of  a  rectangular  plate 
which  is  bent  by  a  given  load. 

I.  Two  sides  supported,  two  sides  fixed.  On  the  sides  b  of 
the  plate  the  following  conditions  are  assumed  satisfied: 

w  =  °,  *jL  =  o.  (76.1) 

Considering  an  auxiliary  strip  divided  into  sections  corre¬ 
sponding  to  the  given  plate,  we  shall  distribute  the  load  in  the 
following  way:  one  of  the  sections,  we  shall  call  it  the  first, 
is  loaded  by  q  (equal  to  the  load  acting  on  the  plate  investi¬ 
gated);  the  adjacent  second  section  is  loaded  by  q*  distributed 
symmetrically  with  respect  to  the  loads  q  relative  to  the  line  of 
intersection  of  the  fields;  the  third  one  is  again  loaded  by  q, 
the  fourth  by  <?*and  so  on  as  shown  in  Fig.  l48a.  Under  the  action 
of  these  forces  the  strip  is  bent  and  the  cross-sectional  line  of 
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the  surface  will  have  the  form  shown  in  l48b;  by  virtue  of  the 
symmetry  the  second  condition  of  (76.1)  will  be  satisfied  at  the 
lines  of  intersection.  We  then  distribute  on  the  lines  of  inter¬ 
section  the  loads  q[  and  <72  in  upward  direction,  which  are  repre¬ 
sented  in  the  form  of  series  with  indeterminate  coefficients 
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(76.2) 


The  total  bending  at  an  arbitrary  point  of  the  strip  is  re¬ 
presented  in  the  form  of  a  sum  of  the  deflection  ui  from  the 
loads  q  and  q*  and  the  deflection  W2  from  the  loads  q[  and  q[ : 

W  ----  U>1  -  j-  'u72.  (76.3) 

It  is  required  that  the  condition  w  =  0  is  satisfied  on  the 
lines  of  intersection  and  we  determine  the  coefficients  and  bn 

and  the  deflection  w  itself.  The  boundary  conditions  for  the 
first  section  will  here  be  exactly  the  same  as  the  conditions  on 
the  edges  of  the  given  plate  and  the  deflection  of  this  section 
will  therefore  be  equal  to  the  deflection  in  the  corresponding 
site  of  the  plate. 

2.  All  sides  supported.  In  this  case  the  conditions  satis¬ 
fied  on  the  sides  b  are 


w  —  0, 


d2w  .  ftw 
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(76.  U) 


We  load  the  first  field  of  the  auxiliary  strip  by  the  loads 
q  acting  on  the  plate  investigated,  and  the  second  field  by  -q* 
symmetrically  to  the  first  relative  to  the  line  of  intersection, 
but  of  opposite  direction;  the  third  field  is  again  loaded  by  q 
and  so  on  (Fig.  1^9u).  The  cross-sectional  line  of  the  bent  sur¬ 
face  will  have  the  form  shown  in  Fig.  1^9b.  It  is  obvious  that 
the  first  conditions  (76.4)  are  satisfied  on  the  boundaries  of 
the  fields.  It  is  easy  to  show  that  also  the  second  conditions 
will  be  fulfilled.  In  fact,  to  the  lines  of  intersection  corre¬ 
spond  the  displaced  points  of  the  cross  section  of  the  bent,  sur- 
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face  at  which  the  second  derivative  of  w  with  respect  to  x  is 
vanishing;  the  derivative  0\j/dy-  vanishes  at  the  same  points 
where  w=  0  so  that  on  the  intersecting  lines  ?!uL  ..  o  Hence 

djc*  1  2  Oy 3 

it  is  clear  that  the  first  field  can  be  considered  as  an  isolated 
plate  with  supported  sides. 

3.  Three  sides  supported,  one  fixed.  If  one  of  the  sides  b 
of  the  plate  is  supported  and  the  other,  opposite  side  is  fixed, 
Conditions  (76.4)  must  be  satisfied  on  the  former  and  Conditions 

(76.1)  on  the  latter.  In  this  case  the  first  field  of  the  auxili¬ 
ary  strip  is  loaded  by  the  same  forces  q  as  are  acting  on  the 
plate;  the  second  field  is  loaded  by  the  forces  q*  which  are  sym¬ 
metrical  relative  to  the  line  of  intersection;  the  third  field  Is 
loaded  by  -q  distributed  just  as  q  but  directed  oppositely;  the 
fourth  field  is  loaded  by  -q*  symmetrically  with  respect  to  the 
line  of  intersection,  the  fifth  one  by  q  and  so  on  (Fig.  150a). 
Considering  the  cross  section  of  the  bent  surface  (Fig.  150b)  we 
see  that  on  one  of  the  lines  bounding  the  first  field  Conditions 
(76.4)  are  satisfied,  on  the  other  line  only  one  of  the  condi¬ 
tions,  dwjdx  —  0.  In  order  to  achieve  the  fulfillment  of  all  condi¬ 
tions,  we  distribute  on  the  lines  of  intersection  alternately  the 
loads  q[  and  q 2  which  we  shall  represent  in  the  form  of  series 

(76.2) .  The  total  deflection  of  the  strip  consists  of  the  deflec¬ 
tion  W\  under  the  action  of  the  loads  9-  .9’-  —9-  — *9*  and  the  de¬ 
flection  w 2  under  the  action  of  the  loads  q[  and  q[: 
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We  determine  the  unknown  coefficients  a  and  b  on  conditi 

n  n 

that  on  the  lines  of  intersection  of  the  fields  the  deflection 
equal  to  zero. 

In  this  way  Huber  obtained  a  solution  to  the  problem  of  tht 
bending  of  a  plate  with  supported  sides  under  the  action  of  a  c< 
centrated  force  P  and  under  the  action  of  forces  distributed  in 
checkered  order,  and  he  also  studied  a  series  of  cases  of  bendii 
of  plates  with  two,  three  and  four  sides  supported,  under  the  a<. 
tion  of  loads  distributed  in  various  ways.  As  it  is  not  possible 
here  to  deal  with  all  these  cases  we  shal]  give  Huber's  solution 
only  for  the  case  of  a  concentrated  force  attacking  at  pointy,  -rj) 
on  a  plate  where  all  four  sides  are  resting  on  a  support  (Fig. 
151). 


The  form  of  the  expression  obtained  for  the  deflection  de¬ 
pends  on  which  of  the  three  cases,  1  2  or  3,  is  considered.  In 
Case  1  we  obtain:* 
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(76.6) 


for  «  <  xj^a 


w  ---  w(a  -  -  x,  y). 

In  the  case  of  equal  and  complex  roots  of  the  characteristic 
equation  (73-11)  the  formulas  for  w  are  obtained  easily  from  Eqs. 

(76.6)  by  means  of  a  limiting  transi¬ 
tion  or  a  separation  of  the  real  part 
of  the  complex  expression. 

Using  the  solution  for  an  ortho¬ 
tropic  strip  bent  by  a  concentrated 
force,  W.  Nowacki  considered  a  series 
of  other  problems  on  the  bending  of  a 
rectangular  orthotropic  plate  and 
also  a  semistrip,  infinite  in  one  di¬ 
rection,  and  a  strip  with  transverse 
incision . ** 

Solutions  of  problems  on  the 
bending  of  an  orthctropic  semistrip  with  supported  sides  by  a 
concentrated  force  or  moment  were  obtained  by  Z.  Cywinsky  and  J. 
Mossakowski***  who  also  used  the  solution  for  a  strip  bent  by  a 
force  (in  a  finite  form). 
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Let  us  here  also  recall  the  papers  by  Z.  Kaczkowski  who  ob¬ 
tained  solutions  to  a  series  of  particular  problems  on  the  bend¬ 
ing  of  anisotropic  plates  in  the  form  of  a  parallelogram,  rec¬ 
tangle  and  equilateral  triangle,  lying  on  an  elastic  support  and 
deformed  by  a  normal  load  and  forces  acting  in  the  median  sur¬ 
faces.  * 

§77.  THE  BENDING  OF  A  RECTANGULAR  ORTHOTROPIC  PLATE  REINFORCED  BY 
PARALLEL  STIFFENING  RIBS 

Let  us  consider  a  rectangular  orthotropic  plate  whose  princi¬ 
pal  directions  are  parallel  to  its  sides,  which  is  reinforced  by 
elastic  rods  (stiffening  ribs)  parallel  to  one  side.  We  suppose 
the  ribs  to  be  connected  rigidly  with  the  plate  on  their  whole 
length  and  the  sides  of  the  plate  on  which  the  ends  of  the  ribs 
are  fixed  to  be  supported  while  the  two  other  sides  are  fixed  ar¬ 
bitrarily  or  are  free;  the  ends  of  the  ribs  are  also  resting  on 
a  support  and  cannot  be  turned.  The  principal  axes  of  inertia  of 
the  rib  cross  sections  are  assumed  parallel  and  perpendicular  to 
the  mid-plane.  We  consider  the  bending  of  such  a  plate  by  a  nor¬ 
mal  load  distributed  both  on  the  sections  between  the  ribs  and  on 
the  ribs  themselves. 

The  solution  of  an  analogous  problem  for  an  isotropic  plate 
with  ribs  was  obtained  by  A.S.  Lokshin*#  (for  the  case  of  equal 
ribs  arranged  at  equal  spacings)  and  by  A.P.  Filippov  who  used 
another  method.##*  Some  static  and  dynamic  problems  for  isotropic 
plates  with  ribs  were  dealt  with  in  the  papers  by  W.  Nowacki.**** 

Let  us  give  the  fundamental  results  for  an  orthotropic 
plate.*####  We  place  the  origin  of  coordinates  in  one  of  the  cor¬ 
ners  of  the  plate,  directing  the  x-axis  along  the  side  parallel 
to  the  ribs  and  the  y-axis  along  the  side  which  is  perpendicular 
to  the  ribs  (Fig.  152).  Let  us  introduce  the  following  denota¬ 
tions  : 

a)  for  quantities  referring  to  the  ribs:  N  is  the  number  of 
ribs,  T)^  the  distance  between  the  front  edge  of  the  plate  and  rib 

number  k ;  EJ ^  is  the  rigidity  of  bending  in  planes  parallel  to  xy 
C k  is  the  rigidity  of  torsion;  W^(x)  and  Q^(x)  are  the  deflec¬ 
tions  and  the  angles  of  twist;  are  the  loads  acting  on  a  rib 
(per  unit  length);  and  N ^  are  the  bending  moments  and  the 
crosscut  forces  in  the  ribs: 

Mk  —  CJkK  Nk^~EJk\v;  (77<1) 

(k  —  L  2,  ....  /V); 

b)  for  the  quantities  referring  to  the  plate:  a  is  the 

length  of  the  side  parallel  to  the' ribs;  b  is  the  length  of  the 
side  perpendicular  to  the  ribs;  D[t  D2,  Dk  are  the  rigidities  of 
bending  and  torsion  for  the  principal  dire ct ions  ;  -f- 2Dk,  v2 

is  Poisson's  coefficients;  w^(x3  y)  are  the  deflections  of  the 

sections  between  neighboring  ribs  and  between  the  outer  sides  a 
and  between  the  outer  sides  a  and  the  outermost  ribs, 
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M^k,  Mvk.  Hk,  Nxk.  Nyk  are  the  bending  moments,  the  torsional  moment 
and  the  crosscut  forces  for  these  sections;  q^fx,  y)  is  the  nor¬ 
mal  load  (per  unit  area)  distributed  on  the  sections  of  the  plate 
(«=--=  1.  2 . N,  N  1). 


The  bending  and  torsional  moments  and  the  crosscut  forces 
for  each  section  of  the  plate  are  linked  with  the  deflection  by 
Eqs.  (6l.l4)  and  (61.15)  and  the  deflections  satisfy  the  equa¬ 
tions 


f|  djr* 


2D  -  d'Wk 
•»  djfldy* 

(k  —  1.  2.  . 


n  -,Wk. 

.  N-\-  !). 


:<7 *(jc.  y) 


(77.2) 


The  conditions  on  the  sides  y  =  0  and  y  -  b  depend  on  the 
way  of  fixing  and  on  the  sides  x  =  0  and  x  =  a  have  the  form 

wk-^0.  Mxk  : 0.  (77.3) 


Since,  according  to  agreement,  the  ribbing  cannot  be  separ¬ 
ated  from  the  plate,  the  deflections  and  angles  of  twist  of  the 
ribs  are  expressed  in  terms  of  the  deflections  of  the  plate  sec¬ 
tions  in  the  following  way: 


(77.4) 


where  at  the  ends  of  the  ribs,  i.e.,  at  the  points  *  =- 0,  y  i)k  and 
j:  ~  =  a,  y  rik< 

Wk  -----  o.  bk  ~  o,  Mk-.~.o.  (77.5) 


Moreover,  on  the  lines  of  contact  of  adjacent  plate  sections 
y  the  following  equilibrium  conditions  must  be  satisfied 
(the  width  of  the  ribs  is  neglected) 
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(77.6) 


d't  ■«„,  Qk 

(ft  -  I.  2 . A/). 


The  problem  is  reduced  to  determining  the  functions  w^(x,  y) 

satisfying  Eqs.  (77.2)  and  Conditions  (77-3),  (77.4),  (77-6)  and 
also  the  conditions  on  the  sides  y  =  0  and  y  =  b.  If  one  of  these 
sides  rests  on  a  support,  on  it  «<*  -  --  Muk  --  0;  but  if  it  is  fixed 


“ irr ~ 0  (A==  1  or  k  =  +  1) 


tain 


Expanding  the  loads  q ^  and  in  Fourier  sine  series  we  ob- 


y, 


<?u,.(y)sii.  px. 


(77.7) 


We  shall  seek  solutions  to  Eqs.  (77.2)  in  the  form  of  series 


wk'-~  y  AmOOsinpx. 


(77.8) 


These  expressions  satisfy  Conditions  (77-2)  on  the  supported 
sides . 

For  functions  fv  we  obtain  the  differential  equations 


and  the  conditions  on  the  line s  y ■  ~  y,k  (ft  -  ■  l ,  2 . 

A  Mi  m  A".1  An.  in  "Am*  | 

f".  i"  ...  1 


(77.9) 


■I  I.  rn  •  km  Dg 


(77.10) 


^  A:  I  I,  hi  'An 


-n*-  P‘A„, 


Moreover,  the  functions  and  /^+1  m  must  satisfy  the  con¬ 
ditions  on  the  sides  y  =  0  and  y  =  b.  When  these  sides  are  sup¬ 
ported,  on  them  fkm  — /"(i 0;  on  the  rigidly  fixed  sides  we  have 

A,„=-"/L“°  (*“»  °r  *  =  +  1). 

It  is  not  difficult  to  notice  the  analogy  between  this  prob¬ 
lem  and  the  problem  on  the  bending  of  an  arbitrary  beam.  With  m 
given  and  constant,  equal  to  an  arbitrary  integer,  the  functions 
fkm^y)  may  be  considered  as  the  deflections  of  sections  of  a  beam 

of  length  b  with  a  rigidity  equal  to  D 2.  Equations  (77.9)  show 
that  this  beam  lies  on  a  massive  elastic  support  with  the  elastic 
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coefficients  D 18  4  and  is  bent  by  a  normal  distributed  load  q  and 

m 

extended  by  an  axial  force  equal  to  7i  Conditions  (77.10) 

show  that  apart  from  the  distributed  load,  the  beam  is  subject  to 

the  action  of  concentrated  moments  M,  and  concentrated  forces  P, 

km  km 

applied  to  the  points  y  -  a  (Fig.  153a).  The  moments  are  propor¬ 
tional  to  the  angles  of  slope  of  the  bent  axis  »  the  forces  are 

linear  functions  of  the  deflections  at  the  points  of  their  applica¬ 
tion,  i  .  e  .  , 


This  may  be  interpreted  in  the  following  way:  at  the  points 
y  =  there  are  elastically  rotating  and  at  the  same  time  elas¬ 
tically  pliable  supports  at  which  the  rigidities  in  turning  and 
setting  are  equal  to  B2  and  respectively.  Finally  the 

functions  represent  the  deflections  of  beam  sections  with 

N  intermediate  supports  which  are  elastically  pivoted  and  elas¬ 
tically  pliable,  and  this  beam  is  assumed  loaded  by  given  dis¬ 
tributed  loads  q  and  given  concentrated  forces  Q1  applied  to 

the  supports  (Fig.  153b).  The  ends  of  the  beam  are  fixed  in  agree¬ 
ment  with  the  fixings  of  the  plate's  sides  y  =  0  and  y  -  b. 

Having  established  this  analogy  we  can  use  the  methods  of 
calculating  multiple-span  beams  in  order  to  determine  the  unknown 
functions  fj.m-  Let  us  consider  one  of  these  methods. 

We  Introduce  in  the  consideration  functions  of  the  influence 
of  the  force  and  moment  for  the  beam  on  thr  elastic  support,  by 
the  tensile  force  j  m  y)  and  a(^.  >0 


Qi.itt  AP'Am  (■*!*)- 


(77.11) 


.  a  iMiddk  iMiatei 


The  function  5(7i-  A1)  is  the  deflection  of  the  beam  at  point  y 
caused  by  a  concentrated  force  equal  to  unity  and  applied  to  point 
n.  Analogously,  A(t),  y)  is  the  deflection  of  this  beam  caused  by  a 
concentrated  unit  moment  applied  to  point  n  (Fig.  15*0.  Knowing 
these  functions  we  can  write  an  expression  for  the  deflection  of 
the  beam  at  an  arbitrary  point  in  the  form 


/»(>)“  2  I pMul.  y)-bMk,M^  y) I  I  rm(y). 

k  =  i 


ffn.sf)  r 


(77.12) 


Z  I 


*(n.!/)  t 

asrr 


: - y - M  i 

-  6 - ' 


Fig.  154 


Fm  is  here  a  particular  solution  of  the  nonhomogeneous  equation 
of  the  type  (77-9)  depending  on  the  distribution  of  the  load  q 
(the  values  taken  for  the  sections  of  the  beam  are  equal  to 

III.  ^2 m 1,  »|)‘ 

The  coefficients  P,  and  M,  are  determined  from  Conditions 

km  km 

(77.11)  which  yield  a  system  of  2 N  equations  corresponding  to  the 
number  of  unknowns.  Introducing  the  abbreviations 


(77.13) 


S(Tli-  ■»!;). 

Aj;  -  A  (tj,,  7)^),  ) 

r^bi,-.  y)l 

a'  .  _  .  (<i,.  y)  |  | 

r  -ai‘  J»-,/ 

we  can  write  this  system  in  the  following  way 

N  N 


“I*  Mj,n  (a ik  Ir^i)  ~~  ^  (7i^)- 

<  “  J  i  l 

%  Pim  £74vi)-I-  ~  /  ! 


(*»-=!.  2 . A/). 


(77.14) 


The  symbol  6  denotes  here  a  quantity  vanishing  if  i  i-  m  and 
equal  to  unity  if  i  =  m. 
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Having  determined  the  unknown  coefficients  we  obtain  the 
following  expressions  for  the  deflections  of  plate  and  ribs: 


oo  N 

w  "  "  2  (  2  I/5, -,,,5(714.  y)  -f  MiwA(Tj,,  _y)l  f  f'm  (t)}  sin  p.v; 

m  - 1  i  r*  i 
OO  S 

Wk--'  2  [  2  t  ''UA*)  -\-F„(rik)]sin$x 

m  = !  i  -  l 

(£  =  1,  2 . N). 


(77.15) 


(77.16) 


When  we  neglect  the  rigidities  of  torsion  of  the  ribbing,  as¬ 
suming  C ^  =  0,  all  equations  and  expressions  become  simpler.  All 

moments  will  be  vanishing  and  for  the  forces  P^m  a  system  of 

N  equations  is  obtained. 

This  method  can  be  used  successfully  in  all  those  cases 
where  the  number  of  ribs  is  small  (not  more  than  three).  With  a 
great  number  of  ribs  one  must  have  recourse  to  other  methods  of 
calculation  of  multiple-span  beams,  since  Eqs.  (77.14)  become  very 
complicated . 

§78.  FUNCTIONS  OF  INFLUENCE  FOR  AN  ORTHOTROPIC  PLATE  WITH  SUP¬ 
PORTED  SIDES 

The  influence  functions  introduced  in  the  preceding  section 
are  represented  in  the  form 


8(’1'  y)  y)'  1(1'  W'”  y)- 

where  "(y ,  y)  and  * (tj,  y)  are  nondimensional  functions. 


(78.1) 


In  many  cases  it  is  expedient  to  seek  the  function  £(*).  y)  in 
the  form  of  two  analytical  expressions,  one  of  them  describes  the 
form  of  the  curved  axis  on  the  left-hand  side  of  the  point  of  at¬ 
tack  of  the  force  and  the  other  that  on  the  right-hand  side: 


ff(v  y) 


gi(y)  w,,h 
gt(y)  w,,h  *i 


Both  functions  satisfy  the  equation 


-\-»J'g  •  0 


and  the  conditions 


<MT.)  '^(A 


^ i). 


^  (Ti) r  =  ,^h)- 

=  -w  \f  - 


(78.2) 


(78.3) 


(78.4) 


The  first  three  conditions  express  the  continuity  of  the 
beam  deflections,  their  first  derivatives  and  the  bending  moments 
while  the  fourth  condition  expresses  the  fact  that  in  the  transi¬ 
tion  through  the  point  of  attack  of  the  concentrated  force  the 
crosscut  force  undergoes  a  discontinuity,  i.e.,  a  jump,  equal  to 
unity : 
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D2'j'  (t\,  T]-j  0)  D/>'"  (y),  T)--0)  :  !  1. 


(78.5) 


In  addition  to  this,  the  function  g i  must  satisfy  the  condi¬ 
tions  at  the  end  of  y  =  0  and  ^2  the  conditions  at  the  end  of  y  = 
=  b  corresponding  to  the  fixing  of  the  plate’s  sides  y  =  0  and 

y  =  b. 

The  function  h  can  also  be  represented  in  terms  of  various 
analytical  expressions  on  either  side  of  the  point  of  attack  of 
the  moment.  Considering  the  unit  moment  as  the  limiting  case  of 
equal  and  opposite  forces  Q  attacking  at  the  points  n  and'^-M7) 
and  satisfying  the  condition  Q -  -  1  •  it  is  easy  to  recognize  the 
following  simple  relation  linking  the  functions  6  and  A: 


A  (fj,  y)  ==  — 


do  (tj.  y) 


(78.6) 


Hence  it  follows  that 


(78.7) 


The  form  of  the  functions  g  and  h  depends  on  the  roots  of 
the  equation 


Da«4—2DauM-0,  =  O. 


(78.8) 


These  roots  are  connected  with  the  complex  parameters  of 
bending  by  means  of  the  simple  relations  ui  ~  ~/|V  «2  —  --/iv.  they 
are  the  reciprocals  of  the  quantities  si,  s2  introduced  in  §73. 
Here  too,  three  types  of  roots  may  be  encountered. 

Case  I.  The  roots  of  Eq.  (78.8)  are  real  and  unequal: 


rtw,,  :t :tf2  («,  >  0.  u2  >  0). 
•  Case  2.  The  roots  are  real  and  equal: 


rt  u  (.•/  >  0). 

Case  3.  The  roots  are  complex: 

uzlzvl,  — wJlivI  (m  0,  v  >  0). 

For  a  plate  with  four  supported  sides  which  corresponds  to 
a  beam  supported  at  the  ends,  the  function  g  may  be  represented 
in  the  form  of  a  series 


,  ,  8  (mi/)1  ,/  h, 


,  nr.i 1  nr.y 

sin  -  .  j  sin  - - 
0  0 


i  [£;  - ( ft)’J (78-5> 


Here  d  =  i/a. 


For  an  isotropic  plate  we  obtain  the  series 
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I 


£(t i.  y) 


8  (md)' 

K 


Sill 


nrt) 

b 


[(mil)2  -I-  n-’ja 


(78.10) 


For  a  supported  plate  this  function  can  also  be  determined 
in  a  finite  form,  when  it  is  represented  by  the  two  analytical 
expressions  g \  and  g *  which  will  not  be  given  here.* 

The  values  of  the  functions  g  and  h  and  their  derivatives 
with  respect  to  y3  g'  and  h' }  with  t,  =  - ^  and  y^-nj  will  be  ab¬ 
breviated  by  gij,  hij.g'ij  and  h’.  .. 

i,i 

In  the  following  we  shall  tabulate  the  numerical  values  of 
the  functions  s(rr  y)  for  the  plate  considered  in  §67  with  four 
supported  sides,  which  is  produced  of  ar  isotropic  material  and 
of  veneer.  In  Table  15  we  have  compiled  the  values  of  g  for  an 
isotropic  plate.  Table  16  gives  the  values  of  g  for  a  veneer 
plate  in  which  the  fibers  of  the  sheet  are  perpendicular  to  side 
by  i.e.,  D,  >  D2;  in  Table  17  the  same  is  given  for  a  plate  vj hose 
sheet  fibers  are  parallel  to  side  a  and,  therefore,  d,  <  D2. 

The  values  of  the  functions  are  calculated  for  the  variables 
n  and  y  taken  at  intervals  equal  to  b/ 8.  It  is  taken  into  account 
that  the  functions  g  for  a  supported  plate  are  symmetrical  rela¬ 
tive  to  its  variables  so  that  S;iz^Sij-  Moreover,  in  this  case  the 
relation  will  hold  good 

Sin  — 3  St,  8-n'  Sin  ~  Ss,  8-n’  ••••  Sin  ~  Si,  8- n‘  (78.11) 

for  example, 


The  functions  g  depend  not  only  on  n  and  y  but  also  on  the 
product  md  which  represents  a  parameter.  In  our  tables  for  each 
pair  .of  values  of  n  and  y  six  values  of  g  are  given,  which  corre¬ 
sponds  to  0,5.  l:  i,5;  2,  2,5  and  3.  The  numerical  values  of  g 
are  given  in  three  to  four  decimal  places. 


Let  us  also  give  the  form  of  the  functions  g  for  a  plate  in 
the  form  of  an  infinite  strip  of  width  a  with  supported  sides, 
which  corresponds  to  a  beam  of  infinite  length  which  extends  on 
either  side  of  a  point  taken  as  the  origin  of  coordinates. 


Case 


I 


[HjC?'1*  Iff 


>,)_  Uj  Vj 


sh-  y)  ~  - 


lor  --oo  <_y<  -Tj; 

2  <*3  ff>  -«.<??"■  <T«  ff>J 

uf  —  ui 


lor  1,)<iy<CO. 
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(78.12) 


Hj] 

« 

I 


TABLE  15 

Functions  of  g  for  a  Supported  Plate.  Isotrop¬ 
ic  Material 


V 

y  =  i 

2 

3 

4 

5 

6 

7 

7] 

md\ 

6/8 

6/4 

36/8 

6/2 

56/8 

36/4 

76/8 

/  “  1 

0,5 

0,0137 

0,0091 

0,0783 

0,07  19 

0,0618 

0,0119 

0,0233 

1 

0,  ISO 

0,259 

0,258 

0,223 

0,172 

0,115 

0,0576 

1.5 

0,328 

0,113 

0,318 

0,259 

0,171 

0,105 

0,0486 

6/8 

2 

0,461 

0,509 

0,355 

0,223 

0,125 

0,0651 

0,0272 

2,5 

0,581 

0,557 

0,319 

0,165 

0.0SS2 

0,0339 

.  0,0121 

3 

0,677 

0,570 

0,266 

0,115 

0,0151 

0,0157 

0,0011 

2 

0,5 

0,122 

0,1-11 

0,141 

0,120 

0.0S6I 

1 

0.438 

0,180 

0,430 

0,310 

0,230 

1.5 

0,676 

0,661 

0,522 

0,367 

0,222 

6/4 

2 

£21  ~  £l2 

0,818 

0,715 

0,479 

0,295 

0,153 

£27  --  £ir, 

2.5 

0,899 

0,697 

0,397 

0,215 

0,0903 

3 

0,943 

0,650 

0,312 

0,157 

0,0197 

3 

0,5 

0,185 

0.1S9 

0,165 

1 

0,610 

0,595 

0,488 

1.5 

0,850 

0,767 

0,570 

36/8 

2 

£11  —  £ti 

£.12  ~  £21 

0,914 

0,780 

0,507 

£30  ~  £23 

£37  =  £15 

2,5 

0,977 

0,731 

a,  loo 

3 

0.9S8 

0,665 

0,316 

4 

0,5 

0,208 

1 

0.667 

6/2 

1,5 

2 

£44  —  £u 

47-12  —  £21 

£41"  £31 

0,898 

0,971 

£|3  =  £31 

£48  ~  £21 

£47  —  £14 

2.5 

0,990 

1 

3 

0.992 

Case  2 


gh'  y)*= 


£?'*  <i/_  T.>  [  1  —  p«  (_y  —  7))] 
—  oo  <  y  <  tj; 
e?"  (v-!/>  (1  j  j9«  (_y —  t))] 


for 

2 

u 

for  7]  ^  -"C 


Case  3 


|  e?n 

icos,3x/(y  — 

T))  ... 

sin  po(_y  —  7))j 

for  - OO  <y^7]| 

-isin^’Cy-T,)] 

I  t?u{r,-l/) 

d  cos  j iv(y  — 

t.)  I 

\  for  7)  <  y  <  CO, 

y)  — 


For  an  infinite  plate 

jg'^,  =  - j-gf  =/'h.  y). 

which  is  easy  to  prove  by  differentiating  Eqs .  (78.12)- 
with  respect  to  y  and  n . 


(78.13) 


(78.14) 


(78.15) 

(78.14) 


328 


TABLE  16 

Functions  of  g  for  a  Supported  Plate.  Veneer. 
D  i  D  2 


V 

/  -*1 

2 

3 

1 

5 

6 

7 

nid\ 

6/S 

6/1 

36/8 

6,2 

56/8 

36/1 

76/S 

/  —  1 

0.5 

•  0,113 

' 

0,171 

0,182 

0,166 

0,133 

0,092 

0,016 

1 

0,307 

0,350 

0,251) 

0,156 

0,080 

0,035 

0,012 

1,5 

0,165 

0.3S6 

0,178 

0,053 

n,oo; 

-0,001 

-  -  0,003 

6/8 

2 

0,565 

0,337 

0,087 

0,005 

—  0.005 

-- 0,003 

-  -0,00! 

2,5 

0,617 

0,265 

0,0269 

-0,006 

-  0,003 

0,000 

0,000 

3 

0,610 

0,187 

0,031 

—  0,006 

0,003 

0,000 

0,000 

2 

0,5 

0,295 

0,337 

0,315 

0,258 

0,179 

1 

0,566 

0,506 

0,339 

0,195 

0,092 

1.5 

0,613 

0,111 

0,186 

0,06,51 

0,001 

6/1 

2 

£2r~£i: 

0,651 

0,312 

0,081 

0,032 

—  0,006 

Si  7  —  Sir, 

2,5 

0,616 

0,251 

0,027 

0,013 

—  0,002 

3 

0,643 

0,183 

0,003 

0,061 

0,000 

3 

0,5 

0,428 

0,128 

0,362 

1 

0,616 

0,511 

0,351 

1,5 

0,650 

0,137 

0,182 

36/8 

2 

^31— &ti 

Sw'-Sit 

0,616 

0,339 

0,0,30 

Sru  ~  Si 5 

Sv  ~  S 13 

2,5 

0,614 

0,251 

0,028 

3 

0,611 

0,182 

0,002 

4 

0,5 

0,175 

1 

0,656 

13 

0,617 

6/2 

2 

£41~£ll 

Sll~SU 

Sir-Su 

0.615 

Si  5  =  £34 

St  8  =  Sit 

Sn  ~  S i< 

2,5 

0,614 

3 

0,614 
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In  the  following  we  give  tables  of  the  numerical  values  of 
the  functions  gt  h  and  ?!*/&  for  isotropic  and  veneer  strips. 

Table  18  gives  the  values  of  the  functions  for  an  isotropic  plate 
while  Table  19  gives  them  for  two  cases  of  venner  plates.  Every¬ 
where  m  -  1. 

TABLE  17 

Functions  of  g  for  a  Supported  Plate.  Veneer. 

D  \  <  D  2 


’  \ 

J~  1 

6/8 

2 

bl‘  1 

l  =--  1  0,5 

0,0170 

0,0280 

1 

0,1  IG 

0,1 88 

1,5 

0,296 

0,161 

6/8  2 

0,500 

0,730 

2,5 

0,698 

0,913 

3 

0,S92 

1,106 

0,0.32  f) 

0,215 

0,507 

0,7-13 

0,877 

0,019 


—  &  is  I 


0,0)90 
0,331 
0,303 
1,2  IS 
1,575 
1,811 


i  Sai  —  £n|  £32  “ 


■1 

5 

6 

7 

A/2 

5A/8 

36/1 

76/8 

0,0322 

0,0276 

0,0201 

0,0106 

0,209 

0,177 

0,123 

0,067 

0,17! 

0,3S9 

0,271 

0,111 

0,652 

0,501 

0,338 

0,168 

0,691 

0,181 

0,298 

0,110 

0,637 

0,388 

0,209  . 

0,088 

0,0603 

0,0523 

0,0382 

0,392 

0,337 

0,213  ' 

0,897 

0,719 

0,531 

1 ,252 

0,995 

0,673 

gil  —  g\t 

1,361 

0,996 

0,625 

1,308 

0,856 

0,177 

0,0802 

0,0708 

0,521 

0,170 

1,209 

1,037 

1,720 

1,121 

Sm  —  Sa 

gil  n  gll 

1,932 

.  1,502 

1,951 

1,395 

0,0878 

0,575 

1,331 

,  1,920 

S  is  = 

gw  —  fu 

^47  =  g\i 

2,200 

2,288 

The  values  of  the  functions  were  calculated  for  an  arbitrary 
point  of  attack  of  a  unit  force  or  moment  n  for  the  points  of  the 

beam  y=*  1+  (*—  Ot*  where  /==1,  13i  i.e.,  the  tables  contain  the 

quantities  Su<  ,lu  and  h'uft.  Other  values  of  g^j  are  obtained  from 
data  tabulated  on  the  basis  of  the  following  relations 


fill  —  fi’2  -  •  •  •  •  —  fiii" 
fil2  “  fi'23  :  ~  •  •  •  “  fii,  i  1 1  > 


(78.16) 


Sin  7i  |  1  *  ~  *  *  •  Si,  /i  l- 1  - 

The  same  relations  also  exist  for  the  functions  h  and  7z'/8* 
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TABLE  18 

The  Functions  g ,  h,  h'/ 6  for  an  Infinite 
Strip.  Isotropic  Material 


y 

e 

h 

**/P 

1 

0 

—  1 

r'l'T 

0.8  H 

0,358 

—  0,0978 

'  +  T 

0,533 

0,327 

0,119 

i  3<J 

’Pi-  T 

0,318 

-  0,223 

0,129 

vl  a 

0,179 

•0,136 

0,0925 

5  a 

0,0971 

-  0,0771 

0,0577 

l  3fl 

0,0513 

--  0,0123 

0,0333 

i  7a 

vl  T 

0,0206 

-  -  0,0225 

0,0181 

r)  -|  -  2a 

0,0 13G 

-0,0117 

0,0099 

9  a 

vl-T 

0,0069 

-  0,0060 

0,0052 

i  5fl 

Vi  ~jf 

0,0031 

-  0,0031 

0,0027 

.  1 1  a 

vi  ~r 

0,0017 

-0,0015 

0,0011 

T)  -|-  3a 

0,0003 

-0.0008 

0,0007 

Figure  155  shows  the  graphs  of  the  functions  g,  h3  h’/$  for 
an  isotropic  strip.  In  Fig.  156  these  functions  are  shown  for  a 
veneer  strip  in  which  the  sheet  fibers  are  perpendicular  to  the 
sides  ( D x  >  D 2 )  and  in  Fig.  157  the  analogous  graphs  are  shown 
for  the  case  where  the  fibers  are  parallel  to  the  sides  (D i  <  Dj). 


Pig.  155 
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TABLE  19 

The  Functions  g,  h ,  h'/b  for  an  Infinite  Strip.  Veneer 


^2 

D\ < 

y 

g 

h 

h'l? 

g 

h 

A  7? 

0,6i5 

0 

-2,211 

2,252 

0 

-0,618 

’i  +  T 

0,338 

-  0,166 

0,267 

2,091 

-  0,355 

~  0,287 

vt-f 

0,0805 

•-0,189 

0,305 

1,751 

—  0,188 

—  0,0707 

,  3a 

’i  +  T 

0,0030 

—  0,0357 

0,100 

1,361 

-  0,193 

0,0155 

Tj  +  a 

—  0,0058 

0,0021 

0,0139 

0,999 

-  0,133 

0,0977 

,  5a 

*  +  7 

/ 

-  0,0020 

0,0039 

-  0,0032 

0,692 

-  0,3 19 

0,111 

,  3a 

1l'r  y 

—  0,0000 

0,0011 

-  0,0025 

0,152 

—  0,261 

0,101 

•  7a 
,+T 

0,0000 

0,0002 

-  -  0,0007 

0,276 

-0,188 

0,0876 

>1+  2a 

0,0000 

0,0000 

—  0,0001 

0,151 

-0,123 

0,0683 

,9a 

vhT 

0,0000 

0,0000 

0,0000 

0,0737 

—  0.0S01 

0,0502 

1  5a 
1+y 

0,0000 

0,0000 

0,0000 

0,0216 

-0,0172 

0,0318 

,11a 

0,0000 

0,0000 

0,0000 

-  -  0,0030 

-0,0218 

0,0228 

i)  -|-  3a 

0.0000 

0,0000 

0,0000 

-  0,0163 

—  0,0105 

0,01 10 

579.  THE  BENDING  OF  A  PLATE  WITH  ONE  RIB 


By  way  of  example  we  consider  a  rectangular  orthotropic 
plate  which  Is  reinforced  by  a  single  rib  directed  along  the  axis 
of  symmetry,  y  =  b/2.  The  sides  of  the  plate  perpendicular  to  the 
rib  are  assumed  supported,  the  two  other  sides  fixed  arbitrarily 
but  likewise  (for  example,  both  sides  supported  or  both  sides  free 
and  the  like). 


Let  us  assume  that  the  load  Q  acting  on  the  rib  is  arbitrary 
and  the  loads  q2  acting  on  the  plate  are  distributed  symme¬ 

trically  relative  to  the  rib,  i.e.,  ,h(X,  y)^q2(x,  b  -y). 


In  the  case  given  M  • 

the  two  unknowns  V,  and  P 

lm 


l. 

lm 


Tj  The  system  of  Eqs. 

takes  the  form 


(77.15)  for 


Fl„, 


(79.1) 


where  Qm  is  th<  Fourier  series  expansion  coefficient  of  load  Q , 
B  =  rmt/a. 


By  virtue  of  the  symmetry 


(  2  )  -  Q.  Su-An-0. 


Consequently , 


,11  —  0, 


“I +£/*<«,, 


(79.2) 


(79.3) 


and  we  obtain  an  expression  for  the  deflection  of  the  plate 


00 


m-! 


(79.4) 


In  order  to  obtain  a  final  expression  for  the  deflection, 
the  given  loads  <71  and  q2  must  be  expanded  in  Fourier  series 
(77.7)  and  we  must  find  a  particular  solution  to  Eq.  (77.9). 


Let  us  consider  the  case  of  an  infinite  strip  with  supported 
sides  reinforced  by  a  single  rib  which  receives  the  whole  exter¬ 
nal  load  of  (<7i  *--- ?2 *=  0).  We  let  the  ar-axis  coincide  with  the  axis 

of  the  rib  and  the  y-axis  with  the  side  of  the  strip  (Fig.  158)  . 
The  load  Q  is  assumed  to  be  arbitrary  function  for  y  (which,  of 
course,  must  satisfy  the  Dirichlet  conditions  as,  otherwise,  it 
could  not  be  expanded  in  a  Fourier  series). 

In  the  case  of  real  and  unequal  roots  ui,  u2  the  function  gt 
which  is  proportional  to  the  influence  function  5 ,  has  the  form 
of  (78.12)  and 
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:  o  (0,  0)  — = - 

N  •  O'.!  i  /  t  \ 


- -fr=; - ,  F...  --  0. 


(79.5) 


The  deflection  of  the  strip  in  front  of  the  rib,  i.e.,  with 
—  co<.y<0  is  determined  from  the  formula 


1  V  Q„.  («,1> UJ  -■  II "•")  •  0 

- - Y  —  V,,‘-V  ‘  _ ;  .*  —  -  Sill  JX.  /7Q  C  \ 

“i-  | - }  DiDiCi  I "J  wy.o; 


The  deflection  of  the  strip  behind  the  rib  (0<^<cu)  is  ob¬ 
tained  when  in  this  expression  y  is  replaced  by  -y .  From  (79.6), 
on  the  assumption  that  y  =  0,  we  obtain  an  expression  for  the  de¬ 
flection  of  the  rib 


w-jn-y 

EM  Li 


,  mr.x 

—  -s,n  ~fl 


III  -  I 


(79.7) 


The  expression  for  the  deflection  of  a  beam  with  supported 
ends,  which  possesses  the  length  a  and  the  rigidity  EJ  and  which 
is  not  fastened  with  a  strip,  i.e.,  it  bridges  over  an  empty 
space,  loaded  by  Q,  can  be  represented  in  the  form  of  a  Fourier 
series 


W^-~y  sin  -~ 
EM  Ia  /««  a 

dial 


(79.8) 


A  formula  for  the  deflection  of  such  a  beam,  which  lies  on  a 
massive  elastic  support  and  which  is  bent  by  the  load  Q,  can  be 
obtained  on  the  supposition  that  the  support  reaction  is  propor¬ 
tional  to  the  deflection,  and  has  the  form 


y _ 3. 

EM  La  /,  , 


m= i 


sin 


mnx 


(79.9) 


k  is  here  the  elastic  coefficient  of  the  support  (bed  coef¬ 
ficient  ) . 


Comparing  Eqs.  (79.7)  and  (79.9)  we  see  that  the  strip  with 


which  the  beam  is  reinforced  (the  rib)  need  not  be  considered  as 
an  elastic  base  according  to  Winkler;  it  is  obvious  that  the  ser¬ 
ies  entering  these  formulas  are  different  in  structure.  If  the 
load  Q  is  distributed  uniformly  over  the  length  of  the  rib,  the 
coefficients  of  the  Fourier  series  are  equal  to 


Qm  ' 


far  III  -  :  1  i  3 1  5 1  •  •  ■  i 
for  III  2,  -1,  6,  ... 


(79.10) 


The  terms  of  the  series  (79-7)  and  (79.8)  will  decrease  fast 
enough  as  m  may  only  assume  odd  values.  Retaining  in  these  series 
only  the  first  terms  we  obtain  an  approximate  formula  for  the  es¬ 
timation  of  the  deflection  of  the  beam  (rib)  fastened  by  an  elas¬ 
tic  strip  : 


IV' (.v) 


u/(.v) 


i-l 


«2> 


(79.11) 


We  obtain  formulas  for  the  other  two  cases  of  roots  of  Eq. 
(78.8)  from  the  above  expressions  when  we  assume  or,  in 

the  case  of  complex  roots,  ut--u-\-vi,  uz^--u  —  vi.  In  particular,  for 
an  isotropic  strip  with  Young's  modulus  E 1  and  Poisson's  coeffici¬ 
ent  -/(«,  »  u2  =  1)  we  obtain  the  following  approximate  formula: 


11/  (.v)  ; 


ah* 

1 


E' 


3  r.J  £(:•-✓*) 


(79.12) 


§80.  THE  BENDING  OF  HOMOGENEOUS  ELLIPTIC  AND  CIRCULAR  PLATES 
FIXED  ON  THEIR  EDGES 


Let  us  consider  an  elliptic  homogeneous  plate  whose  edge  is 
ixed  throughout  its  length,  which  is  bent  by  a  normal  load  q 
distributed  uniformly  over  the  whole  surface  area.  This  case  of 
bending  problem  may  be  solved  by  elementary  means  in  an  exact  way 
and  We  shall  derive  the  solution.  In  the  general  case  we  shall 
assume  the  plate  to  be  nonorthotropic. 


We  let  the  x  and  y  axes  coincide  with  the  principal  axes  of 
the  ellipse  (Fig.  159)  and  denote  by  a  and  b  the  principal  semi¬ 
axes  of  it,  a  =  a/b.  In  the  general  case  of  the  nonorthotropic 
plate  the  deflection  equation  will  read 
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(80.1) 


DM g  + ' <*>.•  5S-  -l ■  2  (D12  -I-  2Doq) ^  + 

On  the  right-hand  side  we  have  a  constant  quantity.  The 
problem  is  reduced  to  the  determination  of  a  solution  to  Eq. 
( 8 0 . 1 )  which  satisfies  the  boundary  conditions 


0. 


(80.2) 


(n  is  the  direction  of  the  inner  normal  to  the  contour  of  the 
plate).  It  is  easy  to  show  that  this  solution  is  a  polynomial  of 
fourth  degree 


where 


Art*  /.  .t3  y3\J 

a3  by  * 

D'  =  i  I30ir+  2  (D„  -|-  2 Dca)  c*  -|-30J2c*l. 


(80.3) 


(80.4) 


Knowing  the  deflection,  we  obtain  from  Eqs.  (61.9)  the  mo¬ 
ments  which,  obviously,  will  be  polynomials  of  degree  two  with 
respect  to  x  and  y,  and  from  Lqs.  (61.10)  we  obtain  the  crosscut 
forces  whioh  will  be  linear  functions  of  x  and  y .  It  is  also  easy 
to  find  the  points  at  which  the  stresses  are  highest.  The  deflec¬ 
tion  has  its  maximum  value  in  the  center 


qa < 

‘“'ma*  ~ •  g  jl)'  ’ 


(80.5) 


Let  us  consider  in  greater  detail  the  solution  for  a  plate 
of  orthotropic  material  in  which  the  principal  directions  of  elas¬ 
ticity  are  parallel  to  the  directions  of  the  principal  axes  of  the 
ellipse.  In  this  case 


Du  —  D, i  D22  —  D2,  D12  D —  D26  — •  0, 

D,  =  1(3D1  +  2D4c*  \-ZD2c'). 


(80.6) 


The  moments  and  crosscut  forces  are  determined  from  the  formulas 


[<3 + v!>  § + <  i + 3v*)  g  - 1  -  v*  ]  ■ 
M  * -  • - wr  £+ <’■  v  ~  ’■  -  c‘]  • 


(80.7) 


H  =  ?£!£*.!£  XV 
n*u—  16 O'  ab 


Nx  «  -  |D,  (3  -|  -  v8)  "t*  2D*c*l  7. 

iV»“a-"&lD*(v»|-3ca)'|-2D*clf 


(80.8) 


The  bending  moment  reaches  its  maximum  values  at  the  ends  of 
the  major  axis  or  at  the  ends  of  the  minor  axis. 


D,  >  D2c2, 
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we  have 


^um  "  I  ^ x  I*  'Q 

|/uO 


2£?  Dt> 

a  *  d}  » 


(80.9) 


but  if 


D,  <  D2c'-, 

we  have 

” 1  u  i?  "6  8  ‘  °T’  (8o.io) 

The  deflection  of  a  plate  of  isotropic  material  with  a  ri- 
ZTA5 

gidity  D  =» —  ■  -  is  obtained  by  means  of  a  well-known  formula 
obtained  from  (80.3):* 


<7<2<  t  / . 
8jb’3'-|*2c»|-3c«V  a3 


(80.11) 


The  solution  for  the  homogeneous  circular  plate  of  radius  a 
is  a  particular  case  of  the  solutions  given  above  with  b  =  a  and 
c=l.  Thus,  for  example,  in  the  case  of  an  orthotropic  plate 
where  the  axes  x  and  y  coincide  with  the  principal  axes  of  elas¬ 
ticity, 


D'  =  -g-  (3D,  - 1-  2£)a  -j-  3D2); 


(80.12) 

(80.13) 


Mx  =  -  1(1  v2)  (r 3  -  a3)  +  2  (x3  +  v^3)] , 

1( : l  + v,)  (r 3  -  a"-)  -f  2  (v,*3  -f-  y*)\ . 

=*  fffQ}  • 


(80.14) 


—  +  **)*• 
=  —  s ^7  (^  -h  3^2)  ^ 

(r  =  Vx*+y). 


(80.15) 


Note  that  the  solutions  given  can  be  generalized  to  the  case 
of  a  more  complex  load  distributed  according  to  the  law  of  an  in¬ 
tegral  algebraic  function 


u  N 


<7^  2  2  q,nnxmyn. 

i/i u l  n^l 


(80.16) 


In  this  case  the  expression  for  the  deflection  must  be  sought 
in  the  form  of 

—  ('-S-pl’X  >1' . •x"y"  <80.17) 

in -I  n  *! 

This  function  satisfies  the  boundary  conditions  (80.2)  for 
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arbitrary  values  of  the  coefficients  A  and  the  coefficients  are 

mn 

all  determined  on  the  basis  of  Eq .  ( 8 0 . 1 ) . 

Let,  for  example,  an  elliptic  orthotropic  plate  be  subject 
to  the  action  of  a  normal  load  given  in  the  form  of  a  linear  func¬ 
tion  of  the  variables  x  and  y : 

0  — 7oo-l~7io7 -I'tfoi  j-  (80.18) 

where  0oo>  <7io-  7oi  are  constant  coefficients.  After  all  transforma¬ 
tions  we  obtain  the  following  expression  for  the  deflection 


61  \  a3  b1)  [»'  1 


^'3(5£V 


8(710  _ 

2/.VH 


/JjC<)  a 


+  3(0,  | 


_ 

-2D3c^I-'5U,c>) 


;-]■ 


(80.19) 


The  problem  of  the  bending  of  an  elliptic  plate  whose  edge 
rests  on  a  support  is  more  complicated.  At  present  we  only  know 
an  approximate  solution  for  a  circular  orthotropic  plate  with 
given  elastic  constants  bent  uniformly  by  a  distributed  load; 
this  solution  was  obtained  by  Okubo.* 

§81.  THE  BENDING  OF  A  CIRCULAR  CURV I L I  NEAR-AN  I SOTROP I C  PLATE  UN¬ 
DER  SYMMETRIC  LOAD 

Let  us  consider  a  circular  plate  of  radius  a  and  constant 
thickness,  h  of  a  material  which  is  orthotropic  but  possesses  cy¬ 
lindrical  anisotropy.  It  is  supposed  that  the  axis  of  anisotropy 
passes  through  the  center  and  is  perpendicular  to  the  plane  of 
the  plate  and  that  planes  parallel  to  the  mid-plane  and  also 
planes  which  pass  through  the  axis  of  anisotropy  are  planes  of 
elastic  symmetry  (in  other  words,  in  each  point  there  are  three 
principal  directions  of  elasticity:  the  normal,  radial  and  tangen¬ 
tial  directions).  The  plate,  whose  edge  is  fixed,  supported  or 
free' on  its  whole  exterslon,  is  subjected  to  the  action  of  a  nor¬ 
mal  load  distributed  si  metrically  relative  to  the  axis  of  aniso¬ 
tropy  (axis  of  rotation);  this  load  causes  a  bending  with  respect 
to  the  surface  of  revolution.  We  have  to  determine  the  deflection, 
the  moments  and  all  other  quantities  necessary  for  a  strength  cal¬ 
culation. 

Let  the  point  of  intersection  of  the  axis  of  anisotropy  and 
the  mid-plane,  i.e.,  the  pole  of  anisotropy,  coincide  with  the 
origin  and  the  axis  of  anisotropy  with  the  s-axis  of  the  cylin¬ 
drical  system  of  coordinates;  the  arbitrary  radial  direction  x  is 
taken  in  the  direction  of  the  polar  axis  from  which  the  angle  9 
is  measured  (Fig.  160).  In  this  system  of  coordinates  the  equa¬ 
tions  of  the  generalized  Hooke’s  law  will  have  the  form  (70.1) 
and  the  equations  of  the  theory  of  bending  of  plates  will  have  the 
form  (70. 3)-(70 . 7 )  •  The  load  q  is  a  function  of  r  and  the  deflec¬ 
tion  w,  which  determines  the  surface  of  revolution,  is  also  a 
function  of  r  alone.  On  the  basis  of  this  Eqs.  (70 . 4 )- ( 70 . 5 )  and 
Eq.  (70.7)  can  be  rewritten  as  follows: 
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(81.1) 


(81.2) 


With  k  =  1  Eq.  ( 8 1 . 2 )  coincides  with  the  deflection  equation 
of  the  isotropic  plate  with  the  rigidity  A  general  expres¬ 

sion  for  the  deflection,  i.e.,  a  general  integral  of  Eq.  (81.2), 
for  k  /  1  has  the  form 


=  A  - 1 -  Dr 2  -\-  Cr » ' *  - 1  -  Dr 1  -*  +  w0‘ (0» 


(81.3) 


where  Uo(r)  is  a  particular  solution  to  Eq .  (8l.2)  which  depends 
on  the  law  according  to  which  the  load  q(v)  is  distributed  in  the 
radial  direction;  Ay  B}  C ,  E  are  arbitrary  constants  which  are 
determined  from  the  boundary  conditions  on  the  edge  of  the  plate 
and  from  the  conditions  in  the  center.  The  boundary  conditions 
will  have  the  form: 


for  a  fixed  edge 
for  a  supported  edge 


r  a  to  — 0,  to'  =  ■  =  0; 


v.ih  r  -  a  to  -  =  0,  to"  -|-  y  to'  —  0; 


for  a  free  edge 


r,a  to"-|-^to'-0.  to"'-}!  to"  — 


(81.4) 

(81.5) 

(81.6) 


The  conditions  in  the  center  (r  =  0)  are  reduced  to  the  re¬ 
quirement  of  limitedness  of  deflection  and  absence  of  a  corner 
point  on  the  bent  surface  (w'(0)  — 0]  or,  in  other  cases,  according 
to  the  load,  to  the  requirement  of  limitedness  of  the  moments  and 
crosscut  forces. 

By  way  of  example  we  consider  the  bending  caused  by  the  load 
q  distributed  over  the  whole  area  of  the  plate  (Pig.  160).  This 
problem  was  already  solved  independently  by  Carrier. ** 

In  this  case  q  =  const.  Assuming  k  not  to  be  equal  to  1  or  3 
we  obtain 


w  =  -  A  -|-  Cr 1  |  • 


8(9  — A3)  Dr' 


(81.7) 


the  constants  B  and  E  are  assumed  to  be  equal  to  zero  since  other¬ 
wise  the  deflection  and  the  crosscut  force  in  the  center  would  be 
infinitely  high.  Having  determined  the  constants  A  and  C  from  the 
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conditions  on  the  edge  we  obtain  the  following  results. 
When  the  edge  of  the  plate  is  fixed, 

w  8 W^^jr-rk)T)r~  [3  —  -  ‘i  ( - )  -  | ■  ( l  | •  k) ] ; 

Mr  ^  2(9?~tf)  [(/i  ! (a)  —C3  I'  ( a)  ]  - 


M*  ~  s-. 


qaW 


2  (9  -  k 

N  — _ ?£ 

•2  . 


(81.8) 


(81.9) 


The  maximum  deflection  (in  the  center) 

qa* 

'“'•»»»  8(3  -}~ it)  (I  |  A)/^'  (81.10) 

The  bending  moments  at  the  plate's  edge  are  equal  to 


Mr 


qn 3 

2(3 :M)  ’ 


/M,  "  :  \ M r* 


(81.11) 


The  value  cf  the  bending  moments  in  the  center  depend  essen¬ 
tially  on  the  rigidity  ratio  DJDr  or,  which  is  the  same,  on  that 
of  Young's  moduli  FJLr,  i.e.,  on  the  quantity  k. 

With  *>••  £o>  Er  in  the  center  Mr  =  /W0  —  0;  the  bending  moment 
will  then  reach  its  maximum  value  on  the  edge: 


^1.12) 

With  *<•>  Fi<Fr  the  moments  grow  unlimitedly  as  we  approach 
the  center;  in  this  case  in  the  center  a  stress  concentration  will 
arise  and,  theoretically,  at  this  place  Mr  =  Mt  =  co. 


With  k  -  1  we  obtain  for  the  deflection  of  an  isotropic 


--*&[■ -@7- 


(81.13) 


In  the  case  of  the  supported  edge 


...  r(3-fe)(4-|-fe 

"  S(9  -*-)Drl'  (F -|-  k)  (k  -|- 


Q  (3  -|- •'(,) a3  f / /■  \*>' - 1  fr' 


+Mm- 

N,..r„ 

/vr  2 

The  maximum  deflection  (in  the  center)  is  equal  to 


(81.15) 


On  the  edge  (r  =  a) 


w  — ..  w1  ... . 

8(3 (I  -|-  k)  (k  -|-v9)  • 


..  r,  M  qaAk1 1  —  vr'<6 

Mf-  -0,  Mb  —  2  (3  -f-  &)  k-\-^  * 


(81.16) 


(81.17) 


Also  in  the  case  where  the  edge  is  resting  on  a  support, 
with  k  >  1  Mr"/Vfj  =  0  in  the  center  and  k  <  1  the  moments  grow  un¬ 
limitedly  as  we  approach  the  center. 


For  an  isotropic  plate 


,  <7«<r5-|-v  2(3  |-v)/rV  ,  /r\«l 

01  D  [l  -|-  v  l  -{-v  \a)  r  W  J 


(81.18) 


The  formulas  for  the  case  of  k  =  3  is  obtained  from  those 
given  above  by  means  of  a  limiting  transition. 

It  is  quite  simple  to  obtain  a  solution  of  the  problem  on 
the  bending  of  a  curvilinear-anisotropic  plate  with  respect  to 
the  surface  of  revolution  in  the  case  where  a  round  hole  is  lo¬ 
cated  in  the  center.  In  addition  to  the  two  conditions  on  the  out 
er  edge  we  have  two  conditions  for  the  edge  of  the  aperture.  From 
these  four  conditions  we  can  determine  all  constants,  A ,  B,  C,  E. 

§82.  BENDING  OF  A  ROUND  CURV I L I  NEAR-AN  I S0TR0P I C  PLATE  BY  A  CON¬ 
CENTRATED  FORCE 

If  a  circular  plate  possessing  cylindrical  anisotropy  such 
as  considered  in  the  preceding  section  is  bent  by  a  normal  con¬ 
centrated  force  P  applied  to  the  center  (Fig.  l6l),  the  deflec¬ 
tion  equation  for  it  has  the  form  (81.3)  where  wq  =  0.  The  con¬ 
stant  E  must  be  set  equal  to  zero  since  otherwise  the  bent  sur¬ 
face  would  have  a  corner  point  at  r  =  0,  whereas  we  should  have 
w'(0 )  =  0.  From  the  conditions  on  the  contour  we  obtain  two  equa¬ 
tions  for  the  three  constants  A,  B,  C.  The  lacking  equation  Is 
obtained  when  we  cut  out  of  the  plate  a  disk  with  arbitrary  ra¬ 
dius  r  and  consider  its  equilibrium.  It  is  obvious  that  the  cross 
cut  forces  distributed  on  the  edge  of  this  disk  must  be  in  equi- 
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Fig.  l6l 


librium  with  force  P  and  therefore 


from  which  we  obtain 


Nr-2*r  -\-P=~0, 


-in  (1  -  *2)  Dr 


(82.1) 


(82.2) 


The  expression  for  the  deflection  takes  the  form 

w  B  1T(1  -W^T  r*  'I'  A-\-Cri*k-  (82*3) 

For  a  plate  with  fixed  edge  and  k  f  1 

«-  <«(■  -4owg-;['  -*+<'+*)(;)  - 

«-ST,^[<,+H»(r,-<,+»4  (82.5) 


(82.5) 


Sr- 


The  maximum  deflection  (in  the  center)  is  equal  to 


W»*“*  -|-A)3Or  ' 


(82.6) 


It  must  be  remarked  that  with  fc>l  (£0>^)  the  bending  moments 
in  the  center  are  finite,  but  with  £<l  (^e<^)  they  grow  unlimited¬ 
ly  toward  the  center.  Approaching  the  center,  the  crosscut  force 
grows  unlimitedly,  independent  of  the  ratio  of  moduli  r.tjP.r. 


For  an  isotropic  plate  with  fixed  edge 


(82.7) 


In  the  case  of  a  supported  edge 
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(82.9) 


(82.10) 


As  regards  the  moments  the  same  holds  true  as  in  the  case  of 
the  plate  fixed  at  the  edge. 


For  an  isotropic  plate 


(82.11) 


Note  that  the  deflection,  moments  and  crosscut  forces  in  a 
curvilinear-anisotropic  plate  bent  by  a  force  [or  also  by  an  ar¬ 
bitrary  symmetric  load  q(r)~\i  only  depends  on  Young's  moduli £5 
and  Poisson's  coefficients  v,,  ><,  and  is  independent  of  the  modulus 
of  shear  G, 0.  For  a  curvilinear-anisotropic  plate  for  which  Er~E i 
and  vrrnrV j-  the  deflection,  moments  and  crosscut  forces  obtained 
are  precisely  the  same  as  for  an  isotropic  plate  under  the  same 
conditions . 


A  solution  of  the  problem  on  the  bending  of  a  circular  plate 
with  cylindrical  anisotropy  by  a  force  attacking  at  the  center 
was  also  obtained  independently  by  Carrier.* 

The  problem  on  the  bending  of  a  circular  plate  possessing 
cylindrical  anisotropy  by  a  normal  force  applied  at  a  certain 
distance  b  from  the  center  (which  agrees  with  the  pole  of  aniso¬ 
tropy)  is  more  complex.  For  the  case  of  a  fixed  edge  this  problem 
was  solved  by  Sen  Gupta.**  We  shall  discuss  the  method  of  solu¬ 
tion  and  give  the  fundamental  results  obtained  by  this  author. 

We  place  the  origin  of  coordinates  in  the  center  of  the 
plate  and  direct  the  x-axis  from  which  the  angle  0  is  measured 
along  the  line  connecting  the  center  with  the  point  of  attack  of 

the  force  (Fig.  162).  Let  us  denote  by  Wi  the  deflection  of  a 

part  of  the  plate  which  is  bounded  by  a  circle  of  r  =  b  and  the 
outer  edge  v  =  a,  and  by  w2  the  deflection  of  the  part  of  the 

plate  which  is  inside  the  circle  r  =  b.  These  deflections  satis¬ 

fy  Eq.  (70.7)  while  the  moments  and  crosscut  forces  for  the  outer 
and  inner  parts  are  connected  with  the  deflection  by  Eqs.  (70.4) 
and  (70.5)  where  w  must  be  replaced  by  wi  and  w2  respectively. 

The  concentrated  force  P  may  be  considered  as  a  limiting 
case  of  a  load  distributed  on  a  small  arc  of  the  circle  r  =  b 
whose  resultant  is  equal  to  P.  Having  expanded  this  load  as  a 
function  of  the  variable  0  in  a  Fourier  series,  in  the  limiting 
case  we  obtain  a  divergent  series 
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Pig.  162 
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r 

a  discontinuity  in 
on  the  contour  r  = 


of  the  plate  the  deflection  w2  and  its  deriva- 
o  r,  and  also  the  crosscut  forces,  must  be  fi- 
i  the  outer  contour  r  =  a  two  conditions  must 
depend  on  the  way  of  fixing  of  the  edge.  In¬ 
deflection,  its  derivative  with  respect  to  r 
are  steady  functions  whereas  the  force  N  has 

the  outline  of  the  circle  r  =  b.  Consequently, 
b  the  following  conditions  must  be  satisfied: 


w. 


dwi _ dwt 

dr  Or  ' 


Mr  *=  MJ.  ,  N'r 


'  ^ ^  (i  “I-  ^  C0S  ,l0)  • 


(82.13) 


where  Mr  •  A'(r,}  denote  the  moment  and  crosscut  force  for  the  outer 
part  of  the  plate  and  mJ?’,  n®  these  quantities  for  the  inner  part 
of  lto 

Seeking  the  solutions  to  Eqs.  (70.7)  in  the  form  of  series 


=  RSHr)  -j  •  R[l)  (r)  +  §  (r)  cos  /if ) , 


(r)  +  R[2)  (r)  -  H  S  R{?  (r )  cos  id) . 


(82.14) 


we  obtain  the  following  expressions  for  the  functions  R 


Ro]  =  4°  +  Bo V3 -I- C£V +*  -f-  fijV 

R[{)  =  4'V+?‘  +  -f-  Ci‘V  -f-  4*V  In  r, 

_|.  C'/V,+T»  •  b 


(82.15) 
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(/-I,  2,  nr,, 2,  3,  4 .  4°.  Df,  Clj\  are  arbitrary  constants;. 

We  used  the  denotations 

K  /. (82.16) 

r„  -  /i  ( 1 4  yyyy 

the  center*16  lnn6i’  (r  <  b)  we  obtaln  from  the  conditions  for 


n(o2)  rr,  e[2)  0, 


(82.17) 


The  other  constants  are  all  obtained  from  the  conditions  on 
the  outer  edge  and  on  the  line  r  =  b. 


For  a  plate  with  fixed  edges  we  have 


with  v  =  a 


w,  t-.  0, 


<?r 


(82.18) 


series^B"™)  takee?he°?orm°r  ^  Varlable  ooefflclenta  °*  the 
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(82.19) 
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(82.20) 


Here  d  =  2>/a. 


The  deflection  at  the  point  of  attack  of  the  force  is  equal 


/tf’W  I-  >J  Kn\t>)  nT{b)  \-  2  (^>. 

0r»O  n««i  ii  ■■*  1 


(82.21) 


For  a  plate  of  orthotropic  material 


S33  t  Pj3— P/>7  =1“!—  n,  fn“'l  fi* 


The  expressions  for  the  functions  Ro\  which  will  not  be 
given  here  are  obtained  from  Eqs .  (82.19)  and  (82.20)  by  means  of 
a  limiting  transition.* 


Example.  An  anisotropic  plate  is  given  for  which 


£r  _  1 

£|  “  4  ’  V 


i  2 


When  the  force  is  applied  at  a  distance  equal  to  half  the  radius 
( b  =  0.5a)  the  deflection  caused  by  the  force  is,  according  to 
Sen  Gupta,  determined  by  the  formula 


('“')/•= ft  ~  0.20H  — ( 

6^o  10 


UinDr' 


(82.22) 


§83.  APPROXIMATION  METHODS  OF  DETERMINING  THE  DEFLECTIONS  OF  AN 
ANISOTROPIC  PLATE 


In  practice  one  often  encounters  such  cases  of  bending  for 
which  we  have  no  exact  solution.  An  exact  solution  has  not  been 
obtained  so  far  for  a  homogeneous,  anisotropic  circular  plate 
with  supported  edge,  or  for  a  rectangular  orthotropic  plate  fixed 
on  its  whole  contour,  not  to  mention  plates  of  more  complex  out¬ 
lines.  For  anisotropic  plates  approximation  methods  for  the  deter¬ 
mination  of  deflections  can  be  given,  which  are  analogous  to  the 
methods  applied  successfully  in  order  to  solve  problems  on  the 
bending  of  isotropic  plates.  We  restrict  ourselves  to  two  methods 
which  are  based  on  the  theorem  of  the  minimum  energy  of  an  elas- 
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tic  body  formulated  previously  in  §^. 


Let  us  consider  a  given  anisotropic  plate  bent  by  a  normal 
load  q.  Denote  by  w  the  possible  deflection  of  the  plate,  i.e., 
a  deflection  for  which  the  plate  remains  unbroken  and  the  condi¬ 
tions  on  the  fixed  parts  of  the  edge  are  satisfied.  In  this  case 
the  theorem  mentioned  above,  applied  to  an  anisotropic  plate,  may 
be  formulated  as  follows:  the  real  deflection  of  a  plate,  which 
is  in  agreement  with  the  given  conditions  of  fixing  of  the  edge 
and  the  load  q ,  differs  from  all  possible  deflections  by  the  fact 
that  for  it  the  following  expression  is  minimum: 


«>« (*&)’  + 4  £r -I- n«  v)  -  H «**>■ 


(83.1) 


Integration  extends  over  the  area  of  the  plate.  Wher.  the 
plate  is  orthotropic  and  the  directions  of  the  axes  x  and  y  coin¬ 
cide  with  the  principal  directions  of  elasticity,  Eq.  (83.1)  is 
simplified  a  little  and  takes  the  form 


3  ~  l- 1 1  [°-  (£0‘ '  -  %  ■  %  ■  i- n‘  {%)'  -i 

-2H 


(83.2) 


When  we  use  Ritz's  method  an  approximate  solution  of  the 
bending  problem  can  be  obtained  in  the  following  way.  When  we 
give  the  expression  for  the  possible  deflection  In  the  form  of 
a  sum 


m  n 


(83.3) 


where  w  _  are  functions,  which  satisfies  the  boundary  conditions 
mn 

[at  least  the  kinematic  ones],*  yielding  a  smooth  surface;  they 
depend  in  the  two  integral  parameters  m  and  n,  while  A^n  are  in¬ 
definite  coefficients.  Substituting  this  expression  in  (83. 1)  or, 
correspondingly,  in  (83.2),  we  obtain  after  all  integrations  the 
quantity  3.  in  the  form  of  a  quadratic  function  (a  polynomial  of 
degree  two)  of  the  coefficients  A  .  We  then  minimize  the  function 
for  which  the  equation  mn 


63 
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(83.  *0 


is  established  and  solved. 

Note  that  with  a  successful  choice  of  the  functions  w  we 

mn 

can  obtain  the  deflection  sufficiently  accurate  for  practice  when 
we  retain  a  few  terms  of  sum  (83.3):  two,  three  and  sometimes 
only  the  first  single  term  (first  approximation).** 

The  errors  of  the  bending  and  torsional  moments  and,  to  a 


-  3^7  - 


yet  higher  degree  of  the  crosscut  forces  obtained  in  a  first  ap¬ 
proximation  are  usually  much  higher  than  the  deflection  eiror. 

Another  method  of  deriving  approximate  solutions  is  also 
based  on  the  theorem  of  the  minimum  of  energy  of  the  elastic  body; 
it  consists  of  the  following.  The  expression  for  the  deflection  is 
sought  in  the  form  of  a  sum  of  products  of  functions  of  a  single 
variable : 


fc-1 


(83.5) 


Here  (*= 1  >  2 . «)  is  a  system  of  linearly  independent  func¬ 

tions;  they  are  chosen  in  such  a  way  that  the  expression  for  w 
satisfies  part  of  the  boundary  conditions  while  <^k(y)  are  unknown 
functions  which  must  be  determined. 

Substituting  w  in  Eq.  (83.1)  and  (83.2)  and  integrating  with 
respect  to  x ,  we  obtain  an  integral  which  contains  a  function  of 
a  single  variable,  'h (y)-  We  then  have  to  solve  a  variational  prob¬ 
lem:  we  have  to  find  the  function  >5 'k(y)>  which  minimizes  the  inte¬ 
gral  9  .  Solving  this  problem  according  to  the  rules  of  the  varia¬ 
tional  calculus,  after  a  series  of  transformations  we  obtain  a 
system  of  ordinary  differential  equations  for  the  determination 
of  the  functions  tyk(y)\  the  number  of  these  equations  is  equal  to 
the  number  of  unknown  functions.  In  an  abbreviated  form  this  sys¬ 
tem  may  be  written  as  follows:* 

+  (83.6) 

=  1,  2 . n). 

w  is  here  understood  to  be  the  sum  (83.5). 


with 


If  we  restrict  ourselves  to  the  first  approximation,  i.e.. 


w  =  <f(x)<\(y). 


(83.7) 


where  q>(ac)  is  a  given  function  we  obtain  a  single  equation  in¬ 
stead  of  the  system  (83.6).  For  an  orthotropic  rectangular  plate 
with  sides  of  the  length  a  and  b  it  reads 


l*  u 

fyr  (y)  JV  dx  4-  2 Djf  (y)  J  <?<?"  dx  + 


+  J  <??lv  dx  =  j*  <77  dx 


(83-8) 


(the  origin  of  coordinates  lies  at  an  arbitrary  point  of  side  b , 
the  a:-axis  is  parallel  to  the  side  whose  length  is  given  by  a). 

Other  approximation  methods  will  not  be  considered  here. 
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§84.  APPROXIMATE  SOLUTIONS  FOR  RECTANGULAR  PLATES 

Let  us  give  approximate  solutions  for  two  cases  of  rectangu¬ 
lar  orthotropic  plates  loaded  by  normal  forces  q  which  are  dis¬ 
tributed  uniformly  over  the  entire  area. 

I.  Rectangular  plate  with  supported  sides.  A  rectangular 
plate  whose  principal  directions  of  elasticity  is  parallel  to  the 
directions  of  the  sides  a  and  b  is  supported  on  all  sides  and 
bent  uniformly  by  a  distributed  load. 

With  the  directions  of  the  axes  of  coordinates  as  shown  in 
Fig.  140  (see  §72)  we  may  assume 


m  n.r 


™m#i  —  Sill  •  —  Sill  - 
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(84.1) 

(84.2) 


These  functions  w  and  w  satisfy  all  conditions  on  the  four 


mn 


sides  (and  not  only  the  kinematic  ones).  A  substitution  of  the 
function  w  in  Eq.  (83.2)  and  subsequent  integration  results  in 


where 


Ml=»l  n  - 1 


.  a  b 

4  f  f  .  iiikx  .  nny  ,  . 

° “  ib  J  J  ? Sin  —a~ s,n  ~b  dx  dy- 

0  0 


“4-  A>2(4)‘]-2A(llllnl)l,l|< 

(84.3) 

^-dxdy. 

(84.4) 

When  we  set  equal  to  zero  the  derivatives  with  respect  to 
all  Amn  of  (84.3)  we  obtain 


A 


win 


ft* 


(84.5) 


These  coefficients  agree  with  the  coefficients  of  the  double 
series  (72.5)  which  represents  an  accurate  solution  for  a  given 
plate  such  that  Eq.  (84.2)  with  an  infinite  number  of  terms  of 
the  sum  proves  to  be  identical  with  the  exact  solution. 


When  we  want  to  solve  this  problem  by  another  method  in  a 
first  approximation,  we  lay  the  x-y  frame  as  shown  in  Fig.  163 
and  have 


w  ”  2IP,  w  I  *  OO-  (84, 6) 

The  first  factor,  which  depends  on  x ,  represents  the  deflection 
of  a  beam  of  length  a  supported  on  its  ends,  which  is  under  the 
action  of  a  uniform  load.  This  expression  satisfies  the  necessary 
conditions  on  the  supported  sides  of  the  plate,  namely 
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with  :  0  “mi .v  ■■  it  iii1  -  /Ux  •  •  0.  (84.7) 

For  the  unknow*-  function  \p(y)  we  obtain  the  differential 
equation 


31^  A,  IV  17ii’  . 

30LM  '  /)  1  i  81  /Jj  <  1  f 


(84.8) 


Solving  this  equation  and  determining  the  arbitrary  constant, 
from  the  conditions  on  the  sides  y  =  +b/2  where  u  =  .'■!  =  0,  we  ob¬ 
tain  the  following  expression  for  the  deflection: 
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(84.9) 


Here  we  used  the  denotation 


the 


*i,*  =  7  ]/^9*871  ol±:V  97,136  (  aj  97-518-  (84.10) 

The  deflection  in  the  center  (.v  .  n/2,  y  ;  0)  is  determined  from 
formula 


5  qa < 

^  rarxx  =  334  •  “Oj- 
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(84.11) 


A  calculation  for  an  isotropic  plate  with  Poisson's  coeffi¬ 
cient  v  =  0.3  according  to  a  formula  obtained  from  (84.10)  by 
means  of  a  limiting  transition  shows  that  the  error  of  the  approx¬ 
imate  solution  is  small.  Thus,  for  example,  the  difference  between 

the  amount  of  deflection  w  obtained  according  to  the  approxi- 

max  D 

mate  formula  and  the  value  obtained  from  a  well-known  exact  for¬ 
mula  amounts  to:  2.1%  for  a  square  plate,  0.4%  for  a  plate  with  a 
6td.es  ratio  of  1:1.5  and  only  0.2%  for  a  plate  with  a  sides  ratio 
o t  1:2.* 


Fig.  163 


2.  Rectangular  plate  with  four  sides  fixed.  With  an  orienta¬ 
tion  of  the  x-y  frame  as  shown  in  Fig.  164  we  have  the  following 
boundary  conditions: 
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(84.12) 


We  can  give  a  whole  series  of  expressions  for  w  which  are 

^  mn 

steady  functions  and  satisfy  Conditions  (84.12). 


For  example,  we  can  choose  for  w  an  integral  polynomial 


«».» =  (*2  -  —  biJx'nyn 

(m  —  0.  1,  2,  ...;  n----  0,  1,  2,  ...). 

We  obtain  in  a  first  approximation 

Substituting  u  in  Eq.  (83.2)  we  obtain 

t  7/V) -->»{]. 

The  minimum  value  is  obtained  with 

A  --- •  -  - 9 
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(84.13) 


(84.14) 


(84.15) 


(84.16) 


From  this  we  can  derive  an  approximate  expression  for  the 
deflection 


?)V  ■?)’ 
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(84.17) 


The  deflection  in  the  center  is 


W 11111  '  '  0,003  1 1 8  L)l  I  0(57 n/'v3  T /V' 


(84.18) 
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where  c  =  a/b. 


In  particular,  for  an  isotropic  plate  with  the  rigidity  D 


0,003 |  0r)7| |  •  (84.19) 

We  can  also  derive  an  approximate  expression  for  w  with  the 
help  of  trigonometrical  functions  which  satisfy  all  Conditions 
.84.12).  Without  giving  the  intermediate  calculations  we  only 
give  the  expression  for  the  deflection  at  an  arbitrary  point  and 
in  uhe  center  as  obtained  in  a  first  approximation: 
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(84.21) 


For  an  isotropic  plate 


w 


max 


0,003122 


qa 4 

i){  1  0.GGU7f-  I- c‘) ' 


(84.22) 


Without  knowing  the  exact  solution  it  is  difficult  to  judge 
which  of  the  two  approximate  solutions  is  more  accurate,  (84.18) 
or  (84.22). 


It  is  easy  to  show  that,  as  to  their  values,  the  expressions 
obtained  for  w  differ  only  slightly  from  one  another.  Consider, 

for  example,  a  quadratic  plate  ( c  =  1)  of  isotropic  material. 

From  Eq.  (84.19)  we  obtain  for  it 


and  from  Eq.  (84.22) 


r  0,00133  -^-, 


W 


max 


0,00128  $—■ . 


(84.23) 


(84.24) 


The  results  coincide  precisely  in  the  first  two  decimal 
places:  when  we  retain  in  both  cases  two  significant  ciphers  we 
obtain  one  and  the  same  coefficient:  0.0013. 


Treating  the  problem  considered  from  the  point  of  view  of 
the  second  method,  we  can  put 

*^2.i V*~a)2^)'  (84.25) 

This  expression  satisfies  the  conditions  on  the  two  sides 
x  =  0  and  x  =  a  (see  Fig.  163).  Determining  the  unknown  function 
'p(y)  analogously  as  in  the  case  of  four  supported  sides  we  arrive 
at  the  following  final  result:* 
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We  used  the  denotation 
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An  approximate  formula  for  the  maximum  deflection  has  the  form 
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§85.  APPROXIMATE  SOLUTIONS  FOR  TRIANGULAR  PLATES 


(84.28) 


With  the  help  of  Ritz's  method  it  is  easy  to  derive  an  ap¬ 
proximate  solution  for  a  triangular  orthotropic  plate  with  fixed 
or  supported  sides  bent  by  a  load  q  distributed  uniformly.  Let  us 
give  the  approximate  solutions  for  several  cases  of  triangular 
plates;  in  all  cases  the  expression  for  the  deflection  is  given 
in  the  form  of  an  integral  polynomial  with  one  or  three  indefi¬ 
nite  coefficients  which  are  obtained  from  the  minimum  condition 
of  the  integral  3  [see  (83-2)]. 


(-<-  —  o - >- 1 


I.  Plate  in  the  form  of  a  rectangular  triangle  fixed  on  all 
sides.  A  plate  is  given  which  (in  the  ground  plan)  is  of  the  form 
of  a  rectangular  triangle  cut  out  of  an  orthotropic  sheet  such 
that  the  principal  directions  of  elasticity  in  it  are  parallel  to 
the  legs  a  and  b .  All  three  sides  are  fixed.  The  axes  x  and  y  are 
directed  along  the  legs  as  shown  in  Fig.  165 . 

An  expression  for  the  deflection  obtained  in  a  first  approxi¬ 
mation  has  the  form* 


0,312o(K:  ,  -f  y\2 

bA  s) 

Here  and  in  the  following  a  =  a/b. 


(85.1) 


The  maximum  deflection  is  obtained  for  the  center  of  gravity 
of  the  triangle,  i.e.,  for  the  point  ofi. 
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(85.2) 


In  the  case  of  an  isotropic  material  we  obtain 

W  =  *2 V2  / ,  _  ,-i  _  y\a . 

D(l-|-c3-fc<)  X>  a  bj  ' 
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cihQc2VP  n  th!  f°rm  °f  a  r'9h+  +r'angle  with  supported 

?°nslder  a  Plate  as  represented  in  Fig.  165  where  all 

can  use  anSinteo-^f  lnf  °n  f  ®uppo^-  As  a  flrst  approximation  we 
an  th Jh  S  i  P0lr°mlal  °f  degree  three  whlch  vanishes  on 
fuMni  ld  Snd  contalns  an  indefinite  coefficient.  Substi¬ 
tuting  the  expression  for  w  in  Eq.  (83.2)  and  reouirinp-  that  0 

time  the°deflecMUm  T  de^rmlne  the  coefficient  and  at  the  same 
time  the  deflection  in  a  first  approximation: 


_ qa'c _ vv(t  *  y\. 
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(85.6) 


the  solutlon  of  the  bending  problem  in  a  second  approx¬ 
imation  we  suppose  pp 


«  =  (^00  +  Au>x  -}-  A0ly)  xy  (l  -£-) 


(85.7) 


The  exPression  for  3-  is  represented  in  the  form  of  a  sauare 
funrH °n  °f  t!??  ?hree  coefflcients  /loo.  \0.  An.  Minimizing  this 
alq  7?e  ?btain  the  values  of  the  coefficients  of  the  polynomj- 
’  "S  a  result  ln  second  approximation  we  obtain  for  the 
deflection  of  the  plate  considered  the  formula 
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The  maximum  deflection  is  equal  to 


In  the  case  of  an  isotropic  plate 
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In  particular,  for  an  isotropic  plate  in  the  form  of  an 
soeles  right  triangle  („  =  i)  Eq.  (85.10)  reads 


0.0006 19??-. 
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The  approximate  solutions  given  for  the  triangular  plate 
with  supported  sides  were  obtained  by  V.G.  Rusin.* 

3.  Plate  in  the  form  of  an  isosceles  or  equilateral  triangle 
with  fixed  sides.  An  orthotropic  plate  having  the  form  of  an  isos¬ 
celes  triangle  with  the  angles  t r/2  —  a,  2a,  tt/2  —  a,  which  is 
fixed  on  all  sides  and  bent  by  a  load  distributed  uniformly.  The 
principal  directions  of  elasticity  are  assumed  parallel  and  per¬ 
pendicular  to  the  base  of  the  triangle. 

- a - 

>*■" 

X 


y 


Fig.  166 


We  direct  the  x-y  frame  as  shown  in  Fig.  166. 

The  final  formula  according  to  which  we  can  determine  (in  a 
first  approximation)  the  deflection  of  a  plate  with  an  arbitrary 
angle  a  <  90°  can  be  written  in  the  following  form: 


rfi'CTg'  i  |-2/jjcitWa  f  <j7v 
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(85.12) 


(a  is  the  length  of  the  lateral  sides). 

The  maximum  deflection  at  a  point  coinciding  with  the  center 
of  gravity  of  the  triangle  is  given  by 


--  0.006SG,/fi«  cty,  3  2/)’;, cijW a /j-  •' 


(85.13) 


For  an  isotropic  plate 
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(85.14) 


When  the  plate  has  the  form  of  an  equilateral  triangle,  for 
it  a  =  30°  and  on  the  basis  of  Eqs.  (85-12)  and  (85.13)  we  obtain 
the  following  expressions  for  the  deflections  at  an  arbitrary 
point  and  in  the  center  of  gravity: 
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(85.16) 
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In  particular,  the  maximum  deflection  of  an  isotropic  plate 
in  the  form  of  an  equilateral  triangle  is  in  a  first  approximation 
determined  according  to  the  formula 


0,000 1  go'7"-  . 


(85.17) 


An  approximate  solution  of  the  problem  for  a  plate  with  ar¬ 
bitrary  angle  a  was  obtained  by  R.V.  Feodos'yev,*  and  for  a  plate 
in  the  form  of  an  equilateral  triangle  by  Ye.F.  Burmistrov.** 
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Chapter  11 

THE  BENDING  OF  A  PLATE  BY  A  LOAD  DISTRIBUTED  ALONG  THE  EDGE 

§86.  THE  LOCAL  STRESSES  AROUND  A  RECTILINEAR  EDGE  OF  A  PLATE 

In  the  present  chapter  we  consider  some  cases  of  bending  of 
orthotropic  anisotropic  plates  by  a  load  in  the  form  of  bending 
moments  and  forces  distributed  along  the  edge. 

Let  us  consider  an  orthotropic  anisotropic  plate  whose  con¬ 
tour  has  a  rectilinear  section.  Let  us  assume  the  plate  bent  by 
a  load  distributed  on  a  short  part  of  the  rectilinear  section  of 
the  boundary.  As  regards  the  elastic  properties,  we  shall  suppose 
that  the  plate  is  orthotropic,  with  the  principal  directions  par¬ 
allel  and  perpendicular  to  the  rectilinear  section  of  the  edge. 

We  can  obtain  approximate  formulas  for  the  determination  of 
the  moments  and  crosscut  forces  near  the  loaded  part  of  the  rec¬ 
tilinear  boundary  when  the  plate  is  considered  to  be  infinitely 
large,  as  an  "elastic  semiplane. "  The  method  with  which  we  solve 
this  problem  has  much  in  common  with  the  method  used  In  order  to 
investigate  the  plane  state  of  stress  of  an  "elastic  semiplane" 
described  In  Chapter  4.* 


Pig.  167 


Restricting  ourselves  to  cases  where  a  finite  section  of  a 
rectilinear  boundary  loaded  by  bending  moments  and  normal  forces 
distributed  symmetrically  relative  to  the  midpoint  of  this  sec¬ 
tion,  we  assume  the  midpoint  of  the  loaded  section  coincident 
with  the  origin  of  coordinates,  the  y-axis  agrees  with  the  direc¬ 
tion  of  the  boundary  and  the  ar-axis  lies  inside  the  semiplane 
(Pig.  167).  The  deflection  equation  will  be  homogeneous  ( q  =  0): 
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Let  us  denote  by  m(y)  the  bending  moments  and  by  p(y)  the 
bending  normal  forces  per  unit  length  (given  functions  of  y  which 
are  even  by  virtue  of  the  symmetrical  distribution).  The  boundary 
conditions  read: 


dir 


Mx-  ni(y),  Nx  |- - p{y). 


(86.2) 


We  represent  the  given  moments  and  forces  in  the  form  of 
Fourier  integrals : 

oo  qt> 

1,1  O')  v  J  •!»  («)  l-'os  y-y  (h,  p (y)  ------  f  y  (a)  cos  ay  da,  (86.3) 

<>  o 

where 

00  oo 

V  (a)  --  f  111  (O^os  art(t-q,  ‘/(o)  -  :  f  p  (r()cos  airj  (86.4) 

o  o 

and  seek  the  solution  of  Eq.  (86.1)  in  the  form 


■w  r.u  J  <I>  (a, x)  cos  ay  da.  (86.5) 

o 

The  form  of  the  function  $  will  depend  on  the  roots  of  the 
equation 

DiS*  -  —  2Dts2  -]-D2~0,  (86.6) 

which  was  already  considered  in  §73. 


Taking  into  account  that  with  increasing  distance  from  the 
edge  the  corresponding  stresses  <v  <y  must  tend  to  zero,  we 
obtain: 

Case  I 

«I»  —  (86.7) 

Case  2 


Case  3 


<1* .  (/1-1-  Bx)c ■  »’x. 


<J>  {A  cos/a.v  |  /.? ;  i:. ,xe. 


(86,8) 

(86.9) 


Satisfying  the  boundary  conditions  we  obtain  the  following 
expressions  for  the  moments  and  crosscut  forces  in  the  case  of 
unequal  roots  (si  ^  s2): 
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where 


Mx  D,j  [A  s\)c  ^  \  Bhz- 

0 

CO 

My  Dz  j  (/l  ( 1  — ~  •  V*)r  "  VXI  ^os  2ydyt  l 

o 

CO 

Hxy  ~  —  2 Dk  J  (/1st£  ‘s*,c  -|-  Bs^e  sin  dr% 

•  o 

OO  ' 

tf*  =  jM(/V?-0a)  I- 
0 

+  fi(DlsJ  -DJ)  v”'*’  r!  a  cos  zy  dz,  ! 

OO 

Ny  —  J  M  (DjS?  -DJe'*''*  f 

0 

-j- fl  (D3S2  -  D2)  c  v'r)  a  sill  a;- r/a, 


- - - - _ x 

kDx^  (i,-^)(/?a  +  '1Gy/r  §|)  • 

X  [«1»  (a)  s,  (D,sJ  -  Dj  -  2D*)  t  *  D,  (jJ  -  V2)] . 

_ ?4 _ __  x 

r.D^  (S,-S,)(^,-|-  10  }A |?) 

x  [<1*  («)  s,  (D.’s?  -  D3  -  2D*)  4  L;°-  o,  (s!  -  v2)]  . 


(86.10) 


(86.11) 


(86.12) 


The  determination  of  the  moments  and  crosscut  forces  in  each 
concrete  case  is  reduced  to  a  calculation  of  the  integrals  \p(a) 
and  x(a)  and  the  integrals  of  Eqs .  (86.10)  and  (86.11).  With  a 
simple  law  of  load  distribution  all  integrals  can  be  calculated 
without  much  work  and  expressions  for  Mx,  Mu.  ....  Nu  are  obtained 
in  a  finite  form. 


The  solutions  for  Case  2  can  be  obtained  by  means  of  a  lim¬ 
iting  transition  with  s, a  solution  for  the  case  of  complex 
roots  may  be  obtained  from  the  above  solution  with  s,  —  s  |  u  and 
Sjs-s  —  ti  and  when  the  real  and  the  imaginary  parts  are  separated. 

A  solution  of  this  problem  can  also  be  obtained  by  another 
method,  when  we  represent  the  deflections,  moments  and  crosscut 
forces  in  terms  of  functions  of  the  complex  variables  ui(si)  and 
wz(zz)y  using  Cauchy  integrals  or  Schwarts's  formula.  The  course 
of  the  calculation  is  essentially  the  same  as  in  the  case  of  the 
plane  problem  (see  §29)  and  we  shall  not  consider  it. 

§87.  THE  ACTION  OF  A  CONCENTRATED  MOMENT 

Let  us  suppose  that  at  point  0  of  the  rectilinear  edge  of  the 
plate  (which  is  considered  to  be  infinitely  large)  a  concentrated 
moment  is  applied;  we  have  to  determine  the  local  stresses  caused 
by  this  moment  (Pig.  168). 

Replacing  the  concentrated  moment  M  by  moments  which  are 
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Here 


D(,  -r  Dt  sin4  0  •  (  2 n3  sin5  <1  cos'-’  fi  {-  /)„  cos'  0 


(87.6) 


is  the  rigidity  of  bending  about  an  axis  in  the  radial  direction 
r  [cf.  Eqs.  (69.6)]. 


The  expressions  given  show  that  the  bending  and  torsional 
moments  decrease  with  increasing  distance  from  the  point  of  ap¬ 
plication  of  the  concentrated  moment,  its  variation  is  inversely 
proportional  to  the  distance  r;  the  variations  of  the  stresses 
<V  V  and  °f  Vi'  are  governed  by  the  same  law.  The  crosscut 

forces  vary  inversely  proportional  to  the  square  of  the  distance 
r ;  the  same  way  of  variation  is  shown  by  the  tangential  stresses 
*jrt'  V  At  point  0  itself  we  obtain  (in  the  theory)  infinitely 
high  stresses.  At  a  certain  distance  r  from  point  0  the  moment 
M  reaches  its  maximum  value  on  the  normal  to  the  edge  of  the 

plate  and  the  torsional  moment  H  ^  is  there  vanishing;  the  bend¬ 
ing  moment  vanishes  at  the  edge  of  the  plate. 


In  an  isotropic  plate 


Mr - 


2A(  _  cosO 

n  3-}-v  '  r  ' 

0. 

2Af  1  sin  0 

n  .  3  -f-  *  r 


(87.7) 


On  the  basis  of  these  formulas  it  is  easy  to  see  that  the 

points  at  which  the  radial  moment  M  has  one  and  the  same  value 

r  * 

lie  on  a  circle  with  centers  on  the  normal  to  the  boundary  (i.e., 
on  the  x-axis)  passing  through  0,  the  point  of  application  of  the 
moment  (we  met  these  circles  already  in  the  theory  of  the  plane 
problem,  see  §30,  Pig.  5*0.  The  lines  of  equal  torsional  moments 
are  circles  orthogonal  to  the  first;  they  pass  through  the 

point  of  application  of  the  concentrated  moment  and  their  centers 
lie  on  the  edge  of  the  plate.  In  an  anisotropic  plate  the  lines 
of  equal  moments  will  be  more  complex  curves  of  fourth  order. 

§88.  THE  BENDING  OF  A  PLATE  WITH  ELLIPTIC  APERTURE  WHOSE  EDGE  IS 
FIXED  ARBITRARILY 

Let  us  consider  an  anisotropic,  homogeneous  but  generally 
not  orthotropic  plate  of  arbitrary  form,  with  an  elliptic  aper¬ 
ture  and  bending  strengths  and  moments  which  are  distributed  on 
the  outer  edge  and  along  the  edges  of  the  aperture. 

The  question  of  the  influence  of  an  elliptic  or  circular 
aperture  on  the  stress  distribution  is  well  investigated  for  the 
case  of  a  generalized  plane  state  of  stress  (at  least  for  a  small 
aperture  distant  from  the  outer  edge,  see  §§37-^0).  A  complex  re¬ 
presentation  of  the  deflection,  the  moments  and  the  crosscut 
forces  with  the  help  of  the  two  functions  Wi(ai)  and  Wz{zi)  en¬ 
ables  us  also  to  study  this  problem  in  the  case  of  bending.* 
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Fig.  169 


Assuming  the  dimensions  of  the  aperture  to  be  small  compared 
with  the  dimensions  of  the  plate  and  the  aperture  itself  being 
remote  from  the  edge,  we  shall  consider  the  plate  to  be  infinite¬ 
ly  large,  i.e.,  to  represent  an  "elastic  plane  with  elliptic  cut¬ 
out."  Let  us  consider  the  case  where  the  load  in  the  form  of  bend¬ 
ing  moments  m  and  the  bending  normal  forces  p  are  only  distributed 
along  the  edge  of  the  aperture. 

We  assume  the  median  surface  in  the  a:y-plane  and  the  origin 
of  coordinate1  in  the  center  of  the  aperture,  the  x-y  frame  being 
coincident  with  the  principal  axes  of  the  ellipse  (Fig.  169)  and 
all  rigidities  D .  .  for  the  x-  and  v-axes  are  assumed  to  be  known. 

t  j 

The  contour  equation  of  the  ellipse,  in  a  parameterical  form,  can 
then  be  written  down: 


x  ~-a cos  A, 


-  b  sin  A; 


(88.1) 


m  and  p  will  be  functions  of  1).  In  the  general  case  we  shall  sup¬ 
pose  that  the  load  distributed  on  the  edge  of  the  aperture  is  re¬ 
duced  to  the  force  P  and  the  moments  m  and  m  (relative  to  the 
axes  x  and  y) .  x  y 

The  moments  and  crosscut  forces  can  be  given  in  terms  of  the 
two  functions  «'i(*i)  and  ^(~a)  of  the  complex  variables  •|*;,i.v 
and  .v  [see  Eqs.  (63.  *0  and  (63-5)];  the  derivatives  w{  and 

Wz  satisfy  Conditions  (63.7)  on  the  edge  of  the  aperture.  Having 
obtained  the  expressions  entering  the  right-hand  sides  of  the 
boundary  conditions  (63.7),  in  the  general  case  of  load  distribu¬ 
tion  we  have 
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f  •  Pm  mu 

*-  J  {mdy  +  fdx)---  a  cos  ft  -  0  |-a0-|- 

0 

oo 

m«=*l 

J  (—  m  dx -\-fdy)  =  -  0  si“  0  “  0  -|-  Po 4* 


(88.2) 


4-  >]<P,,,*'M-P,,, <’-"*)• 


Here 


f—  J  prfs,  o  --  e51; 
o 

a  8  are  coefficients  which  depend  on  the  law  of  load  distribu- 

TfljlTI 

tlon  [we  obtain  them  when  we  expand  m  and  p  in  Fourier  series  with 
respect  to  the  variable  and  Integrate  as  provided  for  in  Eqs. 
(88.2)];  a„,  p,„  are  coefficients  conjugated  to  the  former. 

The  solution  is  obtained  with  the  help  of  the  functions  w[ 
and  in  the  form 

<4  (*!>  =  (*'*,  +  A)  I  n  C,  A0  4- 

4-  §  [jWj — pA  —  y  (i'iW  4-  pA)]  -J-  4- 

oo 

4-  7  ^  (H2<7 2®m  —  PzPm)  ’1 

w;^2)  =  (^24-fl)lnC24-fl0-  (88,3) 

— 5[h,7,*»  “"?•  4-Pi^o]  c-3— 

00 

— /'iPmKs""'- 

in  =  2 

'2  are  here  functions  of  z\  and  s2: 

r  *,  +  V  z\  —  a2  —  [>\b2 

'l  :  (88.4) 

r  **  + 

"2  a  —  /|ia6  ’ 

d***Pxq#t  —  Pi<h'Si'.  (88.5) 

/l.  fl,  /*',  B'  are  constants  determined  from  the  following  system  of 
equations  [see  §63,  Eqs,.  (63-9)  —  (63.IO)] : 


(88.4) 


(88.5) 


m 
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(88.6) 


(88.7) 


The  constant  C  is  determined  on  the  basis  of  the  requirement  that 
the  deflection  u  is  an  unambiguous  function. 


When  the  contour  of  the  hole  is  subject  to  the  action  of  a 
load  in  equilibrium,  i.e.,  if  Pt  --  mx  -  •  mu  ^  0  ,  we  have 
A'--  B' -- A --- B  ■---  0  and  the  solution  becomes  simpler. 

Let  us  also  give  the  solution  of  the  second  fundamental  prob¬ 
lem  for  an  infinite  plate  with  an  elliptic  aperture. 


The  deflection  and  the  angle  of  slope  of  the  curved  surface 
with  respect  to  the  initial  xy- plane  of  the  plate  are  assumed 
given  on  the  contour  of  the  aperture.  Let  us  also  know  that  with 
increasing  distance  from  the  aperture  the  deflection  and  the 
slope  decrease  and  can  be  considered  to  be  vanishing  at  a  suffici¬ 
ently  large  distance  from  the  edge  (theoretically:  at  infinity). 

In  this  case  the  boundary  conditions  read: 


w 


/’(f). 


dw 

dn 


*(«). 


(88.8) 


where  F^).  a^)  are  the  deflection  and  angle  of  slope,  both  given 
as  functions  of  the  parameter  -0.  These  conditions  can  be  written 
in  the  form 


HI*-*  I 


(88.9) 


Here  ds  is  the  differential  arc  of  the  ellipse,  a  function  of  the 
parameter  pm  are  given  coefficients  whose  conjugated  quanti¬ 

ties  are  denoted  by  sT 

The  deflection  and  slope  of  the  curved  surface  given  for  the 
contour  must  be  periodic  functions  of  0  .  Hence  it  follows  for  the 
relation  between  the  coefficients  of  the  first  terms  of  the  ser¬ 
ies  on  the  right-hand  s;des  of  Conditions  (88.9) 

(“.  —  *,)«  \  I  Jdbi  •  o .  (88.10) 
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Foj  ifiniteness  of  the  problems  it  is  necessary  \  sr.u 

vector  sc  and  the  resultant  moment  of  the  forces  acting,  on  the 

edge  of  t  e  aperture,  P  ,  m  ,  . 

z  x  y 


The  functions  of  the  complex  variables  determining  the  solu¬ 
tion  of  the  problem  have  the  form 


w[(zl)^(A'zl  -{  /l)  !n  '  /I  -[■  V  ar,—, 

|i,  —  |i3 

m  *.• « | 

wt  (^2)  —  (B'z  -j-  D)  hi  r  f-  B  —  V  ImZ-JVilr-... 

2  .  *  0  H  —  Ha 

Wl  =  1 


(88.11) 


The  coefficients  A  S'  and  4,  S  are  obtained  from  Eqs.  (88.6 
and  (88.7)  and  Ao  and  J50  and  the  conjugate  quantities  satisfy  the 
two  equations 

^0  +  ~f~  Bp  ~  ao'  ) 

ih4H-^SoH-^,A,4-^o  =  Po.  I  (88.12) 

Some  simplifications  are  obtained  for  the  case  where  the 
plate  is  orthotropic  . 

When  a  load  is  also  applied  to  the  outer  edge  of  the  plate, 
the  stress  distribution  is  obtained  when  we  add  the  stresses  in  a 
massive  plate  and  the  stresses  in  a  plate  with  aperture  loaded 
along  its  contour.  An  approximate  solution  for  some  of  these 
cases  are  given  in  §§89-90. 

§89.  THE  PURE  BENDING  OF  A  PLATE  WEAKENED  BY  A  CIRCULAR  APERTURE 

A  rectangular  orthotropic  plate  weakened  by  a  round  hole  in 
its  center  is  bent  by  the  moments  M  distributed  uniformly  on  two 
sides;  the  edge  of  the  hole  is  assumed  free  from  loads.  The  dia¬ 
meter  of  the  aperture  is  considered  to  be  small  with  respect  to 
the  dimensions  of  the  sides. 

To  begin  with  we  consider  the  general  case  where  one  of  the 
principal  directions  of  elasticity  makes  an  arbitrary  angle  cp 
with  the  direction  of  the  axis  of  symmetry  of  the  plate  denoted 
by  x'  (Fig.  170). 


i 

■ 

3 


r'AfUa 


The  directions  of  the  coordinates  axes  x  and  y  coincide  with 
the  principal  directions  of  elasticity.  An  approximate  solution 
to  the  problem  is  obtained  when  we  add  the  moments  and  crosscut 
forces  in  the  massive  plate 


Mx  —*  M  cos-  o,  My  -  ■  M  sin3  7 ,  Hxy  —  M  sin  7  cos  7, 


Nx  -  Nv  -  0 


(89.1) 


to  the  moments  and  crosscut  forces  in  the  infinite  plate  with  an 
aperture  whose  edge  is  loaded  by  forces  and  moments.  The  latter 
must  be  chosen  in  such  a  way  that  on  the  edge  of  the  aperture  to 
following  conditions  are  satisfied: 


Mr-  0,  Wr  +  I-3r;~ 0* 


(89-2) 


In  the  case  given  the  additional  moments  and  crosscut  forces 
are  determined  by  means  of  functions  of  the  form 


(  y  \  f  I1!  ('Mi  f  OS1  •?  —  Pi  Sill5  <f-)  , 

wi(V"  •  l - 2 d 

■  (ny  - 1)  sin  9  cos' y  I  Afa_ 

i»-)[/i(T -|iiiu)  F2('i--iM^i)  I  ’ 

w;(zt) «  -  (&<'?•*«  !!•!??>  -|- 

, _ _ (|*t l  — J)  sin  9  cos  jf _ \  Ma 

(l*i  — 1*2)  l"  0  —  t*il*2)  I-  2  (  '1  — 1*11*2)]  1  <2 

«  =  —  /(;*,  +  }»*) 


(89.3) 


(for  the  denotations  see  §§63  and  88). 

After  a  series  of  rather  cumbersome  transf drmations  we  obtain 
the  following  expressions  for  the  moments  ,U,  and  referred  to 
polar  coordinates,  on  the  edge  of  the  aperture: 


M 

-|-  A1  — {j,  |  - 1  g  (uq  sin f  0 -)  n2  sin3  0  cos3  0  |  ai  cos*  0)  — 

2/1  (/*•  t  71  I-  1)  ri  l-'l  •  -n  1  /I  I  \r 
7l(ft  -|-  1)  i-A.)  *  Mil-  H-(l  -|  -72)  ft  COS  Ojx 

X  sill  7  cos  7  sill  0  cos  oj , 

Hn—M  1  {x  | '  i/  (ffi s["2  0  "l-  ni cos3  fJ) si"  0  cos  0  -h 

+  nWiy'i^irV  *y  [k  cos' 0  ~  i si" 1  °) sin  ? cos  •?)  • 


Here  we  used  the  new  denotations 


Hr»a  •  :  ^  n  / ('ll -f-}J2); 

Dr  -  =  D,  cos 1  0  |  -  2/J,  sir.2  0  cos2  0  -|-  D2  sin4  0 


(89.  ^4) 


(89.5) 


(the  rigidity  of  bending  about  an  axis  tangent  to  the  contour  of 
the  hole ) : 
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a0  —  ii  cos- 9  -  f-  ^  1  —  ft  —  Ag sin2  9 , 

a2—  \k  —  n  —  /t2  —  1  -|-  1g-(l  -f-  v2)(l  [■  «)] cos2 9 -h 

+  [ft  ( 1  —  k  —  n)  —  n2  -|-  4g  ( 1  -(-•  v,)  -[■  ijj  sin2 9. 

fl4  =  *U  -  -ft  —  4^(1  -}-  ^2)1 cos2  9  "h  ft«  sin2  9, 

«!  =  —  [«  -I- 1  +  2  S  —  ‘'2  —  V')]  cos2  cp  — 

-  [ft  -  2£  -I-  -  l)]  sill2  9, 

°a  ==  [ft  +-  2^  (1  —  n  —  -  - J^-)]  cos2  9  -I  - 

+  [*(*  t  '0  I- 2^ (ft - i  -->-)]  sin2 9. 

For  an  isotropic  plate  we  obtain: 

-1O1_?)Cos2(0-9)], 

Si,.2(0-<p). 


(89.6) 


(89.7) 


Figure  171  shows  the  distributions  of  the  moments  M„  and 
//,o  on  the  edge  of  a  hole  in  a  veneer  plate  cut  out  such  that 
the  principal  directions  (the  direction  of  the  sheet  fibers  and 
the  directions  perpendicular  to  it)  make  an  angle  of  intersec¬ 
tion  with  the  sides  of  45°.  The  numerical  values  of  the  complex 
parameters  are  taken  equal  to  1.04  +  1.55 i  (the  direction  of  the 
x-axis  agrees  with  the  direction  of  maximum  rigidity,  see  §67). 


Fig.  171 


i»] 


Pig.  172 


t hp  n!1i1ni-mflXlmS?oValoeu  °f  the  bendinS  moments  are  obtained  near 
the  point  0  -  90  and  the  point  symmetrical  with  respect  to  the 
center;  they  are  equal  to 


(^'iXnax  “•  2,55 M. 


The  torsional  moment  reaches  its  highest  value  with 


0.82/11. 


(89.8) 


(89.9) 


When  the  plate  is  cut  in  such  a  way  that  its  principal  direc¬ 
tions  are  parallel  to  the  sides  (q>  =  0,  Pig.  172)  all  formulas 
become  simpler.  Instead  of  (89.4)  we  obtain:*  formulas 


where 


X  *~_j_  ,lg-  (ao  sin4  0  -|-oa  sin3  0  cos2  0  |  -«4  cos4  fJ)j , 

If _ MM  V"  1 

r0  Dr  ’  TTP'QT  (rti s’"2  ni  0)  sin  0  cos  0, 

o0~n, 

—  /i —  11* —I  4.  Ag(  I  -1-^(1  -|  -«), 

«4  =  ftn  —  ft_.  4^(1  -f-  v2)i, 

a‘  —  —  n  -  -  1  -{-  2^-  (v2  -f-  v2/t  —  . 

fl,  =*  A  +  2*  (|  ~ n  —  -j4'— )  • 


(89.10) 


(89.11) 


The  bending  moment  MQ  reaches  its  maximum  value  either  at 

points  A,  A 1  or  at  points  Bt  B,  (Fig.  172)  where  the  principal 
directions  of  elasticity  intersect  with  the  contour  of  the  hole. 


At  the  points  A,  A 1  (Fig.  172) 


(89.12) 


at  the  points  B  and  B 1 


(89.13) 
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Pig.  173 


Figure  174  gives  the  moment  distribution  on  the  edge  of  a 
hole  in  a  veneer  plate  where  the  sides  parallel  to  the  fibers  of 
the  sheet  are  loaded. 
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Fig.  172* 


Fig.  175 


At  the  points  A  and  Ai 


Mt  =  2,09Alr 


(89.19) 


at  the  points  B  and  B x 


M%  =  1,56/VI.  '  (89.20) 

The  maximum  torsional  moment  is  given  by 

("rtU.-AJ.  (89.21) 

Comparing  the  graphs  for  the  three  cases  of  orientation  of 
the  principal  axes  relative  to  the  loaded  sides  of  the  veneer 
plate  which  we  considered,  we  see  that  the  highest  concentration 
of  the  moments  M g  and  the  directions  a g  is  obtained  for  the  case 

where  the  loaded  sides  are  perpendicular  to  the  fibers  of  the 
sheet.  Inversely,  the  minimum  concentration  occurs  in  the  case 
where  the  sides  parallel  to  the  fibers  of  the  sheet  are  loaded. 
The  case  where  the  fibers  of  the  sheet  make  an  angle  of  ^5°  with 
respect  to  the  sides  of  the  plate  takes  an  intermediate  position. 

For  comparison  we  show  in  Fig.  175  the  moment  distribution 
on  the  edge  of  an  aperture  in  an  isotropic  plate  with  a  Poisson 
coefficient  equal  to  0.3.  Here,  at  the  points  A  and  A  \  (Fig.  172) 

/Wj  :  0,21  Af;  (89.22) 


at  the  points  B  and  B\ 


A!6  -  ;  1 ,79AJ. 
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(89.23) 


n  W'JW'WIRUJIM  MU  VU  !'*■*  1 1,1 


■  1,1  >■!  <1  in  u  "I  »  w  '  ,'■ 


"iwpw 


The  maximum  torsional  moment  is 

~~  O.GI/M.  (89.24) 

the  *)}  eraphs  shown  Slves  a  clear  Idea  on 

trlbution  In  pure  bendlng°ln0aypUtehSeakened‘''by°a  Jounfhole .' 

§90'  cIrcularSapertureF0RMATI0N  0F  AN  orthotropic  plate  with  a 

principal 


ing  c™sId"?edV?hf^V°r  w6  °aSe  °f  Un-L Lateral  pure  bend- 

s.s£ “SS“"- --  st 

B  onhthe°contnnr.f°?  f?®  bendlng  and  torsional  moments  Ma  and 
re  on  tne  contour  of  the  aperture  have  the  form  0 


Here 


Af,  =  2Af-f- 

-j—  .  -jr^y  ( b0  sin4  f)-[-62  sin2  0  cos2  Q-|-£4  cos4  0), 

//,,  ea  M  •  ■—£  (6,  Sin2  0  -f-  b3  cos2  0)  sin  0  cos  0. 


(90.1) 
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MaaiMBRilMK 


■K,~'  -■ 


bQ  k  \  n  1-4  g 


,H  A 


V  ---(1  ky-  -«(1  |;A)  -2/1* -I  4tf(l  I  0(1  I  n) 

-I  ■•',)-■  1-- 

V  l»  AM  i//(i  101. 


A.  (A  I  «  I  l)('4"i  1)  I  -2a*  ("’  1 l  1  -  l). 

V  -(A  I  «  I  o(a  2^')  j  */.'(*  /«  I  1--  £). 


(90.2) 


The  other  denotations  are  the  same  as  in  the  previous  section.  In 
an  isotropic  plate 

Afo  :  2/U,  //)0  0.  (90.3) 

At  the  points  A  and  A 1  of  an  orthotropic  plate  (Fig.  176) 

I  1  "..-0;  (90.4) 

at  the  points  B  and  B\ 

A4a--,.4l(l  I-  -  1/'|  ,VC:-)  •  (90.5) 

In  Fig.  177  we  show  the  distribution  of  the  moments  and 
H^q  along  the  edge  of  the  hole  in  the  veneer  plate;  the  direction 

of  the  x-axis  agrees  with  the  direction  of  the  fibers  of  the 
sheet;  the  dashed  circle  shows  the  moment  distribution  in  an  iso¬ 
tropic  plate. 
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At  the  points  A  and  A i  (Fig.  176) 

Afa «  1 ,7'MI; 


(90.6) 


At  the  points  B  and  B\ 


/tlr,  r  ■■  5,00/if.  (90.7) 

The  maximum  torsional  moment  is  equal  to 

<".»)««“  0.3AI.  (90.8) 

As  we  see  from  these  values,  the  concentrations  of  the 
stresses  Og  in  a  veneer  plate,  which  may  be  estimated  on  the 

basis  of  the  value  of  the  moment  MqS  proves  to  be  more  than  2.5 

times  higher  than  in  an  isotropic  plate.  This  case  of  bending  was 
investigated  for  the  first  time  by  M.V.  Nikulin.* 

2.  Torsion.  An  orthotropic  rectangular  plate  with  round  ap¬ 
erture  in  its  center  is  deformed  by  torsional  moments  H,  which 
are  distributed  uniformly  on  all  four  sides  (Fig.  178). 


Let  us  only  consider  the  simplest  case  where  the  principal 
directions  in  the  plate  are  parallel  to  the  sides.  The  solution 
of  the  problem  is  obtained  by  a  superposition  of  the  distribu¬ 
tions  of  the  moments  and  crosscut  forces  in  the  form 


Mx  —  —  Hxy  =  H,  Nx  =  =  0 

and  the  distribution  corresponding  to  the  functions 


(*i)  *=  — 


_ Ha  (1  —  /|*a) _ 

(*-H)  T-2(v,  +k)\ 
Ha  (1  —  /,U|) 

o2(im-p,)[«  (fc-hl)-H  2(v,-h*)[ 


(90.9) 


(90.10) 


After  the  transformations  we  obtain  the  following  distribu¬ 
tions  for  the  bending  and  torsional  moments  and  H  _  on  the 
contour  of  the  hole:  0 


M  - 

//ii « 


nil  Y'Ditft  n(k  |  /i -|  1)  v 

Or  «('* -I-  1)  -I' ■2(-i1-|-*)  A 
X  1  s‘'‘2  0  1(1  |  '‘i)  h  cos2  ijj  sill  0  cos  0, 

II  YThih  'i  (*  I-  «  T  1) _ v 

Dr  n(*;|  lj -|-2C't -h *)  A 

X  cos-  0 - sin4  o) . 


(90.11) 


The  moment  distribution  near  the  aperture  in  an  isotropic 
plate  is  characterized  by  the  formulas: 


AU  «---//--?! sin  20, 
3-|v 

//, 9  //---I  -cos 20. 

O  ^ 


(90.12) 


Figure  179  shows  the  graphs  of  distribution  of  the  moments 
Mq  and  H^q  on  the  contour  of  the  aperture  in  a  veneer  plate;  the 

x-axis  is  parallel  to  the  fibers  of  the  sheet.  The  bending  moment 
reaches  its  maximum  value  near  the  point  0  =  60°  and  the  points 
symmetrical  with  respect  to  it;  the  torsional  moment  reaches  its 
maximum  absolute  value  at  the  four  points  A ,  A i,  B,  B 

(90.13) 

(90.14) 


|  =  2,15/7; 

| -1.09//. 


Fig.  179 


In  such  a  plate  of  isotropic  material,  with  Poisson's  coef¬ 
ficient  equal  to  0.3,  we  obtain 

UloU-1.58//;  (90.15) 

|//.oL,--  --  i.2i//.  (90.16) 

The  moment  distribution  graphs  for  the  contour  of  the  hole 
in  an  isotropic  plate  are  in  their  nature  the  same  as  the  graphs 


377  - 


for  the  veneer  plate  and  we  shall  not  give  them  here. 


This  problem  was  solved  by  V.N.  Al'pert.# 

3.  Pure  bending  of  an  orthotropic  plate  with  a  rigid  circu¬ 
lar  core.  Consider  an  orthotropic  rectangular  plate  with  a  round 
hole  in  its  middle  in  which  a  core  is  soldered  or  glued  in,  which 
was  not  prestressed  and  which  consists  of  a  perfectly  rigid  non- 
deformed  material.  Let  us  consider  the  pure  bending  of  such  a 
plate  for  the  case  where  the  principal  directions  of  elasticity 
are  parallel  to  the  sides.  The  position  of  the  axes  and  the  load 
distribution  is  shown  in  Fig.  180. 


In  this  case  we  are  concerned  with  the  second  fundamental 
problem  of  the  theory  of  elasticity  since  on  the  contour  of  the 
aperture  the  strains  are  given:  owing  to  the  rigidity  of  the  core 
the  edge  of  the  aperture  cannot  be  deformed,-  it  can  only  be  dis¬ 
placed  in  space  and  rotated.  Using  the  results  of  §88  we  arrive 
at  the  following  results.  The  bending  and  torsional  moments  and 
the  crosscut  forces  are  constituted  from  the  moments  and  forces 
corresponding  to  pure  bending  of  the  massive  plate 

Ma ---  M .  Mv  — •  Hxy  —  Nx ~ /Vy  —  0  (90.17) 

and  the  additional  moments  and  forces  determined  by  functions  of 
complex  variables  in  the  form 


«!(*,)  «>to  — 

«»;(*,)«  4- 


Ma 

2D,  (l  —  V,) 
Ma 

'2/5,  (1  -V2> 


~h  1*2  _ 

1*1  “  ll2  ^1 
*•'1  -i-  I*,  ‘  J_ 

Hi  ~  H,  ^2 


(90.18) 


Here  4o  and  B q  are  constants  which  do  not  Influence  the 
stress  distribution  in  the  plate;  we  can  set  them  equal  to  zero. 

The  formula  for  the  bending  moment  acting  on  the  edge  of 

the  core  from  the  side  of  the  plate  and  on  the  edge  of  the  aper¬ 
ture  from  the  side  of  the  core  has  the  form 


~k~ )cos*0  — (*,-}- v*-|~ /e)  sin2o].  (90.19) 


The  moments  Mq  and  H near  the  core  are  determined  by  much 
more  complex  formulas.  We  cannot  give  these  formulas  in  their 


full  length,  we  restrict  ourselves  to  the  values  of  the  moments 
at  significant  points. 

At  the  points  A  and  A\  (Fig.  180) 


A,r“>MnrJ.  (90.23) 

at  the  points  B  and  B\ 

Mr  =  -  M 1 •  Mt  r.~.  vMr.  (90.24) 

In  Fig.  l8l  we  show  the  distribution  of  the  moments  M ^  along 

the  core  for  a  veneer  plate  loaded  on  the  sides  perpendicular  to 
the  fibers  of  the  sheet,  in  Fig.  182  the  same  is  shown  for  the 
case  where  the  sides  parallel  to  the  fibers  are  loaded.  The 
dashed  curves  represent  the  moment  distribution  in  an  isotropic 
plate  for  which  v  =  0.3- 


Fig.  l8l 
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to 


In  the  first  case  of  a  veneer  plate  the  moment  M is  equal 


1 .090.11.  (90,25) 

and  in  the  second  case 

(90.26) 

In  the  case  of  an  isotropic  plate 

(/W,)m„“  1.08S/U.  (90.27) 

Comparing  the  graphs  of  Pig.  l8l  and  Pig.  182,  we  can  see 

that  the  case  where  the  sides  parallel  to  the  sheet  fibers  are 

loaded  is  less  favorable.  We  see  from  these  two  graphs  that  the 

difference  between  the  distributions  of  the  moments  M  in  these 

r 

two  cases  is  quite  significant.  In  both  cases  the  moment  M 
reaches  a  maximum  which  is  much  higher  than  in  an  isotropic  plate 


An  approximate  solution  of  the  problem  of  bending  of  an  an¬ 
isotropic  plate  with  rigid  core,  circular  or  elliptic,  was  ob¬ 
tained  by  B.Ya.  Rodin. * 

M.F.  Sheremet’yev  derived  a  solution  of  the  problem  on  the 
bending  of  an  infinite  anisotropic  plate  with  a  circular  aperture 
whose  edge  is  reinforced  by  a  thin  elastic  ring  (in  the  case  of 
constant  bending  and  torsional  moments  applied  "at  infinity . "** 
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A  solution  of  this  problem  is  to  be  found  in  our  paper: 
"0  nekotorykh  voprosakh,  svyazannykh  s  teoriyey  izgiba 
tonkikh  plit"  [On  Some  Problems  Connected  with  the  The¬ 
ory  of  Bending  of  Thin  Plates]  Prikladnaya  matematika  i 
mekhanika  [Applied  Mathematics  and  Mechanics]  Nov. 

Seriya  [New  Series],  Vol.  II,  No.  2,  1938. 

See  our  paper  mentioned  in  the  last  section.  In  this 
paper  we  used  somewhat  different  denotations. 

This  paper  has  been  dealt  with  carefully  in  our  paper 
mentioned  in  §86. 

Lekhnitskiy,  S.G.,  0  nekotorykh  voprosakh  svyazannykh 
s  teoriyey  izgiba  tonkikh  plit  [On  Some  Problems  Con¬ 
nected  with  the  Theory  of  Bending  of  Thin  Plates]  Prik¬ 
ladnaya  matematika  i  mekhanika,  Nov.  Seriya,  Vol.  II, 

No.  2,  1938.  In  tlis  paper  other  notations  were  used. 
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Chapter  12 

TRANSVERSE  VIBRATIONS  OF  ANISOTROPIC  PLATES 

§91.  FREE  VIBRATIONS  OF  A  PLATE 

In  all  cases  dealt  with  previously  the  plates  were  assumed 
to  be  deformed  by  static  loads.  The  problem  of  the  investigation 
of  strains  and  stresses  in  an  anisotropic  plate  becomes  much 
more  complicate  when  the  load  is  assumed  to  vary  with  time  or  to 
be  applied  suddenly,  i.e.,  in  the  case  of  dynamic  loads.  The  dy¬ 
namic  problems  are  closely  related  with  the  problems  of  vibra¬ 
tions  of  plates.  In  the  present  chapter  we  shall  consider  brief¬ 
ly  some  problems  of  transverse  vibrations  of  anisotropic  plates 
characterized  by  curvatures  of  the  median  surface. 

Let  us  consider  a  plate  of  arbitrary  form  which  is  aniso¬ 
tropic  and  homogeneous  but  generally  not  orthotropic,  with  arbi¬ 
trarily  fixed  or  free  edges.  Let  us  suppose  that  certain  forces 
distributed  on  the  surface  impart  deflections  and  velocities  in 
a  direction  perpendicular  to  the  initial  (nondeformed)  median 
surface,  to  the  particles  arranged  on  the  median  surface;  at  the 
njoment  of  time  following  the  initial,  the  plate  is  suddenly  dis¬ 
charged  from  all  external  loads.  Having  receive  the  initial  de¬ 
formation  and  velocity  the  plate,  when  unloaded,  begins  to  vibrate 
and  the  particles  in  the  median  surface  move  perpendicularly  to 
it;  the  result  is  that  the  plate  is  bent  at  any  moment  of  time. 
This  type  of  oscillation  is  called  free  transverse  vibration. 

The  differential  equation  of  vibration  is  obtained  when  we 
set  up  the  equation  of  motion  of  an  element  of  the  form  of  a 
rectangular  parallelepiped  of  height  h  and  base  dxdy. 

Let  y  be  the  specific  weight  of  the  material,  wfx,  y,  t)  is 
the  deflection  of  the  median  surface;  the  other  denotations  for 
rigidities,  moments  and  crosscut  forces  are  the  same  as  previ¬ 
ously.  Let  us  return  to  Fig.  126  (load  q  must  be  assumed  absent). 

Instead  of  the  first  equilibrium  equation  (62.1)  we  obtain 
the  equation  of  motion 
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whore  the  force  of  inertia  is  taken  into  account  while  the  resist¬ 
ance  of  the  surrounding  medium  and  internal  friction  are  ne¬ 
glected. 

In  particular,  for  an  orthotropic  plate  we  obtain  the  equa¬ 
tion 


d'vi 
dx-  dy- 


D  W 
2  dy*, 


(91.3) 


and  for  an  isotropic  plate  with  rigidity  D 3  the  equation 


£“!. . I  .  Ww  -  0.  (91.  ^ ) 

dh  '  li( 

The  deflection  w  satisfies  boundary  conditions  which  depend 
on  the  method  of  fixing  of  the  plate's  edge  (with  fixed,  supported 
or  free  edges  these  conditions  do  not  differ  from  the  conditions 
in  the  case  of  equilibrium) ,  and  the  initial  conditions 

dw“ 

with  t  ••=*  0  ®  *=  «»o(Jf*  y)'  vo(*»  y)>  (91.5) 

where  u0j  Uo  are  given  quantities  of  initial  deflection  and  ini¬ 
tial  velocity  of  point  (®,  y). 


A  comprehensive  investigation  into  the  problem  of  free  vi¬ 
brations  must  be  reduced  to  the  determination  of  the  deflection 
at  an  arbitrary  point  and  at  an  arbitrary  instant  of  time,  but 
the  most  important  part  of  the  problem  is  the  determination  of 
the  frequency  of  natural  vibrations  and  the  eigenfunctions.  In 
problems  of  the  dynamics  of  plates  the  frequencies  of  the  natural 
vibrations  play  an  important  part;  they  must  be  known  in  order  to 
determine  the  dynamic  stresses  caused  by  a  variable  load. 

Let  us  briefly  describe  the  course  of  solution  of  the  problem 
on  free  transverse  vibrations  by  the  Fourier  method. 


Let  us  introduce  (for  the  sake  of  brevity)  the  operator  L: 


L  -  0„  jgr  -I-  3-j's>  I  -  2  <n„  I  wj  »  . I- 


-f  d  02C  dxdyi-\- 


(91.6) 


Equation  (91.2)  can  then  be  written  in  the  abbreviated  form 


0.  (91.7) 

OB  1  lit 

We  seek  a  solution  of  this  equation  in  the  form  of  the  product 

w  •-  -•  (A  cos  [>t  (•  B  sin  />/)  \\'(.v,  y)<  (91.8) 

where  p  is  the  proper  frequency  of  the  plate  which  is  to  be  deter¬ 
mined  .  * 

Substituting  (91.8)  in  (91.7)  we  obtain  for  W  the  equation 
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(91.9) 


L\V  ~p~y  W  .  .  0. 

K 

We  then  determine  the  solution  of  this  equation  which  satis¬ 
fies  the  boundary  conditions  (the  conditions  for  W  in  the  case  of 
a  fixed,  supported  or  free  edge  will  not  differ  from  the  condi¬ 
tions  for  w) .  In  the  case  of  simple  contours,  for  example,  a  rec¬ 
tangular  plate,  an  expression  for  W  can  be  chosen  beforehand 
which  makes  it  possible  to  satisfy  the  boundary  conditions  or 
rather  satisfy  them;  the  expression  for  them  will  contain  arbi¬ 
trary  constants.  It  is  required  that  the  function  W  satisfies  the 
boundary  conditions  and  is  a  solution  to  Eq.  (91.7)  so  that  we 
obtain  a  system  of  homogeneous  equations  for  the  unknown  con¬ 
stants;  this  system  has  solutions  which  are  nonvanishing  only  in 
the  case  where  its  determinant  A(p)  vanishes.  From  it  we  obtain 
the  frequency  equation 


A  (/>)-=  0.  (91.10) 

This  equation  will  have  an  infinite  set  of  solutions  which  repre¬ 
sent  the  frequency  spectrum  for  the  plate  given.  The  frequencies 
will  in  general  depend  on  the  two  parameters:  m  and  n  (m  =  1,  2, 

3,  . ..;  n  =  1,  2,  3 ,  ...).  The  lowest  frequency  is  called  the  fre¬ 
quency  of  the  first  harmonic,  the  other  frequencies  are  the  fre¬ 
quencies  of  higher  order  or  the  higher  harmonics.  . 

A  function  W ( x ,  y)  corresponds  to  each  frequency  p  , 

which,  on  the  basis  of  the  homogeneous  system  of  equations  is  de¬ 
termined  to  within  a  constant  factor  which  can  be  taken  equal  to 
unity.  The  functions  Wmn  which  are  called  eigenfunctions  determine 

the  form  of  the  vibrations  (i.e.,  the  form  of  the  bent  surface 
corresponding  to  vibrations  with  frequencies  Pmn) • 

When  the  problem  is  to  be  solved  finally,  i.e.,  when  we  have 
to  determine  w(x ,  y ,  t)  at  an  arbitrary  point  and  an  arbitrary 
instant  of  time  the  following  is  to  be  done.  The  given  initial  de¬ 
flection  and  initial  velocity  are  expanded  in  series  with  respect 
to  the  eigenfunctions  W mn,  i.e.,  we  represent  them  in  the  form  of 

CO  OO  00  GO 

Wo' -2  X  am  i,  'F,,,,,.  y,  V,  [I,,,,,  U'„(1  (91.11) 

in  -»  |  ii ..  |  mu  I  ii  ■  1 

and  find  the  solution  to  Eq.  (91.7)  in  the  form  of  a  sum  of  all 
solutions  of  the  form  (91.8). 

When  the  coefficients  a  .  B  have  been  determined,  the  de- 

mn  mn  ’ 

termination  of  the  constants  A  and  B  is  quite  simple.  The  result 
obtained  reads 


U)  OO 

■ 4  V]  (a--.ii  cos  PmJ  I  Si"  P**t)  Wm ir  (91.12) 

iii>.  1  ii‘  l 


The  total  deflection  at  an  arbitrary  point  is  obtained  as 
the  result  of  a  superposition  of  an  infinite  series  of  deflec¬ 
tions  whose  variation  with  time  is  governed  by  the  law  of  the 
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law  of  the  simple  harmonic  vibrations  with  the  frequencies  Pmn* 

The  equation  of  free  transverse  vibrations  in  the  more  gen¬ 
eral  case  where  the  plate  rests  on  a  massive  elastic  base  with  an 
elastic  coefficient  k  and  is  subject  to  the  action  of  longitudinal 

forces  T  ,  T  s  S  which  are  time-independent,  has  the  form: 
x  y  xy 

-r*.)..*  (91.13) 

In  order  to  determine  the  natural  frequencies  and  eigenfunctions 
for  this  case  we  can  use  the  same  Fourier  method  which  results  in 
an  equation  for  the  function  of  W  which,  of  course,  is  more  com¬ 
plicate  compared  with  (91-9). 

§92.  DETERMINATION  OF  FREQUENCIES  OF  A  RECTANGULAR  ORTHOTROPIC 
PLATE 

Let  us  consider  a  given  rectangular  homogeneous  orthotropic 
plate  whose  principal  directions  of  elasticity  are  parallel  to 
the  sides;  we  have  to  determine  the  frequencies  of  the  natural 
vibrations.  This  problem  can  be  solved  exactly  only  in  the  case 
of  an  orthotropic  plate  with  four  supported  sides. 


Fig.  183 


We  let  the  axes  coincide  with  the  sides  of  the  plate  (Fig. 
183)  whose  lengths  are  denoted  by  a  and  b.  The  function  W  [see 
Eq .  (91.8)]  must  satisfy  the  conditions 


with  *  —  0.  *  —  a  \V  —  0,  §£-|-*2^  =  0: 

withl'  =  0>  y^b  \V  ~  0, 


(92.1) 

(92.2) 


These  conditions  are  satisfied  by  the  expression 


.  mnxi  .  nny 
Wmii:-sh\-a  sin 


(92.3) 


where  m  and  n  are  integral  numbers.  This  expression  is  required 
to  be  a  solution  to  Eq.  (91.9)  which,  in  the  case  of  an  orthotrop¬ 
ic  plate  assumes  the  form 


'  1 0y'  g 


(92.4) 


Substituting  Eq.  (92.3)  in  the  left-hand  side  and  setting  the 
result  equal  to  zero  we  obtain 
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From  this  we  obtain  the  frequency  p  =  n 

^  ^mn  ‘ 

where  a  =  a/b. 

The  fundamental  frequency  is  equal  to 


(92.5) 


(92.6) 


PutBt%Vi It V^T2D.^~- 1  n 2c‘ . 

(92.7) 

In 

particular. 

for  a  quadratic  plate  of  side  a 

Pmn  “  P  V Votin'  |  2f)J/i-,„1^T/V7  • 

(92.8) 

/»»“?» +  ot- 

(92.9) 

When  the  plate 

is  isotropic,  we  have* 

'--I /£[(?)’-' 4 

(92.10) 

The 

given  frequency  corresponds  to  the  deflection 

wmn  —  (Awn  zosPmJ  "1"  B inn  s,n  Pmn 0  s'n  ™ ~  Sill 

a  b 

(92.11) 

tlor/l  fee?h^tl0n%(^'3)  dete™lne  the  form  of  the  vlbra- 
l ’ i,f: »  the  form  of  the  bent  surface  of  the  plate  executing 
vibrations  with  the  given  frequencies  pmn.  In  Fig.  i84a  we  g 

see  the  shape  of  the  bent  surface  at  an  arbitrary  moment  of  time 
P^te  ylbratinS  ^  the  first  harmonic  frequency  P  l  tL 
TfllJh  °h  max^mum  deviation  or  antinode  is  in  the  middle  Figure 
l^b  and  c  show  the  bent  surfaces  of  a  plate  vibrating  at  thP 
frequencies  p21  and  p12;  in  each  case  there  are  two  antinodes 

presents°a  ITne'oV “  -- 

deviauLt^\^de^?t1arve^^^?/^fLfgivefLltob^inedt^1th 

SfSthe  form  ( ° 3itl0n  of  an  infinite  series  of  deflections 

oo  CO 

^  ^(a C0S/'Wn/  +  PmUn  Si"  PmJ)  SiM  "r  ,Sin  't~  (92.12) 

Here  amn*  a*m  are  the  expansion  coefficients  of  initial  deflec¬ 
tion  and  initial  velocity  in  series  of  the  eigenfunctions-  in 
iG  g  ven  case  they  are  double  Fourier  series  whose  coefficients 
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Fig.  184 


are  determined  from  the  well-known  formulas 

\  a  b 

„  4  f  f  .  nr. tjr  .  n-. ty  .  . 

m"  )  J  w0  s">  •  a~  S1"  /- (ix  dy> 

o  0 
a  b 

n  4  f  f  n.nx  .  rir.y  .  . 

P"«“S6  J  J  t'os"'  fl-s.n  ~’~dxdy. 

0  0 

For  a  plate  where  the  two  sides  x  =  0,  x  =  a  are  supported  and 
the  others  are  fixed  arbitrarily  or  free,  the  expression  of  the 
function  of  W  has  the  form 


where 


This  function  satisfies  the  conditions  for  supported  sides. 
From  the  conditions  on  the  other  sides  a  system  uf  four  homogene¬ 
ous  equations  are  obtained  with  four  unknowns:  Clm,  C,m,  C3III.  C„„  the 
frequencies  are  determined  from  equations  obtained  when  the  de¬ 
terminant  of  the  homogeneous  system  is  set  equal  to  zero.  To  each 
value  of  m  =  1,  2,  3,  .  ..  corresponds  an  infinite  series  of  fre¬ 
quencies  pmn  since  the  equation  =0  is  transcendental  and  has 

an  infinite  number  of  solutions.  In  each  case  where  all  sides  of 
the  plate  are  supported  we  obtain  Eq .  (92.6)  for  the  frequencies. 


k‘’r\f  1  '  of 
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(92.15) 


(92.13) 
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§93.  APPROXIMATION  METHODS  FOR  THE  DETERMINATION  OF  FREQUENCIES 

An  accurate  determination  of  the  frequencies  of  a  plate  (ex¬ 
cept  for  a  rectangular  plate  with  two  or  four  supported  sides)  en¬ 
tails  considerable  difficulties  which  are  connected  with  the  inte¬ 
gration  of  the  fourth-order  equation  (91.9)  or  (92.4) 

In  practice  it  may  prove  to  be  valuable  to  have  approxima¬ 
tion  methods  for  the  determination  of  the  fundamental  frequency, 
which  are  analogous  to  the  methods  applied  in  the  investigation 
of  the  natural  vibrations  of  beams.  There  exists  a  series  of  ap¬ 
proximation  methods  for  the  determination  of  the  frequencies  of 
transverse  vibrations  of  beams  which  permit  a  quick  determination 
of  the  frequency  without  an  integration  of  differential  equations* 
(mainly  the  frequencies  of  the  fundamental  harmonics  which  are  of 
greatest  interest  in  practice).  These  methods  can  easily  be  gener¬ 
alized  for  the  case  of  a  plate. 

We  shall  here  consider  one  of  them,  the  method  by  Rayleigh- 
Ritz,  and  we  shall  use  it  in  order  to  determine  approximately  the 
fundamental  frequency  of  rectangular,  round  and  triangular  plates. 

Using  this  method,  we  consider  an  elastic  body  executing  free 
vibrations  with  the  fundamental  frequency  (in  our  case  a  plate) 
as  a  system  with  one  degree  of  freedom  whose  state  in  an  arbitra¬ 
ry  moment  of  time  is  determined  by  a  single  generalized  coordi¬ 
nate  q(t). 

In  the  case  of  a  plate  the  deflection  at  an  arbitrary  instant 
of  time  is  assumed  to  have  the  form  of 


®~7(0  \V(x,  y),  '  (93.1) 

where  W  is  a  given  steady  function  satisfying  the  boundary  condi¬ 
tions  (depending  on  the  method  of  fastening  of  the  edge)  and  re¬ 
presenting  approximately  the  form  of  the  bent  surface  of  the  vi¬ 
brating  plate.  We  then  set  up  the  equation  of  motion  of  the  sys¬ 
tem  with  the  help  of  the  well-known  Lagrange  equations.  In  the 
given  case  we  obtain  a  single  equation  corresponding  to  the  number 
of  degrees  of  freedom,  which  has  the  form: 


d  (dT\  _ar_.  dV 

dt  \dq')  dq  ^  dq 


-0, 


(93.2) 


where  T  is  the  kinetic  and  V  the  potential  energy  of  the  system. 
For  an  orthotropic  and  homogeneous  plate 


r 
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S  J  J  MS)’- 


-t 


dx  dy 


dx  dy 


(y  is  the  specific  weight  and  h  the  thickness). 


(93.3) 


We  denote  the  expression  for  V  in  the  abbreviated  form 
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V  ■■■  <?  |  f  V  (Uy)  dx  dy. 


(93.4) 


After  having  substituted  the  expressions  for  T  and  V  the  La¬ 
grange  equations  takes  the  form 


=0, 


(93.5) 


where  p  is  the  frequency  determined  by  the  equation 

1  /iT  JJ  v;r3,,xdy 


(93.6) 


The  expression  for  the  deflection  is  obtained  in  the  form 


w  (A  cos pt  •  B  sin  pi)  tt^. 


(93.7) 


The  accuracy  of  the  determination  of  the  frequencies  accord¬ 
ing  to  Eq.  (93.6)  depends  essentially  on  the  suitable  choice  of 
the  expression  of  W.  For  simple  contours  the  choice  of  these 
functions  is  not  too  difficult;  sometimes  one  can  give  at  once 
several  different  expressions  for  them.  We  can,  for  example,  take 
an  expression  proportional  to  the  static  deflection  of  the  plate 
as  a  first  approximation  for  W,  with  the  same  conditions  for  the 
fixing  of  the  edge  under  the  influence  of  a  uniformly  distributed 
load.  This  is  equivalent  to  the  supposition  that  the  surface  of 
the  plate  executing  the  vibration  of  the  lowest  harmonic  has  the 
same  form  as  the  surface  of  a  plate  bent  by  uniform  pressure. 

Equation  (93.6)  determines  the  frequency  p  in  a  first  ap¬ 
proximation.  More  accurate  values  of  the  frequency  can  be  ob¬ 
tained  when  we  determine  the  minimum  of  the  expression  3'  dealt 
with  in  §4  [see  Eq .  (4.5)].  In  the  case  of  a  plate  executing  a 
simple  harmonic  vibration  with  the  frequency  p,  the  expression 
for  S’  takes  the  form 


(93.8) 

where 

s J  J  V  (\V)  -  p2 dx  dy  (93-9) 

(integration  over  the  area  of  the  plate).  The  problem  is  reduced 
to  the  determination  of  the  function  W  satisfying  the  boundary 
conditions  and  minimizing  the  integral  (93*9). 

An  approximate  solution  of  this  variational  problem  can  be 
obtained  by  means  of,  e.g.,  Ritz’s  method,  applying  it  in  the 
same  order  as  in  the  case  of  static  bending  of  a  plate,  namely, 
by  choosing  an  expression  for  W  in  the  form  of  a  sum  with  inde¬ 
finite  coefficients 


\Vmil(x,  y), 

m  n 


(93.10) 


where  ^mn  are  continuous  functions  depending  on  two  parameters 
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and  satisfying  the  conditions  on  the  edge  of  the  plate  (at  least 
the  kinematic  ones).  After  having  substituted  this  expression  in 
Eq.  (93.9)  and  integration,  the  quantity  S  can  be  represented  in 
the  form  of  a  homogeneous  square  function  of  the  coefficients  ^mn* 

This  function  is  then  minimized  and  a  system  of  homogeneous  equa¬ 
tions  of  first  degree  is  obtained  for  the  coefficients  A  .  It  is 

^  mn 

required  that  at  least  one  of  the  coefficients  is  nonvanishing, 
the  determinant  of  this  system  is  set  equal  to  zero  and  the  follow¬ 
ing  frequency  equation  is  obtained: 


A(p)=-0.  (93.11) 

The  lowest  nonzero  solution  will  also  be  the  approximate  val¬ 
ue  of  the  fundamental  natural  frequency. 

§94.  EXAMPLES  OF  FREQUENCY  DETERMINATION  IN  A  FIRST  APPROXIMATION 
Let  us  consider  some  examples. 

I.  Rectangular  plate  with  fixed  sides.  Let  us  determine  the 
fundamental  natural  frequency  of  a  rectangular  orthotropic  plate 
whose  four  sides  are  all  fixed  (Fig.  185). 


An  exact  solution  to  this  problem  is  unknown  as  yet,  but  we 
can  obtain  an  approximate  one  assuming  that,  say. 


Wmn  =  (x2  —  jf  (V  ~ 


(9^.1) 


where  m,  n  are  integral  numbers. 

It  is  obvious  that  all  these  functions  (and  the  function  W 
as  a  whole)  will  satisfy  the  boundary  conditions 


with.*  —  -±:  j  \Vmn  —  --  0; 

withy  -  :±4  wmn  -  0. 


(9*1.2) 

(9*<.3) 


As  a  first  approximation  we  take  only  the  first  term  of  the 
sum  (93.10): 
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(94.4) 


Substituting  w  in  Eq.  (93.6)  and  integrating,  we  arrive  at 

Pit  -  /{.,  /oT-F'0.07  i  f  D,V‘ .  (94.5) 

In  particular,  for  a  quadratic  isotropic  plate  with  the  ri¬ 
gidity  D 


vf'  (94.6) 

We  can  also  give  another  expression  for  Wmn 

-•(  -  O’" cos 2'"™].[l  -(  l)-cos2'^],  (94.7) 

which,  obviously,  also  satisfies  all  boundary  conditions.  The 
first  approximation  for  the  fundamental  natural  frequency  is  ob¬ 
tained  on  the  assumption  that 

Vr,/ljl  l-COS-~)(l  -I  COS-^-).  (94.8) 

The  result  of  all  calculations  reads 

Pn~-£  V1\:\  OMWA+W*  •  (94.9) 

For  an  isotropic  quadratic  plate  we  obtain  from  this  formula 


p  -3_7.2  (94.10) 

P"  ■  cP  V  hf 

The  difference  between  Eqs.  (94.6)  and  (94.10)  is  small:  it 
amounts  to  3-5%  referred  to  the  lower  of  the  two  values. 


2.  Circular  p  I  a+e  with  fixed  rim.  Let  us  determine  the  fun¬ 
damental  natural  frequency  of  an  orthotropic  homogeneous  plate 
whose  rim  is  fixed  (Fig.  186,  the  x-y  frame  coincides  with  t^e 
principal  directions  of  elasticity). 

In  order  to  obtain  a  first-order  solution  we  use  the  ex¬ 
pression  for  the  static  deflection  under  the  action  of  a  uniform¬ 
ly  distributed  load  derived  in  § 8 0 .  Assuming 

W=*A(al~-x*~  /*)».  (94.11) 

we  obtain 

Pn  “  V /ff  /^  "0T667D;-Fd;  •  (94.12) 


In  particular,  for  such  a  plate  of  isotropic  material* 

1 0.32  /*// 

p : '  fl»‘  V  'hf  ' 


(94.13) 
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3.  Plate  in  the  form  of  a  rectanguiar  triangle.  Let  us  con¬ 
sider  an  orthotropic  plate  in  the  form  of  a  rectangular  triangle 
with  the  legs  a  and  b,  the  principal  directions  of  elasticity 
being  parallel  to  the  legs  (Pig.  187). 


Fig.  186  Pig.  187 


When  all  three  sides  are  fixed  we  can  assume  (see  §85) 

1-j-j)2  (94.14) 

and  we  then  obtain  from  Eq.  (93.6)  the  fundamental  natural  fre¬ 
quency 

Pi  I «  /  7*  Vd,-Vd^  +  dxc\  (94.15) 

Here  a  =  a/b. 

The  formula  for  the  frequency  of  the  first  harmonic  of  an 
isotropic  plate  is  obtained  from  (94.15),  assuming  that 
0,  =  D2  —  Da  =  D.  In  particular,  for  an  isotropic  plate  with  equal 
legs  (c  =  1) 

01.16) 

In  the  case  of  three  sides  supported  we  have  in  a  first  ap¬ 
proximation 

W  --  Axy  (  1  --  y) .  (94.17) 

For  the  frequency  of  the  first  harmonic  we  obtain 

pn  -i?  ]f  7fT /Dr^Tvvrzv^  (94.18) 

For  an  isotropic  plate  in  the  form  of  an  isosceles  rectang¬ 
ular  triangle 

/>..=- “V^r-  (91.19) 


-  392  - 


Equations  (9^-15)— (9^-19)  have  been  obtained  by  V.G.  Rusin  (in  his 
diploma  thesis,  see  reference  in  §85). 

4.  Plate  in  the  form  of  an  isosceles  and  an  equally-sided 
triangle.  The  next  example  we  consider  is  a  plate  in  the  form  of 
an  isosceles  triangle  with  a  vertex  angle  of  2a  fixed  on  all 
three  sides.  It  is  supposed  that  the  principal  directions  of  elas¬ 
ticity  are  parallel  and  perpendicular  to  the  axes  of  symmetry  of 
the  triangle. 


Pig.  188 


Using  the  approximate  expression  of  static  deflection  [see 
Eq .  (85.12)]  we  obtain 

- iV_  iL_l2.  (94.20) 

^  [\«COSa  /  fl3  Silt2  a  j 

Substituting  (94.20)  in  Eq.  (93-6)  we  obtain  after  a  transforma¬ 
tion 

15,82  /"  K  )f'D\  cl)!*  °  I*  2/)'i  Clj>3  a  •  |  /qii  \ 

Pn-—2~y  y,y - cos"3 a  • 

In  particular,  for  a  plate  in  the  form  of  an  equilateral  tri¬ 
angle  with  fixed  sides  Eq.  (94.12)  takes  the  form 

(94.22) 

The  frequency  of  the  first  harmonic  for  such  an  isotropic 
plate  is  determined  in  a  first  approximation  from  the  formula 

I0j-^  ./>"•  (94.23) 

<0  V  h( 

These  results  were  obtained  by  R.V.  Feodos'yev.* 

§95.  FORCED  OSCILLATIONS  OF  A  PLATE 

The  equation  of  fc  ^ed  oscillations,  i.e.,  the  equation  of 
motion  of  a  plate  under  0  ction  of  a  variable  load  q(xs  y}  t )} 
is  derived  analogously  as  in  the  case  of  free  vibrations,  with 
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the  only  exception  that  the  normal  load  q  must  be  taken  into  ac¬ 
count  In  the  derivation  (see  Fig.  126). 


For  a  nonorthotroplc  plate  we  obtain  the  equation 


d'-u) 
d/i" ' 


£ 

in 


Lw  y,  t), 


and  for  an  orthotropic  one  we  have 


(95.1) 


i  g  ( 
Of*  '  lif  \ 


u 1  dx< 


-(-2 1) 


d%  ,  „  0<u> 
0.xn-  Jy-  Ui  ~dy* 


)“-£«(*•  >:t)- 


(95.2) 


The  problem  Is  reduced  to  the  determination  of  a  solution  to 
Eq.  (95.1)  or  (95*2),  which  satisfies  the  boundary  conditions  and 
the  Initial  conditions.  An  exact  solution  can  be  sought  In  the 
following  way. 


At  first  we  solve  the  problem  of  free  oscillations  and  de¬ 
termine  the  frequencies  of  the  natural  oscillations,  Pmn>  and  the 

eigenfunctions  W mn .  We  then  represent  the  load  q,  as  a  function 

of  a;  and  In  the  form  of  a  series  expanded  with  respect  to  the 
eigenfunctions , 


«,nn(,t)\Vmn{x,  y) 


in**  l  n- 1 


and  seek  the  solution  In  the  form 

CO  03  . 

«•=  2  2  y). 

l/lel 

For  the  functions  T  we  obtain  the  equation 

mn  M 


(95.3) 


(95. M 


7  mu  Pmn’l'mii  a  mn  (0> 

from  which  we  arrive  at 


(95.5) 


7'm«  ~  A  mH  COS  p„,nt  -f  Bmn  sill  pmJ  |  tH(„  (/),  (95-6) 

00  oo 


W  '  ,i§,  [A . cos''««*  +  D"»i sin P . 1  -f  WOI  w,„n-  (95.7) 


xmn  Is  here  a  particular  solution  to  the  nonhomogeneous 

equation  (95.5);  its  form  depends  on  amn>  i.e.,  on  the  law  of 

variation  of  the  load  with  time.  The  constants  A  „  and  B  are 

mn  mn 

determined  from  the  Initial  conditions  just  as  In  the  case  of  the 
free  vibrations. 


Let  us  give  the  solution  for  a  particular  case. 

Consider  the  load  acting  on  a  rectangular  supported  plate 
given  In  the  form  of  the  function 

y) cos />.*.  ..  (95.8) 
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i.e.,  its  distribution  on  the  surface  of  the  plate  remains  un¬ 
changed  and  the  magnitude  of  it  varies  at  each  point  according  to 
the  law  of  a  simple  harmonic  oscillation  with  the  frequency  p. 
When  we  suppose  that  at  the  initial  instant  of  time  the  plate  is 
at  rest,  we  obtain 


W 


v  v  _  cMtt 

fl'i  2a  2zi  p2  _  2  (L0S/^ 

111**1  11  *1  ^»»»  r 


.  ^  i\  •  ffiitx  ,  /ir.v 
«-°S /'„„/)  Sill  -  -  Sill  — j ;i- 

a  b 


(95.9) 


where 


‘  -  L 


4 

ab 


iht.x 
7o5'|n  -  -r 


S I II 


^dxdy. 


0  0 


(95.10) 


If  the  frequency  of  the  load  p  coincides  with  any  of  the 
frequencies  of  the  plate,  the  plate  will  oscillate  in  resonance. 
Thus,  if  for  any  m  and  n  p  =  Pmn*  the  corresponding  term  of  the 

series  (95*9)  w  takes  the  indefinite  form  0/0:  disclosing  the 
mn 

indeterminacy  we  obtain 


(95.11) 


This  motion  appears  as  a  free  oscillation  with  an  amplitude 
increasing  unlimitedly  with  time  (proportional  to  the  time).  But 
this  result  was  obtained  when  the  resistance  was  ignored  complete¬ 
ly,  i.e.,  both  the  resistance  of  the  surrounding  medium  and  inter¬ 
nal  friction  were  neglected  in  spite  of  the  .cast  that  both  factors 
influence  essentially  the  process  of  oscillation;  owing  to  them 
the  amplitude  of  the  oscillation  remains  finite. 


In  practice  resonance  in  the  fundamental  natural  frequency 
may  be  dangerous  if  p  =  pii;  the  fundamental  harmonic  oscillations 
characterized  by  the  antinode  in  the  middle  of  the  plate  are  am¬ 
plified  in  the  case  of  resonance  and  this  may  result  in  effects 
which  can  be  dangerous  for  the  strength  of  the  plate. 
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[Footnotes] 


More  accurately,  p  is  the  circular  frequency,  a  quan¬ 
tity  connected  with  the  oscillation  period  T  by  the 
relation  p  =  2ir /T . 

See,  e.g.,  Timoshenko,  S.P.,  Teoriya  kolebaniy  v  inzhe- 
nernom  dele  [The  Theory  of  Oscillations  in  Engineering] 
GTTI ,  1931,  §56,  page  308. 

In  this  connection  see,  e.g.,  the  book  by  Timoshenko, 
S.P.,  mentioned  in  the  preceding  section  and  the  book 
by  S.A.  Bernshteyn  "Osnovy  dinamiki  sooruzheniy"  [Fun¬ 
damentals  of  the  Dynamics  of  Buildings]  Gosstroyizdat , 
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1938,  Chapter  5,  where  various  methods  of  determining 
the  frequencies  of  beams  are  considered  in  detail  and 
illustrated  by  many  examples. 

See,  e.g.,  the^book  by  S.P.  Timoshenko,  mentioned  in 
§92,  page  313. ^Equation  (9^.13)  yields  a  first  approx¬ 
imation;  in  the  second  approximation,  for  an  isotropic 

plate.  Pit  = |/~7i~  (cf.  this  book). 

See  footnote  at  the  end  of  §85. 


Chapter  13 

THE  FUNDAMENTALS  OF  THE  THEORY  OF  STABILITY  OF  PLATES 

§96.  GENERAL  STATEMENT  OF  THE  PROBLEM  OF  THE  STABILITY  OF  PLATES 

In  the  present  chapter  we  shall  formulate  the  problem  of 
stability  of  plates  and  give  the  basic  methods  used  to  determine 
the  critical  loads,  together  with  some  general  formulas  which  are 
in  connection  with  the  stability  problem. 

A  plate  which  is  deformed  by  forces  acting  in  the  median 
surface  possesses  a  single  state  of  equilibrium  which  is  stable 
as  long  as  the  forces  are  small  in  magnitude.  The  single  and 
stable  form  of  equilibrium  corresponding  to  sufficiently  small 
loads  is  characterized  by  the  fact  that  the  median  surface  of  the 
plate  remains  plane;  in  the  following  we  shall  call  this  form  of 
equilibrium  fundamental.  When,  without  altering  the  law  of  force 
distribution  on  the  edge  of  the  plate,  the  forces  are  increased, 
the  moment  may  be  reached  at  which  the  fundamental  form  of  equi¬ 
librium  is  no  longer  unique  and  stable  and  other  forms  become 
possible  which  are  characterized  by  a  curved  median  surface.  The 
plane  form  becomes  unstable  and  the  plate  deformed  by  the  forces 
may,  under  the  action  of  even  an  insignificant  transverse  force, 
pass  over  from  the  unstable  form  to  a  stable,  with  a  curved  medi¬ 
an  surface.  In  such  cases  the  plate  js  said  to  lose  stability.  In 
most  cases  the  loss  of  stability  of  a  construction  element  in  the 
form  of  a  plate  is  an  undesirable  effect  ;  it  may  disturb  the  cor¬ 
rectness  of  constructional  work  and  even  destroy  it.  In  strength 
calculations  of  thin-walled  construction  elements  in  the  form  of 
slabs  it  is  therefore  necessary  to  pay  great  attention  to  that 
part  of  the  calculation  which  deals  with  the  choice  of  the  dimen¬ 
sions  or  the  magnitude  of  the  effective  forces  such  that  in  the 
construction  work  no  effects  of  stability  loss  may  appear. 

The.'  problem  of  the  stability  of  a  plane  plate  in  its  general 
statement  may  be  formulated  in  the  following  way. 

Consider  a  plate  of  given  form  on  which  external  forces  are 
applied  such  that  they  act  in  the  median  surface.  In  the  general 
case  the  load  is  supposed  to  consist  of  two  components:  a  load 
whose  magnitude  and  law  of  distribution  on  the  edge  remain  un¬ 
changed  and  a  load  which  is  given  to  within  the  factor  X;  this 
means  that  the  law  of  force  distribution  on  the  edge  is  given, 
but  the  magnitude  of  the  forces  may  vary  between  zero  and  arbi¬ 
trarily  high  values.  It  is  assumed  that  with  X  =  0  the  plate  is 
in  stable  equilibrium  (general  state  of  plane  stresses),  but  as 
X  increases  a  moment  may  be  reached  when  the  uniqueness  of  equi¬ 
librium  becomes  disturbed.  It  is  required  to  determine  those 
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values  of  X  =  Xi,  X2,  X5,  ...  which  describe  the  branching  points 
of  equilibrium,  i.e.,  where  besides  the  plane  form  other  possible 
forms  of  equilibrium  may  exist  (in  the  general  case  there  is  an 
infinite  series  of  such  values).  The  lowest  value  of  X  with  which 
the  fundamental  form  of  equilibrium  ceases  to  be  the  only  stable 
form  is  called  the  critical  value  and  the  load  corresponding  to 
it  is  the  critical  load. 

Though  an  investigation  of  all  possible  forms  of  equilibrium 
of  a  plate  is  of  great  theoretical  interest,  in  practice  one  re¬ 
stricts  oneself  usually  to  the  determination  of  the  critical  load 
and  the  form  of  equilibrium  of  the  plate  which  becomes  possible 
besides  the  plane  one,  when  the  load  is  equal  to  the  critical 
load.  The  obtaining  of  an  exact  solution  of  the  problem  of  the 
various  forms  of  equilibrium  and  the  stability  is  connected  with 
great  mathematical  difficulties;  one  has  to  solve  nonlinear  equa¬ 
tions  of  the  theory  of  elasticity  taking  high  strains  into  ac¬ 
count  . 

In  practice  we  restrict  ourselves  therefore  almost  always  to 
approximate  solutions. 

§97.  THE  BASIC  METHODS  OF  DETERMINING  THE  CRITICAL  LOAD* 

Among  the  various  approximation  methods  used  in  the  determi¬ 
nation  of  critical  loads,  which  at  present  are  at  our  disposal, 
wo  shall  consider  the  following  three:  1)  the  static  method;  2) 
the  energy  method  and  3)  the  dynamic  method. 

I.  The  static  method.  Considering  the  equilibrium  of  a  plate 
loaded  by  forces  acting  in  the  median  surface  (part  of  these 
forces  remains  constant,  the  other  part  is  given  to  within  a  fac¬ 
tor  X)  it  is  supposed  that  with  a  certain  value  of  X  a  small  cur¬ 
vature  of  the  median  surface  becomes  possible.  A  differential 
equation  is  set  up  to  describe  the  curved  surface  taking  the  lon¬ 
gitudinal  forces  into  account  which  are  caused  by  the  external 
load.  Some  of  the  coefficients  of  this  equation  will  contain  the 
factor  X  as  a  parameter.  We  then  seek  a  solution  to  the  equation 
obtained  which  satisfies  all  boundary  conditions  (depending  on 
the  way  of  fixing  of  the  edge  of  the  plate),  which  is  not  iden¬ 
tically  equal  to  zero.  Such  a  solution  exists  not  with  all  values 
of  X,  but  only  with  certain  definite  values  Xi,  X2,  X5  ...  (the 
characteristic  numbers);  the  lowest  nonvanishing  value  of  them 
is  the  critical,  denoted  X^  . 

The  equation  of  the  curved  surface  is  obtained  from  Eq. 
(6*1.6)  or  (6*1.7)  where  we  must  set  q  =  0  and  substitute  the  val¬ 
ues  of  the  longitudinal  forces  T  ,  T  ,  S  .  In  order  to  determine 

y  *y 

the  longitudinal  forces  we  must  solve  the  plane  problem;  we  ar¬ 
rive  at  the  result : 

Tu^T2-\--ni,  sxu^s-\-is'  (97.1) 

and  the  equation  of  the  curved  surface  of  an  orthotropic  plate 
has  the  form 
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(97.2) 
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According  to  the  form  of  the  plate's  contour  and  the  fixing 
of  its  edges  we  seek  a  solution  to  the  deflection  equation  in 
such  a  form  which  makes  it  possible  to  satisfy  the  boundary  con¬ 
ditions  or  even  satisfies  them.  The  solution,  a  function  w(x ,  y), 
will  contain  arbitrary  constants.  Satisfying  the  boundary  condi¬ 
tions,  one  obtains  a  system  of  homogeneous  equations  for  the  con¬ 
stants  which  has  a  nonzero  solution  only  if  its  determinant  is 
vanishing.  When  we  set  the  determinant  of  the  system  equal  to 
zero  we  obtain  an  equation  for  X.  From  the  infinite  series  of 
solutions  (the  equation  is  usually  obtained  in  a  transcendental 
form)  we  must  take  the  lowest  nonzero  solution.  When  the  critical 
value  Akr  has  been  obtained  the  expression  for  the  deflection  can 

be  determined  with  an  accuracy  to  within  an  arbitrary  constant 
factor. 


An  arbitrary  constant  factor  indicates  that  the  state  of 
equilibrium  of  the  plate  will  be  indifferent,  which  is  also  the 
case  when  the  load  is  precisely  equal  to  the  critical.  In  partic¬ 
ular,  when  the  factor  is  equal  to  zero,  the  form  of  equilibrium 
will  be  plane. 

2.  The  energy  method.  This  method  is  based  on  the  general 
theorems  of  equilibrium  of  a  mechanical  system. 

As  we  know  from  mechanics,  the  potential  energy  of  a  system 
In  the  state  of  equilibrium  has  an  extremum.  The  equilibrium  will 
be  stable  when  the  potential  energy  in  the  position  of  equilibrium 
has  Its  minimum  value  (relative  to  the  values  corresponding  to  ar¬ 
bitrary  possible  small  deviations  from  the  position  of  equilibrium) 
and  unstable  when  the  energy  has  its  maximum  value;  it  is  inde¬ 
finite  when  In  the  position  of  equilibrium  the  energy  has  neither 
a  maximum  nor  a  minimum.  Applying  this  criterion  to  a  plate  one 
proceeds  as  follows. 

We  consider  two  states  of  the  plate:  the  state  of  equilibrium 
under  the  action  of  a  given  load  with  which  the  median  surface  re¬ 
mains  plane,  and  the  neighboring  state,  in  which  the  median  sur¬ 
face  is  slightly  curved  as  the  result  of  small  possible  displace¬ 
ments  imparted  to  the  plate.  Let  Vo  be  the  potential  energy  in  the 
equilibrium  position  and  V  the  potential  energy  in  the  neighboring 
state.  The  equilibrium  will  be  stable,  when  for  all  possible  small 
deviations  (i.e.,  deflections  w)  Vo  <  V,  unstable  with  Vo  >  V  and 
indefinite  with  Vo  =  V.  If  small  possible  deflections  are  imparted 
to  the  plate  the  potential  energy  will  grow  at  the  expense  of  the 
bending  energy  7^  and  decrease  owing  to  the  work  A  done  by  the 

external  forces  on  the  bending  of  the  median  surface.  For  the  in¬ 
definite  equilibrium 


V0^V0-\-Vaw  —  A, 
V,u.-  --  AQ.). 


or 
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(97.3) 

(97-4) 


Thus,  for  the  determination  of  the  critical  value  of  X  we 
must  set  equal  to  one  another  the  potential  energy  of  bending  cor¬ 
responding  to  small  curvatures  of  the  median  surface,  and  the  work 
of  the  external  forces. 

Applying  the  energy" method  in  practice  one  usually  proceeds 
in  the  following  way.  According  to  the  form  of  the  plate  and  the 
fixing  of  its  edge  we  choose  a  suitable  expression  for  the.  de¬ 
flection  in  the  form  of  a  sum  with  indefinite  coefficients 

W  “  2  (97*5) 

m  n 

where  w  are  continuous  functions  satisfying  all  boundary  condi- 

JTlTl 

tions.  Substituting  this  expression  in  Eq.  (97. 4)  we  obtain  a 
fraction  for  X,  whose  numerator  and  denominator  are  both  functions 
of  the  coefficients  A 

mn 


% _ Xf  (/tiiii) 

K  N  (A  mn)' 


(97.6) 


When  in  the  expression  for  u  only  a  single  term  of  the  sum  is  re¬ 
tained,  in  Eq.  (97.6)  the  coefficient  can  be  reduced  and  an  ap¬ 
proximate  value  is  obtained  for  X  which  depends  on  m  and  n  and 
corresponds  to  the  indefinite  equilibrium  of  the  plate.  When  Ex¬ 
pression  (97-5)  is  taken  in  the  form  of  a  sum  of  two,  three  or 
more  terms,  the  coefficient  in  Eq.  (97.6)  cannot  be  reduced.  When 
we  want  to  obtain  the  smallest  of  all  possible  values  of  X  we 
must  find  the  minimum  of  the  fraction  (97-6),  i.e.,  the  deriva¬ 
tives  of  X  with  respect  to  all  A  „  are  set  equal  to  zero.  But  as 

mn 
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to)  (97-7) 


the  problem  of  determining  the  minimum  of  the  fraction  (97.6)  is 
equivalent  to  the  problem  of  determining  the  minimum  of  the  ex¬ 
pression 


U  =  M  — XN.  (97.8) 

As  a  result  we  obtain  a  system  of  homogeneous  equations  with 
respect  to  the  coefficients  A  and  setting  its  determinant  equal 
to  zero  we  obtain  an  equation  ror  X;  the  smallest  nonvanishing 
solution  will  be  Xkr>. 

3.  The  dynamic  method.  When  a  plate  in  the  state  of  equili¬ 
brium  under  the  action  of  external  forces  (where  the  median  sur¬ 
face  is  a  plane)  is  led  out  of  the  state  of  equilibrium  by  im¬ 
parting  its  particles  small  initial  displacements  and  velocities 
in  a  transverse  direction,  the  plate  will  move  and  the  nature  of 
the  motion  will  depend  on  the  kind  of  equilibrium,  stable,  un¬ 
stable  or  indifferent.  A  plate  which,  by  an  initial  perturbation, 
is  brought  out  of  its  position  of  stable  equilibrium  will  tend  to 
return  to  this  position,  i.e.,  it  recovers;  if  resistance  is  ig¬ 
nored,  a  perfectly  elastic  plate  will  perform  undamped  oscilla¬ 
tions  about  this  position  of  equilibrium.  If,  however,  the  equi¬ 
librium  was  unstable,  the  plate  will  not  tend  to  return  to  the 
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position  of  equilibrium  but  will  remove  from  it  and  its  curvature 
increases . 


Using  the  dynamic  method  we  assume  that  the  plate,  which  is 
in  a  state  of  equilibrium,  receives  an  initial  arbitrary  deviation 
and  an  initial  velocity  in  a  transverse  direction.  We  set  up  a 
differential  equation  of  motion,  i.e.,  an  equation  of  the  trans¬ 
verse  oscillations  taking  the  longitudinal  forces  into  account 
[see  Eq .  (91.13)];  this  equation  will  contain  A  as  a  parameter. 

We  then  determine  the  frequencies  of  the  natural  oscillations  of 
the  plate,  p  3  which  will  depend  on  the  dimensions  and  elastic 

constants  of  the  plate  and  on  A.  Considering  the  expressions  for 
the  frequencies  (or  the  equation  from  wnich  they  were  derived)  we 
notice  the  following.  As  long  as  A  is  small  all  frequencies  ob¬ 
tained  are  real  and  the  deflection  of  the  plate  is  the  result  of 

superpositions  cf  the  deflections  w  „  in  the  form 

mn 

"  Mmi,  cos /»„,„/  -I  nmn  sin  />„„,/)  Wmu.  (97.9) 


This  means  that  the  plate  will  oscillate  about  a  position  of 
equilibrium  and  equilibrium  will  be  stable.  As  A  increases,  for 
some  frequencies  zero  or  imaginary  values  are  obtained:  p  =  0 

or  =  ip  f  ;  the  corresponding  expressions  of  the  type  of 

(97-9)  which  constitute  the  deflection  must  be  replaced  by  terms 
which  grow  unlimitedly  with  time: 


or 


w„m  r  (/Lmi  ‘  t~  * . 0 

„-(/W  l  ‘t . . ')u/ . . 


(97.10) 

(97.11) 


Owing  to  the  presence  of  terms  of  this  type  the  deflection 
will  tend  to  grow  unlimitedly  with  time  and,  consequently,  with 
such  values  of  A  the  plane  form  of  the  plate  will  be  unstable  (or 
indifferent ) . 


The  smallest  nonvanishing  value  of  A  corresponding  to  the 
transition  from  the  undamped  oscillations  (97.7)  to  a  motion, 
which  is  characterized  by  deviations  from  the  plane  form  which 
grow  unlimitedly,  is  the  critical  value. 

In  the  following  we  shall  only  use  the  static  method  and 
the  ,energy  method. 

§98.  THE  WORK  OF  THE  EXTERNAL  FORCES 


When  solving  the  problems  of  the  stability  of  plates  by 
means  of  the  energy  method,  we  encountered  an  expression  for  the 
work  A  of  the  external  forces,  which  results  in  small  deviations 
from  the  plane  form.  Let  us  derive  this  expression. 

The  derivation  is  based  on  the  assumption  that  the  median 
surface  of  the  plate  is  bent  without  suffering  tensions  or  com¬ 
pressions;  owing  to  this,  bending  is  accompanied  by  a  mutual  ap¬ 
proach  of  the  plate's  edges  and  the  longitudinal  forces  perform 
work . 
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Let  us  consider  elements  of  the  median  surface  perpendicular 
to  the  axes  x  and  y  which  are  subject  to  the  action  of  the  com¬ 
pressive  forces  p,,  p  and  the  tangential  forces  t  (per  unit 
length)  ~  ^ 


/»*•  Tu 


'Ih /’  S-IL 


t. 


(98.1) 


We  cut  out  of  the  plate  a  strip  parallel  to  the  x-axis  of 
the  width  dy ,  and  from  it  an  element  of  the  length  dx.  The  ap¬ 
proach  of  the  ends  of  this  element  (Fig.  189)  is  equal  to 


d\  ■■  dx  ■  dx  cos  ci  y  dx  sin1  a  3.  dx  j3 . 

The  work  of  the  forces  is  equal  to 

1 


d/\ 


.  1  .  ( <)i>y 


(98.2) 


(98.3) 


The  work  A 1  of  the  forces  for  the  whole  plate  is  obtained  by  in¬ 
tegrating  Eq.  (98.3)  over  the  area  of  the  plate: 


'V  4J I '’.(SF 

Analogously,  we  have  for  the  work  of  the  forces  p^ 

-V  , 


;9'3.4) 


(98.5) 


In  order  to  calculate  the  work  of  the  tangential  forces  we 
consider  the  same  element  dxdy  shown  in  Fig.  189.  Under  the  ac¬ 
tion  of  the  tangential  forces  the  element  is  distorted  and  its 
projection  on  the  xy-plane  has  the  form  of  a  parallelogram  with 


i-jo  displacement  y 


xy 


dt  7  xu(ly.  (98.6) 

is  determined  from  the  sixth  formula  of 


(5.1)  assuming  in  it  sin yay  and  u  =  v  =  0.  Retaining  only  the 

terms  which  are  small  in  second  order  we  have 


7;i 


1  U 


dw  0u) 
Ox  Oy 


Consequently , 


df> 


dw  dw 
dx  ’  dy 


dy 


(98.7) 


(98.8) 


and  the  work  of  the  tangential  forces  producing  the  displacement 
d6  is  equal  to 


1  a  11  dw  dw  , 

(IA,  t  dx  .  ".-dy. 

J  Ox  dy  - 

The  work  of  the  tangential  forces  for  the  whole  plate  is 


v  JK" 


dw 

dy 


dx  dy. 


(98.9) 


(98.10) 


Adding  the  expressions  for  A 1 ,  A  2  and  A  s  we  obtain  the  work 


of  the  longitudinal  "orces  In  the  case  of  small  curvature  of  the 
plate : 


*“tJ  JM£)'  i- t- 1  *(■*)>-"•  os.  11) 


Another  (stricter)  derivation  of  a  formula  for  the  work  A 
may  be  found  in  S.P.  I'imoshenko 1  s  book.# 
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[Footnotes  ] 


398  See,  a . g . ,  the  book  by  S.P.  Timoshenko:  1)  Ustoychivost ' 
uprugikh  sistem  [Stability  of  Elastic  Systems]  Gostekhiz 
dat,  19^6,  Chapter  7 ,  Section  62;  2)  Plastinki  i  oboloch 
ki  [Plates  and  Shells]  Gostekhizdat ,  Moscow,  1948,  Chap¬ 
ter  8,  Section  62. 

^°3  See  his  book  "Ustoychivost1  uprugikh  sistem"  [Stability 

of  Elastic  Systems]  Gostekhizdat,  1946,  Section  58, 
pages  280-282. 

[Transliterated  Symbols] 

399  M3  r  =  izg  =  izgib  =  bending 

4-00  Kp  =  kr  =  kriticheskiy  =  critical 


Chapter  14 

THE  STABILITY  OF  PLATES  DEFORMED  BY  A  DISTRIBUTED  LOAD 

§99.  THE  STABILITY  OF  A  RECTANGULAR  ORTHOTROPIC  PLATE  WITH  FOUR 

SUPPORTED  SIDES,  WHICH  IS  COMPRESSED  IN  THE  PRINCIPAL  DIREC¬ 
TION 

Among  the  various  problems  of  stability  of  anisotropic  plates 
which  are  interesting  for  practice,  there  are  relatively  few  which 
have  been  studied  in  detail  and  for  which  numerical  results  are 
available.  In  this  connection  we  must,  first  of  all,  mention  the 
stability  problems  of  a  rectangular  orthotropic  plate  and  a  plate 
in  the  form  of  an  infinitely  long  strip,  which  are  deformed  by 
forces  distributed  along  the  edges  according  to  a  simple  law.  We 
only  know  the  solutions  for  the  cases  of  normal  load  distributed 
uniformly  and  following  a  linear  law,  of  a  uniformly  distributed 
tangential  load  and  of  the  case  of  simultaneous  action  of  normal 
and  tangential  loads.  These  solutions  will  be  considered  in  the 
present  chapter. 

Let  us  begin  with  the  consideration  of  stability  of  a  rec¬ 
tangular  supported  plate,  which  is  compressed  in  a  principal  di¬ 
rection. 

We  have  a  rectangular  orthotropic  plate,  all  sides  of  which 
are  resting  on  a  support;  along  two  sides  normal  compressive 
forces  are  distributed  uniformly.  The  principal  directions  in  the 
plate  are  assumed  parallel  to  its  edges.  We  have  to  determine  the 
critical  value  of  the  forces  p^r,  with  which  the  plane  form  of 

equilibrium  ceases  to  be  a  unique  and  stable  form  (the  plate  loses 
equilibrium) . 


Fig.  190 


Let  us  denote  by  a  and  b  the  length  of  the  sides  of  the 
plate,  o  =  a/b  is  the  ratio  of  the  sides  and  p  is  the  magnitude 
of  the  force  per  unit  length;  the  coordinate  frame  is  allowed  to 
coincide  with  the  sides  of  the  nlate  (Fig.  190). 
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Before  stability  is  lost,  the  state  of  stress  of  the  plate 
is  plane,  with  'fu- Tu--Stl.u-  ■  0. 

The  problem  is  easily  solved  with  the  help  of  any  of  the 
three  basic  methods  described  in  §97.  We  prefer  the  static  meth¬ 
od.  * 


The  equation  of  the  bent  surface  has  the  form 


D 


0'k>_  ,  p.  d'v)  .  d-ta 
(Ja  -  J/j  '  *  dyl  •  ^  dx* 


0. 


(99.1) 


We  have  to  find  a  solution  to  this  equation  which  is  nonzero  and 
satisfies  the  boundary  conditions 


with  .v-'-O  ii  x~a  «»0,  |j-|- v,  «=  0;  (99.2) 

yiithy~*0n  y  =  b  w  =  0.  $-+^  =  0.  (99.3) 


These  boundary  conditions  are  satisfied  by  any  of  the  expressions 


w  ~  Au 


.  mr.x  ,  liny 

sin - sin 

a  o 


(99.4) 


where  Amn  is  a  constant  coefficient  and  m  and  n  are  integral  num¬ 
bers.  Substituting  (99.4)  in  Eq.  (99.1)  we  obtain 


^.|=,[D.(f)‘+2D-.('„T)’+D.(r)]~'»,(T)’)  -«•  (55.5) 


As  we  are  Interested  in  a  nonzero  solution  'the  expression  in 
the  braces  must  be  set  equal  to  zero.  From  this  we  obtain 


t?  y pto2 

b‘ 


(99.6) 


The  constant  A  remains  indefinite.  Equation  (99.6)  yields 

all  values  of  p  corresponding  to  the  values  of  m  =  1,  2,  3,  ..., 
n  -  1,  2,  3,  ...,  with  which  a  curvature  of  the  form  (99.4)  be¬ 
comes  possible.  Among  the  set  of  p-values  we  must  choose  the  smal¬ 
lest  one;  it  will  also  be  the  critical.  It  is  obvious  that  the 
smallest  value  of  p  is  obtained  with  n  =  1  corresponding  to  a  cur¬ 
vature  in  the  direction  of  the  side  b ,  in  the  form  of  a  sinusoidal 
semiwave.  We  then  have  to  determine  for  which  m  the  expression  for 
p,  which  corresponds  to  the  given  side  ratio  a,  has  the  smallest 
value,  and  we  have  to  determine  this  smallest  value. 


With  n  =  1  the  equation  for  p  assumes  the  form 


„  r.3  f  D{I)t  T  /  l\  /  wi\2 

b a  [V  DtKc) 


(99.7) 


We  shall  here  not  enter  into  details  of  elementary  investiga¬ 
tions  into  Eq.  (99*7)  and  only  give  the  fundamental  results. 


1)  When  the  side  ratio  o  satisfies  the  condition 


(99.8) 


where  m'  is  an  integral  number,  we  must  set  m  =  m'  in  Eq.  (99.7) 
and  we  obtain  the  following  formula*  for  the  critical  load 


VT^o,  rt  / .  .  d,  \ 


(99.9) 


This  value  will  be  the  smallest  of  all  values  determined 
from  Eq.  (99.7)  • 


2)  When 


=  f«P  —-V"1  ('«  H-  0  ]/~ 


(99.10) 


where  m  is  an  arbitrary  integer,  two  forms  of  equilibrium  are 
possible  with  one  and  the  same  critical  load:  with  w  semiwaves  in 
the  direction  of  side  a: 


.  .  nmx  . 

w  “  /twl|  sill  — —  Sin-/-; 


(99.11) 


and  with  the  m  +  1st  semiwav- 


.  ,  («t  - 1  - 1)  tijc  .  ny 

«'  =  A..+MSlni — -T~—  s,n  T- 


(99.12) 


On  the  basis  of  Eq.  (99.10)  it  is  easy  to  establish  the  num¬ 
ber  of  semiwaves  m  corresponding  to  a  given  ratio  a.  We  have 


if  0  <  c  <  I . 
1  f  ^  ^  o 


thfin  /«=:  1; 


if  Ml  )fPfft<c<  2,45  gi ,  ,ho„  2; 
if  2,45  g  <  c  <  3,40  .hen  III  — :  3 


(99.13) 


etc . 


3)  With  an  arbitrary  value  given  for  the  side  ratio  a  the 
critical  load  is  determined  in  the  following  way:  the  number  m 
is  established  which  corresponds  to  the  given  value  of  a  [on  the 
basis  of  the  Inequalities  described  above,  or  Eq.  (99.10)];  the 
value  obtained  for  m  is  substituted  in  Eq.  (99.7)  which  also 
yields  the  value  for  the  critical  load.  With  high  side  ratios 
o  >  3  the  critical  load  is  determined  from  Eq.  (99.9).  The  for¬ 
mula  for  the  critical  load  can  be  represented  in  the  form 


Ydxd7 


(99. 1*0 


where  k  is  a  coefficient  which  depends  on  the  ratio  a/m  and  the 
rigidity  ratio. 

Dividing  the  quantity  of  the  critical  load  by  the  thickness 
of  the  plate  we  obtain  the  load  per  unit  area  or  the  critical 
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it' 


stress . 


In  the  particular  case  where  the  plate  consists  of  an  iso¬ 
tropic  material,  — D.,  — •  Dj ~ D  and  we  obtain  from  (99.7)  the  well- 

known  formula* 


_  r'2/3 
P*  P  i'2 


(99.15) 


The  limiting  ratios  0pr>  with  which  the  transition  is  carried 

out  from  m  semiwaves  in  the  direction  of  the  a-axis  to  the  m  +  1 
semiwave,  are  equal  to 


fnp  =  //«(»«+  !)• 

When  q  is  an  integral  number,  m  -  q  and 


4.‘ 


(99.16) 

(99.17) 


Let  us  give  the  results  of  calculations  and  graphic  represen¬ 
tations  for  a  veneer  plate,  using  the  numerical  data  of  §67. 

Let  us  consider  a  rectangular  plate  cut  out  of  a  veneer  sheet 
in  such  a  way  that  the  principal  directions  of  elasticity  in  it 
are  parallel  to  the  sides.  When  the  plate  is  compressed  in  the 
direction  of  the  fibers  (D 1  >  D 2),  the  limiting  side  ratios  cor¬ 
responding  to  the  transition  from  m  semiwaves  in  the  direction  of 
the  compressive  forces  to  the  m  +  1st  semiwave,  are  equal  to 

f„P •--* VmljnTy)  •  1  -86- 

lienee  we  obtain 

if  0  <  c  <  2,63,  then  m  1; 
if  2.63  <  c  <'1,56,  '""'in  =  2; 
if  4,66  <  c  <  6,45,  111  r~.  3 


(99.18) 


(99.19) 


etc.  The  minimum  value  of  the  coefficient  k  is  equal  to 

k  —  2,76  (99.20) 

and  is  obtained  with  o  =  1.86  m'  where  m r  is  an  integer. 


In  the  case  of  compression  across  the  fibers  of  the  sheet 
( D\  <  D 2)  the  limiting  ratios  are  obtained  from  the  formula 


fnp  --  V in  {m  |- 1)  •  0,51. 

Hence  we  obtain 

if  0  <  C  <  0,76,  then  III--.  1; 

if  0,76  <  c  <  1,31,  ‘hen  hi  2; 

if  1,31  <  c  <  1,86,  then  III  --•=-=  3; 

if  1,86  <C  <2,41  then  III  4 

etc.  The  minimum  value  of  k  is  also  in  this  case  equal 


(99.21) 

(99.22) 


to  2.76  but 


is  obtained  with  o  =  0.54  m‘  ( m 1 2  =  1,  2,  3,  ...). 


Fig.  191 


The  values  of  the  coefficient  k  for  certain  ratios  a  are 
giv«n  in  Table  20  where  also  the  corresponding  number  m  of  the 
semiwave  is  giver? . 

Figure  191  shows  a  graph  of  k  as  a  function  of  the  side  ra¬ 
tio  a  for  a  veneer  plate  compressed  along  the  fibers  of  the  sheet. 
Pig.  192  shows  the  same  for  a  plate  compressed  across  the  fibers. 


1)  Compression  along  the  fibers  of  the  sheet; 

2)  compression  across  the  fibers  of  the  sheet. 


. . . . . .  "J  ".PWU'-^W 


w 


Each  graph  consists  of  sections  of  the  curves  k  =  f(o3  m) 
corresponding  to  different  values  of  the  integer  m.  When  we  want 

to  determine  k  for  a  given  side  ratio  from 
the  graph  we  must,  from  the  point  on  the 
abscissa  corresponding  to  the  given  c,  drop 
a  normal  to  the  next  curve  of  the  set. 

The  value  of  the  coefficient  k  (in  the 
given  scale)  is  equal  to  the  distance  from 
the  abscissa  to  the  next  curve,  and  this 
curve  will  show  which  m  corresponds  to  the 
critical  load.  For  example,  we  see  from 
Fig.  191  that  the  normal  dropped  from  the 
point  a  =  2.63  on  the  abscissa,  passes 
through  the  point  of  intersection  of  the 
curves  with  the  parameters  m  -  1  and  m  =  2; 
consequently,  with  c  =  2.63  two  values  of 
m  are  possible  at  the  same  time:  m  =  1  and 
m  =  2,  corresponding  t.o  k  =  3.27.  When  we 
take  a  ratio  of,  say,  0  =  3,  the  next 
curve  will  be  that  with  the  parameter  m  = 

=  2.  This  indicates  that  a  plate  with  this 
side  ratio,  having  lost  its  stability,  pro¬ 
duces  two  semiwaves  in  the  direction  of  the 
compressive  forces.  Considering  the  curve 
makes  us  under:  tand  the  nonuniformity  of 
the  variation  of  k  with  e. 

Table  20  and  the  graphs  show  that  the 
number  of  semiwaves,  into  which  the  plate 
is  divided,  which  is  compressed  across  the 
fibers,  is,  as  a  rule,  considerably  higher  than  'in  the  case  of 
compression  along  the  fibers  (with  the  same  dimensions).  Let  us 
consider,  for  example,  two  olates  with  a  side  ratio  of  c  =  2;  the 
sheet  fibers  in  the  one  are  assumed  parallel  to  the  long  sides  and 
those  in  the  other  parallel  to  the  short  sides.  In  a  compression 
along  the  long  sides  the  first  plate,  having  lost  the  stability, 
will  form  one  semiwave  in  the  direction  of  the  compressive  forces, 
while  in  the  second  there  will  arise  four  semiwaves. 

When  for  a  birch  veneer  we  take  the  other  values  for  the  re¬ 
duced  moduli  and  coefficients  also  given  in  §67  [see  Eq.  (67.16)1, 
the  limiting  ratios  o^r  and  the  ratios  for  which  It  is  a  minimum 

remain  unchanged  while  the  values  of  the  coefficients  k  change  to¬ 
ward  higher  values.  In  particular,  the  lowest  value  obtained  for 
k  is  3.43.  This  increase  is  chiefly  due  to  the  higher  value  of  the 
modulus  of  shear,  G's  entering  Eqs.  (99-7)  and  (99.9)  (through  Ds) 
which  is  now  taken  to  be  not  0.07*105  kg/cm2  but  0.12*105  kg/cm2, 
which  is  considerably  higher. 

§100.  STABILITY  OF  A  RECTANGULAR  PLATE  WITH  TWO  SUPPORTED  SIDES 
COMPRESSED  IN  THE  PRINCIPAL  DIRECTION 

When  a  plate,  as  shown  in  Fig.  190,  is  supported  on  its 
loaded  sides  x  =  0  and  x  =  a,  while  the  sides  y  =  0  and  u  =  b  are 
fixed  arbitrarily  or  are  free,  the  solution  of  Eq.  (99.1)  must  be 
sought  in  the  form 


Fig.  192 
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(100.1) 


w --f(y) sin 

This  expression  satisfies  the  conditions  on  the  supported 
sides.  Substituting  Eq.  (100.1)  in  (99*1)  we  obtain  the  equation 
used  to  determine  f(y): 

tV"  -  2  (“)'  D,r  +  [«,  (“)'  -/> ("7| /- o.  (100.2) 

Let  us  denote  the  roots  of  the  characteristic  equation 

w  -  2  (y)’  zv!  f  o,  (y ) 1  -  (7)’  -  o  doo.3) 

by  -t//r2  ,  respectively,  where 


/j,  on 
a)  ~~lh\~a 

7-i  i-i 

nwin-y 
th\  «  )  ’ 

II7.  V1  73,  flllr 

•V  ,  p 

0,.(m  u\* 

v  «  y  Uv  v 

a  )  tJ2  \  a 

)  1  l>2 

D,\  a)  ■ 

The  expression  for  the  deflection  assumes  the  form 


(100.4) 


w  —  (/tch  k.y~\- flsli  /{,y  1  Ceos  k^y  |  /3sinAv,y)siii-'ii.  (100.5) 

The  constants  A,  3,  C3  D  are  determined  from  the  conditions 
on  the  sides  a.  For  each  of  the  sides  we  have  two  conditions,  al¬ 
together  four;  the  unknown  coefficients  are  equally  many.  We  can 
therefore  satisfy  the  conditions  on  the  sides  a  for  any  loading 
mode.  Satisfying  them  we  obtain  a  homogeneous  system  of  four  equa¬ 
tions  for  Aj  B3  C3  D ;  we  set  equal  to  zero  the  determinant  of  this 
system  and  so  obtain  an  equation  for  p.  Among  all  the  solutions 
of  the  latter  we  must  select  the  lowest  nonzero  solution  which 
yields  the  critical  load  p kr> 

For  example,  with  a  plate  where  the  sides  y  =  0  and  y  =  b 
are  fixed,  the  critical  load  is  determined  from  the  equation* 


111  ktb  t«j  k  j)  —  YF  (  1  —  77 . 77  \ 
*1“  \  cliA,6  cos  k2b) 


(100.6^ 


(which,  of  course,  cannot  be  solved  with  respect  to  p) 


For  long  plates  with  a  side  ratio  of  c-alby- 1  the  critical 
load  may  be  considered  to  be  independent  of  a. 

In  particular,  for  a  given  isotropic  plate** 


n*P- 


(100.7) 


An  exact  determination  of  the  critical  load  for  a  plate  with 
two  supported  sides  is  connected  with  the  solution  of  a  compli¬ 
cated  transcendental  equation.***  Approximate  formulas  for  the 
determination  of  the  critical  load  can  be  obtained  with  the  help 
of  the  energy  method.  Assuming  that  the  plate  (compressed  in  the 
principal  direction),  having  lost  its  stability,  takes  a  sinusoid- 
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at  the  expens^of  1thpehSynf °r  the  curved  Plate  has  become  higher 

«!•«>“  ?hV^iSf  ^al^*  is  dete™lned  Eq' 

_  6 

•••-  “''rs  [[/;!;/"  =(t)% /;;;/>• :  . 

0  1  (DV;!;/- =  A(“)V!]">  (100-8) 

perforrnj^work  5h?ch  is  e'ual^o?  C°mpressive  fOTce,  this  force 


'/I 


cm\ > 


"y 


(100.9) 


Equating  Eqs .  (100.8)  and  (100.9)  we  obtain 

(t)  J^° 

+(")V|AK7^(?-)V}rf, 


(100.10 


the  oSdiSSnJ'T^hfsJSrriSS  vfield?n/UnCtl°n/  satlsf^"E 
'■"*  fo™  of  a  «u»  with  Infinite  coef?i??ents  *  SUrfa°e  ln 


/“  O). 


(ioo. n; 


■■  Inlmu^ofTwMth!^  s^ownln^Ql"  f ’ '  (1?0-10)  We  detern,ine  ti 
retained  for  the  expression  ^97,  1S  equlvalent  to  the  minimun 


u~\W‘krK~^T)  W'k'r  i  (7)'|/®/m. 


I  i/4  (mTX'  f 2 

r  Y'fijyS0') 


V Dxn\ \°  > J  Y/)tnt 


;<?)>]*• 


(100.12 


For  a  plate  with  fixed  sides  y  =  0  and  y  =  6  we  can  obtain 

(100.13 

In  theefirstCappJoximat?onir?oraaPr?XJmat^l!  ln  Sweater  detail, 
and  two  sides  fixed,  we  have  Piate  with  two  sides  supported 


/-  cos2";*). 


(100.14 
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where  n  is  an  integer  to  be  determined  in  the  following.  Substi¬ 
tuting  f  in  Eq.  (100.10)  vie  obtain 


n , 


Yfh'i), 


: /';;;(»)!•  (ioo'i5) 


It  is  evident  that  p  will  have  its  smallest  value  with  n  =  1 
and  the  critical  load  can  therefore  be  determined  by  means  of  the 
formula 


<1.00.16) 


We  then  have  to  determine  the  number  m  of  the  semiwaves  in 
the  direction  of  the  compressive  forces,  which  are  formed  by  the 
plate  after  having  lost  its  stability. 

The  results  of  an  investigation  of  Eqs.  (100.16)  carried  out 
in  the  same  way  as  in  the  case  of  a  plate  with  four  supported 
sides  results  in  the  following: 

1)  If  the  side  ratio  satisfies  the  condition 

c  ,  0.G58//1'  yf  (100.17) 

where  m'  is  an  integer,  then  m  =  m'  and 

P*r~—] ,2l67(,-73  +  p|^).  (100.18) 

This  value  will  be  the  lowest  of  all  values  determined  ac¬ 
cording  to  Eq.  (100.16). 

2)  If 


c  ~  fup  -  ••  0,6f>S  Y ,n  0n  -h  I )  §j.  (100.19) 

where  m  is  an  integer,  with  one  and  the  same  critical  load,  in 
the  direction  of  the  aj-axis  there  may  exist  forms  of  equilibrium 
with  m  semiwaves  and  with  m  +  1  semiwaves: 

10  « /I,  ^  I  —  cos  j  sin  ,  (100.20) 

w  A ,  ^  I  —  cos  — ^  sin  —  — ~J— — .  (100.21) 

For  a  ratio  a  which  does  not  satisfy  Conditions  (100.17)  or 
(100.19)  the  number  of  semiwaves  is  determined  on  the  basis  of 
the  following  inequalities: 
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if  0  <  c  <  0.031  y  Pj.  then  in  --  ---  I; 
If  0,931  |/*Pi<C<  1.61  |/  Pi,  then  m  —  2; 
if  I.GI  j/* 2,28  Pi,  ,hen  at  =r-i  3 


(100.22) 


3)  In  order  to  determine  the  critical  load  with  a  given  side 
ratio  we  determine  the  number  m  on  the  basis  of  Eq.  (100.22), 
i.e.,  we  determine  the  line  in  which  the  given  ratio  is  mentioned 
and,  having  obtained  m,  we  determine  p ^  from  Eq.  (100.16).  With 

high  side  ratios  the  critical  load  can  be  determined  from  Eq. 

(100.18). 


For  a  long  isotropic  plate  we  obtain  in  a  first  approxima 

tion 


P*f  =*  ir  •  7>29>  (100.23) 

whereas  the  coefficient  of  the  more  exact  formula  (100.7)  is  equal 
to  7-  The  error  of  the  first  approximation  amounts  to  about  4$. 

For  a  given  veneer  plate  we  obtain  in  a  first  approximation 

PKf~*}^h£3. 5/63.  (100.24) 

§101.  THE  STABILITY  OF  A  RECTANGULAR  PLATE  COMPRESSED  IN  TWO  DI¬ 
RECTIONS 

\ 

A  rectangular  orthotropic  plate  whose  principal  directions 
are  parallel  to  the  sides  is  compressed  by  the  load  p  distrib- 

uted  uniformly  on  two  sides  and  the  load  p^  distributed  uniformly 

on  the  other  two  sides  (Fig.  193).  The  problem  of  the  stability 
of  such  a  plate  is  solved  for  the  case  of  four  supported  sides.* 


y 

TTTTTrr 

5 

— ► 

■*< — 

~  0 

TTQ  LE 

- a - >-i 

Fig.  193 


The  deflection  equation  will  have  the  form 
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(101.1) 


D^2D^V^4yi-l 

iPu)  .  d-w  - 
"I  Px  ^3  T'  Pu'dy')  ~~ 

The  solution  is  sought  in  the  form  of 


W  =  A,..,  sin 


•  sin  — t“ 

a  o 


(101.2) 


Requiring  that  Eq.  (101.2)  be  a  solution  to  Eq.  (101.1)  we 
obtain  the  dependence 


For  lthe  definiteness  of  the  problem  it  is  also  necessary  to 

give  additional  conditions  for  the  forces  p  and  p  which  deter- 

x  y 

mine  the  interrelation  of  these  forces.  This  interrelation  may, 
of  course,  be  of  various  types;  one  of  the  forces  may  be  constant 
and  the  other  variable,  or  the  ratio  of  the  forces  may  remain  con¬ 
stant,  etc.  If  one  of  the  forces  is  tensile,  it  must  be  provided 
in  Eq.  (101.3)  with  a  minus  sign. 


Let  us  consider  several  particular  cases  of  force  distribu¬ 
tion. 


1)  The  forces  p  and  p  are  variable  but  the  ratio  of  their 
x  y 

magnitudes  remains  constant 

Px  —  X.  py  -•  Xa. 


The  critical  value  X  is  determined  on  the  basis  of  the  for¬ 
mula 


>  m  YO\ fh 


(101.4) 


Out  next  task  is  to  determine  the  values  of  m  and  n  corre¬ 
sponding  to  the  smallest  X  and  the  critical  value  Xkr  itself.  If 

the  force  p^  is  a  tensile  force  a  must  be  taken  with  a  minus  sign. 


Let  us  give  some  numerical  results  for  a  quadratic  veneer 
plate  (the  at-axis  is  assumed  in  the  direction  of  the  sheet  fibers, 
i.e.,  D i  >  D 2 ) . 


a)  A  square  plate  is  compressed  by  forces  distributed  uni¬ 
formly  on  all  sides  (p*  — />„=^X.  a  —  i): 


Xsp  —  ' 


/O.Oa 

b* 


2,23;  2. 


(101.5) 


Having  lost  its  stability,  the  plate  forms  one  semiwave  in 
the  direction  of  the  fibers  of  the  sheet  and  two  semiwaves  in  a 
direction  perpendicular  to  the  fibers. 
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b)  A  square  plate  is  compressed  by  forces  distributed  uni¬ 
formly  on  two  sides  and  extended  by  forces  of  the  same  magnitude 
distributed  uniformly  on  the  other  sides  pg  —  -~h  a-——  i). 

In  the  case  of  compression  along  the  fibers  of  the  sheet  and 
tension  across  the  fibers 

19,07;  in  ~  2,  a-~\.  (101.6) 


With  compression  across  the  fibers  and  tension  along  the  fi¬ 
bers 


**  Yd  ,Da 


n --  - -I £ ?  .3,72;  in -  2,  n  -•-=  1 . 


(101.7) 


In  the  first  case  the  plate's  stability  is  higher;  the  criti 
cal  value  is  higher  than  this  value  for  the  second  case  by  a 

factor  of  about  5*3.  In  both  cases  the  loss  of  stability  is  ac¬ 
companied  by  the  formation  of  two  semiwaves  in  the  direction  of  . 
the  compressive  forces  and  one  semiwave  in  the  direction  of  the 
tensile  forces. 


For  a  supported  isotropic  plate  with  arbitrary  side  ratio  c, 
compressed  by  forces  A  which  are  distributed  uniformly  along  the 
four  sides  we  obtain* 

br  «»~l,  h--1.  (101.8) 


2)  Compressive  forces  A  are  distributed  uniformly  on  the 
sides  x  =  0  and  x  =  a>  and  tensile  forces  p  are  distributed  uni¬ 
formly  along  the  sides  y  =  0  and  y  =  b;  the  compressive  force  may 
vary  in  its  amount,  the  tensile  forces  remain  unchanged.  We  have 
to  estimate  the  influence  of  additional  tensile  forces  on  the  val 
i  e  of  the  critical  compressive  load. 


In  Eq.  (101.3)  we  must  substitute  />u^—p 


then 


'  r.3  J 


(101.9) 


The  lowest  value  of  A  is  obtained  with  n  =  1,  where  in  the  direc¬ 
tion  of  the  tensile  forces  one  semiwave  is  formed.  The  results  of 
a  further  investigation  of  Eq .  (101.9)  may  be  formulated  in  the 
following  way: 

a)  When  the  side  ratio  o  satisfies  the  condition 

_ in' 

(101.10) 

V  /v’. &nl 


where  m'  is  an  integer,  the  critical  value  of  A  is  equal  to 


j  _  r.3  YDJJ2 

—  b'S  ' 


'I.  .  __»A  \ 


(101.11) 


This  value  will  be  the  smallest  of  all  values  determined  fron 
Eq.  (101.9)  and  the  side  ratios  (101.10)  will  not  be  the  most 
favorable  ones.  Additional  tensile  forces  will  raise  the  critical 
load,  i.e.,  increase  the  stability  of  the  plate,  as  this  was  to  b« 
expected. 

b)  The  limiting  ratios  of  the  sides  at  which  the  transition 
from  m  semiwaves  in  the  direction  of  the  compressive  forces  to 
m  +  1  semiwaves  takes  place  is  equal  to 


p'b V 
V  Dy'rilfy 


(101.12) 


With  these  side  ratios  the  plate  has  maximum  stability. 


§102.  THE  STABILITY  OF  A  RECTANGULAR  PLATE  LOADED  BY  FORCES  WHOSE 
DISTRIBUTION  IS  GOVERNED  BY  A  LINEAR  LAW 

Let  us  consider  a  rectangular  orthotropic  plate  whose  prin¬ 
cipal  directions  are  parallel  to  the  sides  and  all  fcur  sides  are 
supported.  Assume  normal  forces  distributed  on  two  sides  according 
to  a  linear  law  (Pig.  19*0 


(102.1) 


which,  in  the  general  case,  can  be  reduced  to  a  tensile  or  com¬ 
pressive  force  and  a  bending  moment.  It  is  required  to  determine 
the  critical  value  at  which  the  plate  loses  stability. 


. -  0  - 


Pig.  194 


In  the  case  given  the  deflection  equation  (97.2)  will  have  a 
variable  coefficient,  a  fact  which  encumbers  its  integration.  We 
shall  therefore  use  the  energy  method.* 


When  the  plate  receives  slight  deflections,  the  forces  per¬ 
form  work  equal  to 


-  4 It  - 


a  b 
r  r , 


X  -  -r 


J  J  (' 


JJH 


■'£iV  + 

dx* )  ' 


0  0 


(102.4) 


,  0  ~  dJiu  d-w  ,  ,,  ATii/V*  |  a  r\  (  \31  j  j 

^  1  ,J  t)jcJ  dy-  ^  2(dyj)  k  V,x  by)  \  X 


The  expression  for  the  deflection  which  satisfies  the  bound¬ 
ary  conditions  can  be  chosen  in  the  form  of  a  sum 


VJ 


~.y,v 


.  sin 


tnnx 

a 


.  /my 
siu  —~ 
0 


(102.5) 


Substituting  this  expression  in  Eq.  (102.4)  and  integrating 
yields  a  result  in  the  form  of  a  fraction  whose  numerator  and  de¬ 
nominator  are  homogeneous  square  functions  of  ^mn*  With  the  sum 

(102.5)  consisting  of  a  given  number  of  terms  we  have  as  our  next 
task  to  solve  the  problem  of  the  minimum  of  the  fraction  mentioned 
above . 


In  a  first  approximation  we  put 


.  .  //m.v  .  i.j 

si"-* 


T.y 


and  then  we  obtain  from  (102.4) 

.  .  YoWi  r  L  .  nf  9*(L\\ 

43(1  _o,5aj  [K  Ut\c)  r  J fiTvOt  1  v  0,\mj  J 
(c  »  alb). 


(102.6) 


(102.7) 


1 


\ 


Comparing  this  expression  with  (99-7)  it  can  be  noticed  that 
in  a  first  approximation  the  critical  value  Akr  agrees  with  the 

critical  load  for  a  plate  whose  sides  are  equal  to  °>5a  and 

b Y 1- 0,5a,  compressed  by  forces  which  are  distributed  uniformly 
on  two  sides.  Equation  (102.7)  can  only  be  used  in  the  case  of 
small  a  where  the  distribution  of  the  load  is  almost  uniformly; 
in  the  case  of  pure  bending  a  =  2  the  formula  becomes  senseless. 

The  second  approximation  is  obtained  when  the  sum  (102.5) 
consists  of  two  terms,  i.e.,  when 


w  “ \Am\ si«  M«.  2si"-^)ui«  (102.8) 

The  problem  of  determining  the  minimum  of  the  fraction. (102.4) 


-  417  - 


i 

i 

1 


"I 


proves  to  be  equivalent  to  the  problem  of  the  minimum  of  a  square 
function  of  the  form* 


•I'4"**  <"«•»  -■*'<> -Wl  - 

—  (n/»2  *  0  —  0|5a)l|- 


(102.9) 


Here  we  introduced  the  abbreviations 


fm- 


(102.10) 


y  _ _ *£__ 

rf  / D[D3  ‘ 


Setting  up  arbitrary  functions  U  with  respect  to  A  ^  and  A 
and  setting  them  equal  to  zero  we  obtain  the  equations 


Ami  K. -  >•' ( 1  --  0.5  *)l  -  m  °- 

-  A,m  ->•'(>  -  -  0,5a)|  -■  0. 


(102.11) 


When  we  set  the  determinant  of  this  system  equal  to  zero  we 
obtain  two  series  of  values  of  X: 

i  _  **  (1 — 0,5  a)  •  0,5  (rt,„i  +  anrt)  _t— 

As=1  -  •  /|(:a\T'  — ' 

(I  —  0,5 a)a  -- 

(I  —  0,5a)3 . 0,25  —  a»,'p  4-  (9^)  nmlam2  (102 . 12  ) 

T  /l(ja\a 


In  the  following  we  have  to  determine  the  number  m  which, 
with  the  given  side  ratio,  corresponds  to  the  smallest  X,  and  we 
have  to  determine  this  X  which  will  be  the  critical  value  in  the 
second  approximation. 

Let  us  enter  into  details  of  the  case  of  pure  bending  where 
a  =  2  and  the  forces  can  be  reduced  to  the  moments  M.  The  formula 
for  the  critical  value  of  the  moment  can  be  represented  in  the 
form  of 


r.2  YD^Di  U 

—  - -z  K , 


where 


h ~~  1^^1111^1112  — -2,78  om\<iu 


(102.13) 

(102.14) 


The  quantity  of  the  critical  stress  in  the  outermost  fibers 
of  the  plate,  y  =  0  and  y  =  fc,  is  determined  from  the  formula 
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(102.15) 


_  ^  \ro  Jh  h 

An  investigation  of  the  coefficient  k  corresponding  to  vari- 
ous  side^ratios^is  carried  out  similarly  as  this  was  done  in  §99 
in  the  case  of  uniform  compression  and  yields  the  following 

suits . 


1)  If 


c  ■  0,707  in' 


(102.16) 


where  m’  is  an  integral  number,  we  must,  when  k  is  determined 
from  Eq.  (102.14),  set  m  =  m’  and  then  we  obtain 


(102.17) 


This  value  will  also  be  the  lowest  of  J^Sill 

for  the  plate  with  given  rigidities  and  the  ratio  (102.16)  will 

therefore  be  the  smallest  favorable  one. 

2)  The  limiting  ratios  cpr  with  which  it  becomes  possible 

that  two  forms  of  equilibrium  exist  at  the  ^mula 

those  with  m  and  m  +  1  semiwaves,  are  obtained  from  the  lorm 


(,„»!,  2.-3.  ...). 


(102.18) 


Taking  this  formula  into  account  we  arrive  at  the  following 
result :  ,  ^  \ 


lf  0 <c<\f^it  ,hrn  "l  ==,; 

if  V%<c<  '■ 73  V  "‘“2: 

If  1.73  ]f  5l<c<2.15  \f  ?!■"»» 


(102.19) 


etc  With  a  given  ratio  o  we  first  determine  the  number  j  and 
then,  on  the  basis  of  Eq.  (102.14),  the  coefficient  of  the  cri- 
tical  moment. 

In  particular,  for  the  veneer  plate  considered  previously, 
where  the  sides  perpendicular  to  the  fibers  are  loa  e  1  2 

the  limiting  ratios  are  equal  to 

f„p  ==  1,32  (»rpT)-  (102.20) 

The  lowest  value  of  the  coefficient  k  is  pqual  to 

D1  (102.21) 

k--~  18,1 

and  is  obtained  if  c  =  1.32  m  (m  =  1,  2,  3,  •••)• 
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For  such  a  plate  loaded  on  the  sides  parallel  to  the  fibers 
<  D2) 


fnp  -  0,382  Y  in  (//:  )  fj 


(102.22) 


The  lowest  value  of  k  is  equal  to  18.1,  as  before,  but  now 
it  is  obtained  with  o  =  0.382  m.  Just  as  in  the  case  of  compres¬ 
sion,  the  plate  whose  sides  parallel  to  the  fibers  are  loaded 
will,  when  it  has  lost  its  stability,  form  a  greater  number  of 
semiwaves  than  a  plate  where  the  sides  perpendicular  to  the  fi¬ 
bers  of  the  sheet  are  loaded. 


In  Table  21  we  give  the  values  of  k  for  a  veneer  plate,  for 
several  values  of  c  and  given  values  of  the  number  of  semiwaves 
m . 


TABLE  21 

Values  of  the  Coefficients  k  for  a  Ve¬ 
neer  Plate  Bent  by  a  Moment 


t 

»!>  r>, 

£>.  < 

k 

m 

k 

m 

0,5 

■15,5 

i 

■  19,8 

i 

1 

19,8 

i 

18,5 

3 

2 

19,8 

2 

18,2 

5 

3 

18,5 

2 

18,2 

8 

CO 

18,1 

— 

18,1 

— 

A  further  improvement  of  the  coefficient  k  is  obtained  when 
we  use  a  third  approximation 

«  =-  sill  - b  sill  -f  !-  A„fi  sill  -fj  sin  .  (102.23) 

For  an  isotropic  plate  bent  by  moments,  the  critical  value 
of  the  moment  is  determined  in  a  second  approximation  according 
to  the  formula 


AfKp  — =  -g-  k,  (102.24) 

where 

*-*-™(7+=)(?+S)-  (102-25) 

The  minimum  value  of  this  coefficient  is  obtained  for  ratios 
which  satisfy  the  condition  c:-u«//2  (/« --- 1.  2,  3,  . .  .)'•  it  is  (in  a 
second  approximation)  equal  to  25.0.* 

§103.  THE  STABILITY  OF  A  RECTANGULAR  PLATE  DEFORMED  BY  TANGENTIAL 
FORCES 

Consider  a  rectangular  orthotropic  plate  deformed  by  tangen¬ 
tial  forces  t,  which  are  distributed  uniformly  on  all  four  sides 
(Fig.  195).  The  principal  directions  are  parallel  to  the  sides, 
all  sides  are  resting  on  supports.  We  have  to  determine  the  cri¬ 
tical  forces  t,  at  which  the  plate  loses  its  stability.  This 
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problem  is  solved  approximately  by  the  enargy  method  of  Ya.I. 
Sekerzh-Zen ' kovich. * 

The  work  of  the  tangential  forces  corresponding  to  slight 
deflections  is  equal  to** 

A-  ‘]  (103.1) 


When  we  set  this  work  equal  to  the  potential  energy  of  bending, 
we  obtain 


t 


•  a  b 

n 
0  0 


‘I*  dx  dy 


n  6 


of  f  dw  duf 

2  J  j  HZ- 


0  0 


(103.2) 


where 


<I>  —  D, 


Wk 


The  expression  for  the  deflection  w  satisfying  all  conditions 
on  the  sides  can  be  chosen  in  the  form  of  a  sum 


w==  . si"  sin  — • .  (103.3) 

»»i  n 

The  further  progress  of  the  solution  of  this  problem  is  gen¬ 
erally  the  same  as  in  the  case  of  normal  load  distributed  accord¬ 
ing  to  a  linear  law  (see  §102). 

The  problem  is  solved  such  that  numerical  results  and  cal¬ 
culation  formulas  are  obtained  for  a  plate  of  birch  veneer.  Ya.I. 
Sekerzh-Zen ' kovich  used  the  followjng  values  for  the  reduced  mod¬ 
uli  and  coefficients  in  the  bending  of  such  a  veneer: 


=-  M  •  1  o5  kg/cm2, 
^  J2  f-'l,  *'l  “  0,46,  V2  =T 
G'  o,  1 2  .  l  o5  kg/cm’1^ 


(103.4) 
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The  fundamental  results  consist  of  the  following.  When  the 
fibers  of  the  sheet  are  parallel  to  the  long  sides,  it  is  suffici¬ 
ent  for  practice  to  be  satisfied  with  an  accuracy  yielded  by  a 
deflection  expression  in  the  form  of  the  sum  of  five  terms,  i.e., 
we  put 


For  the  constants  A  .  .  we  obtain  a  system  of  five  homogeneous  equa- 

tions  whose  determinant  depends  on  t  and  must  be  set  equal  to 
zero . 


k  3rc\  Tty  x  2rv 

'l.i  sin  :a-  Ms.  sin  -|- ,l„ sin* ^  sin  + 

-I  ('1.9s'" ■l-'13jsin^-)sin?~y.. 


(103.5) 


Considering  a  plate  in  which  the  sheet  fibers  are  parallel 
to  the  short  sides,  the  author  mentioned  above,  intending  to  ob¬ 
tain  the  same  accuracy,  took  another  number  of  terms  in  the  sum 
of  (103-3)  according  to  the  side  ratio.  For  a  square  plate  the  ex¬ 
pression  for  w  was  taken  in  the  form  of  (103.5).  For  a  plate  with 
the  side  ratio  0  -  2  it  is  suggested  to  use  the  formula 


w  ”  (^i  sin +  /,n  sin  ™)  sin  */-  -f 

+  (^32  sin  -I-  Au  sin  sin  -V- . 


For  a  plate  with  a  side  ratio  0  =  3 


”  ('I31  sin  —  -I-  'I5.  si"  ~)  si"x  -I- 
+  (»«sin--“J 


-Ir.r  .  .  .•  Git.tX  .  2r.y 

-  \-AclS\n 


irt.vX  .  2r.y 

- )  SHI-/-. 

a  b 


(103.6) 


(103.7) 


The  author  gives  the  following  formula  for  the  critical  load: 


(103.8) 

where  k  is  a  coefficient  depending  on  the  side  ratio. 

The  critical  tangential  stress  is  obtained  by  dividing  the 
load  by  the  thickness  h : 


l  (103.9) 

In  Table  22  we  have  compiled  the  numerical  values  of  the  co¬ 
efficient  k  for  several  ratios  a. 

For  a  veneer  plate  with  the  elastic  constants  (103.4)  the 
following  approximate  .formulas  have  been  suggested: 

a)  the  fibers  of  the  sheet  are  parallel  to  the  long  sides: 


‘Kf 


(103.10) 
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b)  the  fibers  of  the  sheet  sire  parallel  to  the  short  sides: 


*p  •“ 


(103.11) 


TABLE  22 


Values  of  the  Coefficient  k  for  a  Veneer  Plate. 
Tangential  Forces 


C  =:  1 

1.2 

1 ,1 

„ 

1,8 

2 

2,5 

3 

CO 

1.  Bo.ioKiia  py- 
OninKii  ii.ipn.v 
JIC.1MII4  KOpOT* 
KIIM  CiOpOlia.M 

3S,39 

— . 

— 

_ 

35,00 

-  . 

33,00 

32,15 

2.  Bo.iOKiia  py- 
0a  nt  k  11  iinpa.v 

JICAMIM  ajiiiii* 
HUM  C  TO  po¬ 
ll  A. M  .... 

38,39 

27,39 

21,28 

17,03 

15.35 

13,87 

11,98 

11,29 

9.28 

1)  The  fibers  of  the  sheet  are  parallel  to  the 
short  sides;  2)  the  fibers  of  the  sheet  are 
parallel  to  the  long  sides. 


In  these  formulas  c~a/b,  a>b;  n'  is  the  reduced  Young's  modu¬ 
lus  in  the  direction  parallel  to  the  fibers  of  the  sheet. 

The  first  formula  yields  resul  s  of  errors  not  exceeding  4$, 
the  second  formula  such  of  an  error  up  to  2%. 

§104.  THE  STABILITY  OF  AN  INFINITELY  LONG  STRIP  LOADED  BY  TANGEN¬ 
TIAL  FORCES 

In  the  case  of  a  high  side  ratio  (o  >  4)  the  influence  of  the 
short  sides  can  be  neglected  and  a  rectangular  plate  may  be  con¬ 
sidered  as  an  infinite  strip. 

Let  us  consider  an  infinite  band  on  the  sides  of  which  tan¬ 
gential  forces  t  are  distributed  uniformly  per  unit  length  (Fig. 
196).  A  strict  solution  of  the  problem  of  the  stability  was  ob¬ 
tained  by  Seydel  for  an  orthotropic  strip  whose  principal  direc¬ 
tions  are  parallel  and  perpendicular  to  the  sides,  in  the  case 
of  supported  and  fixed  sides;  the  solution  was  obtained  with  the 
help  of  the  static  method. * 


-*>-  -  v- 

t 

Fig.  196 
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Let  us  indicate  briefly  the  way  of  derivation  of  this  solu¬ 
tion  and  give  the  basic  results. 


The  deflection  equation  reads 


o  ^  r. 2/) .  d'»..  i./)  d'a  i  •)/  n 


(104.1) 


It  is  required  to  find  a  nonzero  solution  to  this  equation 
which  satisfies  the  boundary  conditions  : 


a)  on  the  supported  sides 


TO  V 


l)y'  1 


-0; 


(104.2) 


b)  on  fixed  sides 


dw  _ 

TO  ~  T  -  —  0. 

dy 


The  solution  is  sought  in  the  form 


2*  i 

r-  l  v 


TO-=/(y)4'“  —  I). 

For  the  function  /  we  obtain  the  equation 

w r i  -i  ■■/>,(£)'/-<>. 


(104.3) 


(104.4) 


(104.5) 


whose  general  integral  depends  on  the  roots  of  the  characteristic 
equation 


d2s<  -  2 Da (2;)2  s*  -|  // j5  -|-  D.  (£)4  -  0. 


(104.6) 


Introducing  the  new  quantity  3  =  £>8/2i  we  obtain  the  following 
equation  for  it: 


p + 2Df,yf‘  -  (I-)’  w,  ? + *'  - 


(104.7) 


This  equation  has  the  solutions 


Pi  *--a(l-J-/i),  =.=  a ( 1  —  n) 

P3 ~:*(  — 1  4"0.  Pi~a(  1 


(104.8) 


where  a  is  a  real  number,  m  and  n  are  real  or  complex  numbers. 
An  expression  f^r  the  bending  is  obtained  in  the  following 


form: 


TO 


2'  ,  /  21.  .  2.1,  ,  2,1j  ,  2.T,  ,  \ 

-  -=  eS  C  \Cle~b  "J  +  C>T  'J  C,eT  J  4  CieJ  "J  )  • 


(104.9) 


On  the  basis  of  the  boundary  conditions  (104.2)  or  (104.3) 
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we  obtain  four  homogeneous  equations  for  the  constants  C,,  C2,  Cv  C4, 
and  when  the  determinant  of  the  system  Is  set  equal  to  zero  we 
obtain  an  equation  for  the  determination  of  the  critical  force 


The  load  t  with  which  bending  becomes  possible  is  obtained 
as  a  function  of  k.  We  then  have  to  determine  the  value  of  k  cor¬ 
responding  to  the  minimum  value  of  t  and  precisely  this  minimum 
value  will  be  equal  to  the  critical  value  . 

Having  lost  the  stability,  the  plate  forms  a  series  of  waves 
which  make  with  the  sides  a  certain  angle;  the  wavelength  is  char¬ 
acterized  by  the  parameter  ;<, 

Seydel  introduces  the  quantity  ^  - and  gives  the  results 
of  calculations  of  the  critical  load  as  functions  of 

For  plates  where  is  between  1  and  «>  we  obtain 

VnM |  (104.10) 

x,..0,5C'*  J/’gj;  (104.11) 

the  values  of  the  coefficients  C  and  C'  are  compiled  in  Table 
m  cl  a 


TABLE  23 


Values  of  the  Coefficients  C 

and  C'  a 

a 


0 

1  CtO|*OIIM 

2  oncjiTu 

1  CTOpoHII 

•  b 

^  ~  ±  2 

3  3a.ic.ianu 

c;, 

cn 

1  • 

2 

3 

5 

13,17 

10,8 

9,95 

9,25 

2,19 

2,28 

2, 1 C 
2,13 

22,15 

18,75 

17,55 

16,6 

1,66 

1,51 

1 ,13 
1,11 

10 

8.7 

2,08 

15,85 

1.11 

20 

8,1 

— 

15M5 

30 

-  — 

2,05 

— 

1,38 

■10 

8,25 

15,25 

_ 

CO 

8,125 

— 

15,071 

— 

1)  Sides;  2)  supported;  3) 
fixed . 


For  plates  where  -0  lies  within  the  limits  of  zero  and  1, 


/  f)7h 


b* 


(104.12) 
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(104.13) 


*,-,0.5  Ctb/  £»• 

The  values  of  the  coefficients  C ,  and  CJ  are  compiled  in  Table 
24.  b  b 

For  a  strip  with  supported  sides,  which  may  also  be  nonortho¬ 
tropic,  we  can  obtain  an  approximate  solution  by  means  of  S.P. 
Timoshenko's  method. 


Let  us  first  consider  an  orthotropic  plate  whose  principal 
directions  are  parallel  and  perpendicular  to  the  sides. 


TABLE  24 


The  Values  of  the  Coefficients 
C £  and 


l  CtO|>0||M 

2  OIICpTM 

1  ClOJiOIIM 

3  3.1  AC. *31114 

8 

c; 

cb 

11.71 

18,59 

MR 

— 

1.92 

— 

1.16 

EkIB 

11,8 

1.91 

18,85 

0,5 

12,2 

2,07 

19,9 

1.36 

1 

13,17 

2,-19 

22,15 

1,66 

1)  Sides;  2)  supported;  3) 
fixed. 


The  directions  of  the  axes  are  not  the  same  as  in  Fig.  196, 
but  a  little  other:  we  take  an  arbitrary  point  on  the  side  of  the 
strip  as  the  origin  of  coordinates  and  the  x-axis  coincident  with 
the  side.  We  shall  seek  an  approximate  solution  to  Eq.  (104.1)  in 
the  form 


■v)~  A  sin  ~~  sin  y(.v  y  Ijj  ty).  (104 . 14  ) 

This  expression  satisfies  the  necessary  boundary  conditions  and 
represents  the  equation  of  a  surface  with  oblique  waves,  the  length 
of  which  in  the  direction  of  the  x-axis  is  equal  to  a  and  the  an¬ 
gle  of  slope  with  respect  to  the  y-axis  is  equal  to  .  An  exact 
solution  does  not  exist  in  this  form  but  we  can  choose  the  quan¬ 
tities,  a,  t  and  \p  such  that  Expression  (104.14)  becomes  an  approx¬ 
imate  solution  to  Eq.  (104.1).  We  shall  use  the  following  method: 
we  substitute  Eq.  (104.14)  in  the  left-hand  side  of  Eq.  (104.1), 
multiply  the  result  by 

si"  —  sin  —  (x — y  lg  <|>)  dx  dy 

and  integrate  with  respect  to  y  from  zero  to  b  and  with  respect 
to  x  from  zero  to  a.*  Note  that 
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whereas 


V  « 

J'.f 


Sill 


7-y  r.y  .  K 

V  <-0S  Vs"'  s(* 


y  Is  ■!>)  cos  -  (x 
s  x 


y  Is  ,|')  (lx  tly  0, 


6  H 


U  I) 


where  the  coefficient  of  the  latter  integral  is  set  equal  to  zero. 
We  then  obtain 


where 


(104.15) 


T 


(104.16) 


We  determine  the  minimum  of  Expression  (104.15)  which  is  a 
function  of  the  two  variables  a  and  y  according  to  the  usual 
rules,  i.e.,  we  solve  the  equation 

§7-°'  (104.17) 


When  the  a  and  y  obtained  in  this  way  are  substituted  in  Eq. 
(104.15)  we  obtain  the  sought  critical  strain. 


The  complex  formula  according  to  which  the  critical  tangen¬ 
tial  forces  are  determined,  can  be  simplified  in  the  case  of  a 
plate  with  markedly  expressed  anisotropy  where  the  rigidity  in  one 
direction  is  several  times  higher  than  the  rigidity  in  the  other 
direction  (as,  e.g.,  veneer  plates).  L.I.  Balabukh  derived  approx¬ 
imate  formulas  for  the  critical  tangential  forces  for  such  plates. 
These  formulas  have  the  form: 


for  a  strip  with  supported  sides 


i  A  |.  3 - yih^.A '  >, 

bi  y  n  r  ,/• 


*KP 


O , 


for  a  strip  with  fixed  sides* 

I  W,  , 

v  V  />, 


Yihth  ’ 


..  Al 

V»\ih 


(104.18) 


(104.19) 


Considering  a  plate  of  three-layer  birch  veneer,  L.I.  Bala¬ 
bukh  used  for  the  reduced  elastic  constants  in  bending  the  same 
numerical  values  as  Ya.I.  Sekerzh-Zeh'kovich  in  his  paper  refer¬ 
red  to  in  §103 ,  i.e., 
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/:•; :  1,1  .  1  u' kg/c rn'^ ,lf,  .'a  /•; ,  O,  I0. 


,  I  > 

<  ,v  •  O'  0.12-  10-kg/cm^. 


(104.20) 


In  the  way  shown  above  we  can  obtain  approximate  solutions 
also  for  orthotropic  plates  where  the  principal  directions  of 
elasticity  are  not  parallel  to  the  sides.  For  this  purpose  one 


must  first  of  all  calculate  the  rigidity  for  the  directions 


x  and  y ,  parallel  and  perpendicular  to  the  sides,  using  Eqs. 
(69.6)  and  (69.7).  Then  the  equation  of  deflection  of  a  plate  de¬ 
formed  by  tangential  forces  takes  the  form 


D  °lw. 
U" 


I  2(0„-|  20.,)-^  + 


_MD  d>w  i  n  d>w  1  9/ 

+  2«  Ox  Syi  - 1  ■  2/  ~dFdy  " 


(104.21) 


Let  us  give  the  results  of  calculations  for  veneer  strips 
[with  the  elastic  constants  (104.20)]  where  the  fibers  make  an 
angle  of  45°  with  the  sides.* 


'cc/y./u 

-  -4- 


Fig.  197 


When  the  action  of  the  forces  on  the  fibers  is  such  as  shown  in 
Fig.  197a  ("shear  at  an  angle  of  45°"),  we  have 


~  9.21  •  10'2-. 


(104.22) 


When,  however,  the  forces  act  in  such  a  way  as  shown  in  Fig. 
197b,  ("shear  at  an  angle  of  135°")  in  this  case 


tup  —  50,6G  •  !0<~. 


(104.23) 


In  the  latter  case  the  strip  proves  to  be  much  more  stable 
than  in  the  case  of  "shear  at  an  angle  of  45°,"  the  critical  load 
is  higher  by  a  factor  of  almost  5.5.  Equations  (104.22)  and 
(104.23)  apply  to  a  plate  whose  side  ratio  is  not  smaller  than  4. 


§105.  THE  STABILITY  OF  PLATES  UNDER  THE  SIMULTANEOUS  ACTION  OF 
NORMAL  AND  TANGENTIAL  LOADS 


Let  us  consider  a  rectangular  plate  with  supported  sides 
which  is  deformed  by  normal  forces  p  (per  unit  length)  which  are 
distributed  uniformly  on  two  sides,  and  by  tangential  forces  t 
distributed  uniformly  on  all  four  sides  (Fig.  198).  We  must  de- 
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termine  the  critical  values  of  the  forces. 

At  present  we  know  an  approximate  solution  for  an  infinitely 
long  strip  compressed  along  the  sides  and  also  deformed  by  tangen¬ 
tial  forces  (a  =  “).  This  solution  was  found  by  L.I.  Balabukh  [by 
the  same  method  as  in  the  case  of  the  sole  action  of  tangential 
forces ] . * 


Pig.  198 


In  the  case  of  an  orthotropic  strip  whose  principal  direc¬ 
tions  are  parallel  and  perpendicular  to  the  sides,  the  equation 
of  the  bent  surface  has  the  form 


n  d'-w 

dx* 


[-20., 


Ox*  dy* 


\°2Tyi 


I  -I’Sxf 


2 /  :=  =  0. 

Ox  Oy 


(105.1) 


An  approximate  solution  to  this  equation  can  be  sought  in 
the  form 


w A  si"  v  (a- -y  I”  ,j,).  (105.2) 

We  substitute  Eq .  (105.2)  in  the  left-hand  side  of  Eq.  (105.1  , 
multiply  the  results  by 


sil'Tsi"v  (•'■-■  y  ''?)<' X(,y- 


integrate  with  respect  to  y  from  zero  to  b  and  with  respect  to  x 
from  zero  to  s  and  finally  require  that  the  result  must  be  equal 
to  zero.  We  then  obtain  the  relation 


where 


(105.3) 

(105.4) 


Assuming  (temporarily)  the  force  t  constant,  we  shall  seek 
the  minimum  of  p  as  a  function  of  the  two  variables  a  and  y* 
From  the  equations 
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i 

:3 

3 


^  0.  :  0 
<h  (7 1 


(105.5) 


we  obtain  the  relation 


.."fe'U.  A.r  iV?-*)  M.t)l. 

6'J  L  Y dj)^  f  /;,  r  v\ 

1  V  Dv-\-‘W^  I  i)^- 


(105.6) 


Substituting  the  value  of  y  in  Eq.  (105. o)  and  the  first  formula 
of  (105.6)  we  obtain 

2 (.'V.  +  3.M p’>-  |.  1 

+  /"'  1  "of ”H  a')  +  2:1'’  (105.7) 

,  „ ajTm.  .2J3  /s  -1-  -p-i-ia. 

„  ;  \  K  1  t--7>faal'DVa'/ 

These  equations  represent  in  a  parametrical  form  the  rela¬ 
tionship  between  p  and  t  with  which  stability  is  lost;  they  become 
more  illustrative  when  we  interpret  them  geometrically  in  the  fol¬ 
lowing  way. 

When  the  parameter  a  is  allowed  to  vary  from  zero  to  infinity 
and  plot  the  corresponding  values  of  p  on  the  abscissa  and  the 
values  of  t  on  the  ordinate  axis  we  obtain  3  curve  which  resembles 
s  quadratic  parabola  (Pig.  199).  The  length  of  the  abscissa  sec¬ 
tion  is  equal  to  the  critical  compressive  force  p^  in  the  absence 

o  ■'  tangential  forces  and  the  ordinate  section  cut  off  by  the  curve 
\8  equal  to  the  critical  tangential  force  in  the  absence  of 

;  ovmal  forces.*  When  the  curve  is  considered  to  be  a  quadratic 
};  ^.oabola,  the  relation  linking  p  and  t  can  be  given  the  form 


J  1  A 


(105.8) 


U - 

°U - p' _ 

r«p 

Pig.  199 


\—£ 
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As  we  know  how  to  determine  p^r  and  (see  §§99  and  104) 

we  can  always  determine  the  critical  normal  load  from  Eq.  (105.8) 
when  the  tangential  forces  are  given,  or  the  critical  tangential 
forces  if  the  normal  forces  are  given,  or,  finally,  the  critical 
value  A^  if  the  normal  and  tangential  forces  are  given,  with  an 

accuracy  to  within  a  factor  A  (i.e.,  if  the  ratio  of  their  values 
is  given). 


The  critical  normal  load  for  an  orthotropic  strip  is 
equal  to  r 


P 


K|» 


b* 


n'  V 
»'  ihi'J 


(105.9) 


The  critical  tangential  load  v/as  dealt  with  in  the  last 

section,  104.  For  such  plates  where  the  rigidities  in  the  princi¬ 
pal  directions  differ  essentially  from  one  another  (e.g.,  a  ve¬ 
neer)  one  can  use  the  approximate  formula 


k,~  (a/h  i  >h  / -{£) 


2r.s 

b-h 


(105.10) 


where  akr  and  t  are  the  normal  and  the  tangential  critical  stres¬ 
ses  . 


Equation  (105.8)  can  also  be  used  in  the  case  of  a  strip 
whose  sides  are  fixed.  In  this  case,  for  a  veneer,  we  shall  have 
the  equation* 


3 


0 

xJ 


3,'lr.a 
~bVt ' 


W  t\ih 


l\). 


(105.11) 


Instead  of  (105.10).  The  problem  becomes  more  complicated  when 
the  principal  directions  make  an  angle  with  the  sides  of  the  plate. 
L.  I.  Balabukh  arrived  at  numerical  results  when  solving  the  prob¬ 
lem  for  a  veneer  plate  [with  the  elastic  constants  (104.20)]  rest¬ 
ing  on  a  support,  where  the  fibers  of  the  sheet  crossed  the  sides 
at  an  angle  of  45°. 

These  results  are  the  following. 

Let  us  agree  in  calling  tangential  forces  which  result  in 
a  "shear  at  an  angle  of  45°"  (Fig.  197a)  positive  and  tangential 
forces  producing  a  "shear  at  an  angle  of  135°"  (Fig.  197b)  nega¬ 
tive,  and  let  us  denote  by  t/  and  t![  the  quantities  of  the  cri- 

id1 

tical  tangential  forces  producing  a  shear  at  an  angle  of  45°  and 
135°  in  the  absence  of  normal  loads.  With  concrete  values  of  p 
and  t  of  the  normal  and  tangential  loads  acting  simultaneously, 
one  obtains  a  parametrical  representation  of  the  same  type  as 
(105.6),  only  with  more  complex  expressions  depending  on  a. 
Analyzing  this  relation  the  following  may  be  remarked.  When  var¬ 
ious  values  are  attributed  to  the  parameter  a  and  the  correspond¬ 
ing  p-values  are  plotted  on  the  abscissa  and  the  t-values  on  the 


ordinate  axis,  we  obtain  a  curve  resembling  a  parabola.  This 
curve  cuts  off  on  the  abscissa  a  section  whose  length  cor¬ 
responds  to  the  value  of  the  critical  compressive  load  for  com¬ 
pression  at  an  angle  of  45°  to  the  fibers  of  the  sheet.  When  the 
curve  is  considered  to  be  a  parabola  we  can  represent  (approximate 
ly)  the  dependence  between  p  and  t  in  the  form  of  the  equation 


(105.12) 


For  a  veneer  plate  with  the  elastic  constants  (104.20)  the 
values  of  ££  and  t£r  are  given  in  §104.  The  critical  compressive 

load  p^r  in  the  case  of  compression  at  an  angle  of  45°  with  re¬ 
spect  to  the  fibers  of  the  sheet  is,  according  to  L.I.  Balabukh 
approximately  equal  to  the  critical  load  in  the  case  of  compres¬ 
sion  along  and  across  the  fibers  of  the  sheet. 


Equation  (105.12)  permits  the  determination  of  the  approxi¬ 
mate  value  of  the  critical  compressive  load  with  given  tangential 
forces,  the  critical  tangential  forces  with  given  tensile  or  com¬ 
pressive  forces  and  the  like. 


It  is  interesting  to  note  that  with  positive  tangential ' force' 
the  amount  of  the  critical  compressive  load  decreases  and  with  ne¬ 
gative  tangential  forces  it  increases  relative  to  the  forces  pkr 

in  the  absence  of  tangential  loads.  In  this  way  it  proves  to  be 
possible  to  increase  the  stability  of  a  compressed  strip  by  means 
of  distributing  tangential  forces  along  its  edges.* 
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[Footnotes] 


This  problem  was  solved  for  the  first  time  (by  means  of 
the  energy  method)  by  Huber  (see  M.T.  Huber,  Probleme 
der  Statik  technisch  wichtiger  orthotroper  Platten  [Prob¬ 
lems  of  the  Statics  of  Technically  Important  Orthotropic 
Plates],  Warsaw  1929). 

This  formula  was  derived  by  Yamana  (M.  Yamana,  On  the 
elastic  stability  of  aeroplane  structures,  J.  Fac .  Eng. 
Tokyo  Univ.  Vol.  20,  No.  8,  1933). 

See,  e.g.,  the  book  by  S.P.  Timoshenko,  Plastinki  i 
obolochki  [Plates  and  Shells]  Gostekhizdat ,  1948,  page 
296. 


L.I.  Balabukh,  Ustoychivost '  fanernykh  plastinok  [Sta¬ 
bility  of  Veneer  Plates]  Tekhnika  Vozdushnogo  flota 
[Aviation  Engineering]  1937,  No.  9. 

See,  e.g.,  S.P.  Timoshenko's  book  "Plastinki  i  oboloch- 
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ki"  [Plates  and  Shells],  page  306. 
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The  only  exception  is  the  case  of  a  plate  with  four 
supported  sides. 

See  (98.11). 

See  our  paper  "Ustoychivost '  anizotropnykh  plastinok" 
[Stability  of  Anisotropic  Plates],  Gostekhizdat ,  1943, 
§17. 

Timoshenko,  S.P.,  Ustoychivost'  uprugikh  sistem  [Stabil¬ 
ity  of  Elastic  Systems]  Gostekhizdat,  1946,  §64,  page 
299- 

See  our  paper  "Ustoychivost'  anizotropnykh  plastinok" 
[Stability  of  Anisotropic  Plates],  Gostekhizdat,  1943, 
§19. 

See  Eqs .  (97.6)  and  (97.7). 

Timoshenko,  S.P.,  Ustouchivost '  uprugikh  sistem  [Stabil¬ 
ity  of  Elastic  Systems]  §66,  pages  312-318.  According 
to  S.P.  Timoshenko,  the  third  approximation  yields  k  . 


Sekerzh-Zen'kovich,  Ya.I.,  K  raschetu  na  ustoychivost' 
lista  fanery,  kak  anizotropnoy  plastinki  [To  the  Calcu¬ 
lation  of  Instability  of  a  Veneer  Sheet  as  an  Anisotrop¬ 
ic  Plate]  Trudy  TsAGI,  No.  7 6,  1931. 

See  Eq.  (98.11). 

Seydel,  E.,  1)  Beitrag  zur  Prage  des  Ausbeulens  von 
versteiften  Platten  bei  Schubbeanspruchung  [Contribu¬ 
tion  to  Buckling  of  Stiffened  Plates  Under  Shearing 
Stress]  DVL  Bericht,  Luftfahrtf orschung  [German  Soc .  of 
Aviation  Report,  Aviation  Research]  Vol.  8,  No.  3,  1930. 
2)  Uber  das  Ausbeulen  von  rechteckigen  isotropen  oder 
orthogonal-isotropen  Platten  bei  Schubbeanspruchung  [On 
the  Buckling  of  Rectangular  Isotropic  or  Orthotropic 
Plates  Under  Shearing  Stress]  Ing.  Archiv,  Vol.  4,  No. 

2,  1933;  3)  Ausbeul-Schublast  rechteckiger  Platten 
[Buckling  Shearing  Load  of  Rectangular  Plates]  Z.  Flug- 
tech.  Motorluftsch .  [Journal  of  Aviation  Eng.,  Motor 
Aviation]  Vol.  24,  No.  33,  1933. 

See  the  paper  by  Ya.I.  Sekerzh-Zen'kovich,  mentioned  in 
§103. 

See  the  paper  by  L.i.  Balabukh,  Ustoychivost'  fanernykh 
plastinok  [Stability  of  Veneer  Plates],  Tekhnika  voz- 
dushnogo  flota,  1937,  No.  9.  In  this  paper  other  denota¬ 
tions  are  used. 

See  the  paper  mentioned  previously,  by  L.I.  Balabukh 
and  "Spravochnik  aviakonstruktora"  [Handbook  of  the 
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Airplane  Designer],  Vol.  Ill,  Prochnost'  samoleta  [Air¬ 
plane  Stability]  Izd.  TsAGI,  1939,  page  247. 

429  See  the  paper  by  L.I.  Balabukh  mentioned  in  §104. 

430  The  graph  was  taken  from  the  book  by  S.N.  Kan  and  I. A. 
Sverdlov  "Raschet  samoleta  na  prochnost'"  [Strength 
Calculation  of  Airplanes]  Oborongiz,  Moscow,  1940, 

§93,  page  263. 

431  See  the  paper  by  L.I.  Balabukh  mentioned  in  the  preced¬ 
ing  section,  pages  31  and  33.  We  use  somewhat  different 
notations . 

432  See  the  paper  by  L.I.  Balabukh,  pages  35,  36. 


[Transliterated  Symbols] 

4 06  Kp  =  kr  =  kriticheskiy  =  critical 

407  np  =  pr  =  predel'nyy  =  limiting 

411  m3  r  =  izg  =  izgib  =  bending 
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Chapter  15 

THE  STABILITY  OF  PLATES  LOADED  BY  CONCENTRATED  FORCES 

§106.  THE  STABILITY  OF  A  RECTANGULAR  ORTHOTROPIC  PLATE  LOADED  BY 
CONCENTRATED  FORCES 

In  this  chapter  a  number  of  problems  concerning  the  stabil¬ 
ity  of  anisotropic  plates  where  the  load  is  given  in  the  form  of 
concentrated  forces  are  considered. 

To  start  with,  let  us  consider  an  anisotropic  homogeneous 
rectangular  plate  two  opposite  sides  of  which  are  fixed  in  an  ar¬ 
bitrary  manner  or  free,  whereas  the  two  other  ones  are  supported 
and  under  the  action  of  normal  concentrated  forces  X,  XP 2,  .  .  . ., 

X PN  grouped  by  pairs  (Fig.  200).  The  forces  are  given  except  for 

the  factor  X;  the  critical  value  X^r  must  be  determined.  We  shall 

restrict  ourselves  to  the  investigation  of  the  stability  of  an 
orthotropic  plate  with  principal  directions  parallel  to  the  direc¬ 
tions  of  the  sides. 


_  F  _  tut 


- - i-i-A, 

ll?'l  ' 

'  I 

k - a  — 


Fig.  200 


We  shall  place  the  axes  along  the  plate  sides  and  designate 
by  a  and  b,  as  usually,  the  side  lengths,  and  by  m,  02,  ...,  0^ 

the  ordinates  of  the  points  of  application  of  the  forces;  we  shall 
leave  the  designations  for  the  principal  elastic  constants  and  ri¬ 
gidities  as  before. 

Let  us  solve  the  problem  by  the  energetic  method.*  We  shall 
assume  that  small  deflections  are  imparted  to  the  plate.  The 
lines  of  action  of  the  forces  divide  the  plate  into  rectangular 


regions  whose  number  is  N  +  1;  we  shall  designate  the  deflections 
of  these  regions  by  W\,  wZ}  .  ..,  the  midsurface  is  dis¬ 

torted  the  forces  perform  a  work  equal  to* 


,v 

.>•  V 

2  jU 
A  t 


1\ 


(106.1) 


Putting  this  work  equal  to  the  potential  energy  of  the  bending  we 
obtain : 


(106.2) 


where 


‘I’a 


(in  this  equation  -r)0=:0,  P,  ~  t). 

We  shall  seek  the  expressions  for  the  deflections  in  a  form 
which  ensures  the  satisfaction  of  the  conditions  on  the  supported 
(loaded)  sides: 


^k^fk(y)  si".P*-  (106.3) 

where  and  m  is  an  integer.  The  functions  fi(y)  and  fN+±(y) 

must  fulfill  the  conditions  on  the  sides  y  =  0  and  y  =  b,  accord¬ 
ing  to  the  way  in  which  they  are  fixed;  e.g.. 


on  the  fixed  side. 


0 

o 


(106.4) 

(106.5) 


on  the  supported  side,  etc.  Besides,  on  the  line  of  action  of  the 
forces  the  functions  must  fulfill  the  conditions  due  to  the 

quite  natural  requirement  that  the  bent  surface  should  be  continu¬ 
ous  and  have  no  fissures : 


A  (riA )  ■  '  fk Ml  (  Ha)’ 
A  ('ri/;)  '  fk  l  1  (tia) 

(K  r  :  I  .  2 . N). 


( 106 . 6 ) 


Aiming  at  the  determination  of  the  smallest  value  of  X  not 
equal  to  zero  we  shall  pose  the  problem  as  follows :  to  find  func¬ 
tions  f\j  f z,  ...,  fN+1  fulfilling  Conditions  (106.6)  and  the  con¬ 
ditions  on  the  sides  y  -  0  and  y  =  b,  for  which  Expression  (106.2) 
becomes  minimum. 
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The  problem  of  finding  the  minimum  of  the  fraction  (106.2) 
is  equivalent  to  the  problem  of  finding  the  minimum  of  the  ex¬ 
pression* 

u  =  2  S  (nt/f  i 

(106.7) 


V-i 


,v 
V 
*  1 


We  solve  this  problem  according  to  the  rules  of  variational 
calculus:  we  set  up  the  variation  SU  and  set  it  equal  to  zero, 
taking  account  of  Conditions  (106.6)  and  the  conditions  on  the  a 
sides . 


After  a  number  of  intermediate  calculations  we  obtain  the 
following  result. 

The  functions  satisfy  the  equation 

nj'k 4  /),?'/* *-•- o  (106.8) 

and  the  following  conditions: 

a)  on  the  sides  y  =  0,  y  =  b  the  conditions  corresponding  to 
the  way  in  which  the  sides  are  fixed; 

b)  on  the  line  of  action  of  the  forces  y  =  n^. 

Ami  r- •  A> 

A  h  ~~  fk< 

(106.9) 

(«=»  1,  2 . N,  A  --'!)• 

Each  function  f^(y)  contains  four  arbitrary  constants;  the 

overall  number  of  constants  is  4iV  +  4.  The  same  number  of  condi¬ 
tions  for  the  functions  is  obtained  (4  conditions  on  the  sides 

a  and  4 N  conditions  on  the  lines  y  =  h^).  Fulfilling  these  condi¬ 
tions  we  shall  obtain  a  system  of  4iV  +  4  homogeneous  equations 
with  the  same  number  of  unknowns,  and  setting  the  determinant  of 
this  system  equal  to  zero  we  obtain  an  equation  (an  algebraic  one 
of  Nth  degree)  to  determine  X. 

Equation  (106.8)  and  Conditions  (106.9)  show  that  the  func¬ 
tions  may  be  regarded  as  the  deflections  of  the  zones  of  a 

beam  of  length  b.  This  beam  has  a  rigidity  of  D2,  lies  on  a  mas¬ 
sive  elastic  base  with  a  coefficient  of  elasticity  £40 4 ,  is 
stretched  by  a  force  T  =  2 Z?s8 2  and  bent  by  the  forces  Qlt  Q2i 
.  ..,  Qn  (Fig.  201);  its  ends  are  fixed  according  to  the  fixation 

of  the  sides  y  =  0  and  y  =  b.  The  fourth  conditions  (106.9)  show 
that  the  forces  Q ^  are  proportional  to  the  deflections  at 


their  points  of  application. 


Pig.  201 


Designating  the  beam  deflection  at  an  arbitrary  point  by 
f(y)  without  subscript  we  may  write  the  latter  conditions  in  the 
following  form: 


Qi  =  W'h). 


QN  =  ir-rKf(\)- 


(106.10) 


The  analogy  with  a  beam  which  we  have  established  permits  a 
considerable  simplification  of  the  problem.  We  may  further  leave 
the  plate  out  of  consideration  and  solve  the  problem  of  a  beam 
acted  upon  by  forces  proportional  to  the  deflections.  Designating 
by  6  (ti*  y)  the  force  influence  function .  introduced  in  §77  we  shall 
write  the  expression  for  the  beam  deflection  at  an  arbitrary  point 
in  the  following  form: 

/0»“  2 <?**(t*.  y)-  (io6.ii) 

.  k^t  i  9 


Substituting  the  value  of  the  deflection  at  the  points  y  = 
=  hij  y  =  ru,  . . . ,  y  =  into  Conditions  (106.10)  we  obtain  a 

system  of  homogeneous  equations  for  Q^: 


Qi  0  —mu)  -  -  ...  -  Qx)?ixx  --  0, 

+  —mM—  •  •  •  —  Q.xippJxi  =  0, 

■  Qi'f-P.V'i  .y-  QyVPAx  Qx  ( l  -ippx  o.YiY) «  o 

|0^=-5(t,Jp  Tj  jj  ] . 


(106.12) 


Putting  the  determinant  of  this  system  equal  to  zero  we  ob¬ 
tain  an  equation  for  X: 
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(106.13) 


whlchHw?l?  rtf  ln  ganeral>  *  different  values  of  X  each  of 

ich  will  depend  on  m.  The  minimum  of  all  values  of  X  whirh 

not  equal  to  zero  will  also  be  the  critical  valul  ° 

kr ' 

t-ho  ^f4.thf^e  are  stretchlng  forces  among  the  forces  deforming 
he  plate  they  must  be  regarded  as  negative  in  Eq .  (106.13).  S 

The  problem  of  determining  the  critical  value  X  and  the 

act?ffP?ndlng  ^mbe?i°f  semlwaves  m  in  the  direction  of  the  force 
action  is  considerably  simplified  if  there  are  tables  of  t-SLif 

^uence  functions  for  a  beam  with  the  necessary  values  of  Dli±D~z, 

§107'  bvEtwoAforces  0F  A  rectangular  orthotropic  plate  compressed 

forceseLnlfaf=?6Ular  °rth°troPic  Plate  be  compressed  by  two 
63  applied  at  a  distance  n  from  one  of  the  sides-  the  sides 

^  the  are  aPPlied  are  assumed  to  be  supported  and  the 

other  ones  fixed  in  an  arbitrary  manner  or  free*  ^Pig.  202). 

In  this  case 


w  —  Q3(v),  y)  sin  (hr. 


(107.1) 


Pig.  202 

Instead  of  the  determinant  (106.13)  the  equation 

3,,-- 4^-0.  (107.2) 

is  obtained.  Hence 
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(107.3) 


^  _  1  _  _  'In  \r m 

g  is  here  a  function  proportional  to  the  influence  function  6  in¬ 
troduced  in  §78  [see  Formulas  (78.1)]. 

We  shall  represent  the  critical  value  of  the  force  A,  as 
follows:  Kr 


A 


Kp 


Yn,n,, 


(107.4) 


The  coefficient  k  is  equal  to  the  minimum  of  the  ratio  m/gn 
which  is  easily  established  by  using  the  tab'les  of  the  g  functions 
(if,  of  course,  there  are  such  tables  for  the  given  material  and 
the  end  fixing  in  question). 


Table  25  presents  the  values  of  k  for  the  plate  considered  in 
§67*  with  four  supported  sides,  made  of  isotropic  material  and 
plywood.  The  corresponding  values  of  m  —  the  number  of  semi waves 
(in  the  direction  of  the  force  action)  into  which  the  plate  is 
divided  after  having  lost  its  stability  —  is  also  indicated  there. 
Four  cases  are  considered  where  the  distances  of  the  points  of 
force  application  from  the  side  a  are  equal  to  b/S ,  b/ 4,  3b/Q  and 
b/2  and  four  ratios  d  =  b/a. 


TABLE  25 

The  Values  of  the  Coefficient  k  for  a  Supported 
Plate  Compressed  by  Two  Forces 


d 

’l  — 

b 

'8 

b 

4 

36 

8 

6 

2 

k 

m 

k 

rn 

k 

m 

k 

m 

1 

0,5 

8,61 

5 

4,41 

3' 

3,28 

2 

3,00 

2 

MaoTponiiwft 

1 

<1,31 

2 

2,23 

r 

1,61 

1 

1,49 

1 

jiaTOpin/i 

2 

2,16 

1 

1,22 

1 

1,06 

1 

1,03 

1 

3 

1.43 

1 

1,06 

1 

1,01 

1 

1,01 

1 

2 

't’aucpa.  C'.ua- 

0,5 

6,45 

3 

3,53 

2 

2,31 

1 

2,11 

1 

me  nAO.ib 

1 

3,25 

1 

1,77 

1 

1,55 

1 

1,52 

1 

110.10  KOi  I 

2 

1,77 

1 

1 ,51 

1 

1,55 

1 

1,55 

1 

(0i>/>3) 

3 

1,56 

1 

1,56 

1 

i,55 

1 

1,55 

1 

3 

't>ancpn.  C-.k.v 

0,5 

6,73 

6  ' 

3,17 

5 

2,28 

4 

2,08 

<i 

t  1  ic  noncpcK 

1 

3,36 

3 

1,60 

2 

'  1,14 

2 

1,01 

2 

no.ioicou 

2 

2,00 

1 

0,301 

1 

.  0,571 

1 

0,521 

1 

:  (/■>!<  d,) 

3 

1,12 

1 

0,352 

1 

0,454 

1 

0,437 

1 

1)  Isotropic  material;  2)  plywood.  Compression 
along  the  fibers;  3)  plywood.  Compression  across 
the  fibers. 


Let  us  pay  our  attention  to  the  case  where  the  forces  com¬ 
pressing  the  plate  act  along  the  axis  of  symmetry  (n  =  b/2),  and 
give  the  formulas  for  the  coefficient  k.*  The  expressions  for 
this  coefficient  depend  on  the  roots  of  the  equation 
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(107.5) 


and  are  different  according  to  which  of  the  three  possible  cases 
of  the  roots  is  given. 


For  a  plate  with  four  sides  supported  we  obtain:* 

Case  I  [the  roots  of  Eq .  (105.7)  are  real  and  unequal], 


,  »  i 

k  ~ ^  mm 


m  r.  //.,'/ 


/n~  a  ttt 
•? 


(107.6) 


Case  2  (the  roots  are  real  and  equal), 

k  --  II  min  , 
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in  miiI 
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(107.7) 


Case  3  (the  roots  are  complex) 

,  /  ch  mr.ihl  I  can  nr.. i'll  \ 

k  -  -  it v  mm  [//;  ■  .  .  1  —  ] . 

\  Vail  mr.ua  II  Sill  III. .i'll ) 


(107.8) 


Here  and  in  the  following  d  =  b/a. 


From  Formula  (107-7)  for  u  =  1  we  obtain  the  value  of  the 
coefficient  k  found  by  S.P.  Timoshenko  for  an  isotropic  plate  with 
supported  sides,  compressed  along  the  axis  of  symmetry.** 


For  a  plate  whose  sides  acted  upon  by  the  forces  are  sup¬ 
ported,  and  the  two  other  sides  fixed  we  obtain  the  following 
formulas  for  k. 


Case 


2  2 
u\  //; 

k  ■■  •  ,,  min  X 
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III  7 II  yd 


inrn.,it 
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Case  2  : 


It  -  ^  min 


Case  3 : 
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The  solution  of  the  problem  of  the  stability  of  an  isotropic 
plate  with  two  supported  and  two  fixed  sides  if  it  is  compressed 
by  concentrated  forces  along  the  axis  of  symmetry  was  obtained  by 
A.P.  Filippov***  and,  by  another  method,  by  A. I.  Lur’ye.****  The 
results  of  A.P.  Filippov  and  A. I.  Lur'ye  are  obtained  from  For¬ 
mula  (107.10)  for  u  =  1. 
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The  problem  for  which  m  the  expressions  in  the  parentheses 
of  Formulas  ( 107 . 6 )-(107 . 11)  assume  the  minimum  values  for  a 
given  ratio  d  of  the  sides  is  solved  by  calculations.  Apparently, 
it  is  impossible  to  determine  beforehand  the  number  of  semiwaves 
for  a  plate  with  an  arbitrary  side  ratio  (excluding  an  • 

strip) . 

Table  26  shows  the  values  of  the  coefficient  k  and  the  cor¬ 
responding  values  of  m  for  a  plywood  plate  with  two  supported 
and  two  fixed  sides,  compressed  along  the  axis  of  symmetry  n  = 
b/2). 


TABLE  26 

The  Values  of  the  Coefficient 
k  for  a  Plywood  Plate  with  Two 
Supported  and  Two  Fixed  Sides 
Compressed  Along  the  Axis  of 
Symmetry 


d 

C/Kotiic  u;to.ii» 
j  no. io  ko  u 

Cfflanio  uoncpcK 

2  IIO  .10  Iv  Oil 

k 

", 

k 

m 

0.5 

3,37 

2 

3.22 

G 

1 

1,69 

1 

1.61 

3 

2 

1,55 

1 

I...H7 

2 

3 

1.55 

1 

0.537 

1 

1)  Compression  along  the  fibers; 

2)  compression  across  the  fibers. 


Making  the  value  of  d  in  Formulas  ( 107 .6)  —  (107- 11)  infinite¬ 
ly  large  we  obtain  in  the  limit  the  coefficient  k  for  an  infinite 
strip  with  supported  sides,  compressed  by  two  forces.  The  formula 
from  which  the  critical  force  for  an  infinite  band  will  be  deter¬ 
mined  (Fig.  203)  has  the  form: 

>.M  --- iifMi  .  ,  ,n  i  (107.12) 

[in  the  case  of  unequal  real  roots  of  Eq.  (107.5)]  or 


m  ~  1  (107.13) 

(for  equal  or  complex  roots). 

The  critical  for  an  isotropic  strip  ■■■-■■  d2  — d,  «  --:|)  was 
nd  by  Sommerfeld . * 

The  tables  presented  show  that  a  plywood  plate  compressed 
across  the  fibers,  i.e.,  in  a  direction  for  which  the  reduced 
Young's  modulus  is  minimum  will  tend,  after  having  lost  its  sta¬ 
bility,  to  form  a  number  of  waves  in  the  direction  of  the  line  of 
action  of  the  forces;  the  number  of  waves  is  the  greater  the 
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Fig.  203 


longer  the  plate,  i.e.,  the  smaller  d.  A  plate  which  is  compressed 
along  the  fibers  (in  the  direction  of  maximum  reduced  Young's  mod¬ 
ulus)  with  the  same  size  forms  a  smaller  numbers  of  waves,  and  for 
d  >_  0.5  one  or  two  semiwaves. 

§108.  THE  CASE  OF  FOUR  FORCES 

Let  us  consider  a  rectangular  orthotropic  plate  which  is  de¬ 
formed  by  four  forces  applied  to  two  sides,  as  shown  in  Fig.  204. 
The  loaded  sides  are  assumed  to  be  supported,  the  sidew  without 
load  may  be  fixed  in  an  arbitrary  manner  or  free.* 

Let  the  values  of  the  acting  forces  be  equal  to  X  and  \P. 

The  critical  value  of  X  will  be  determined  from  the  equation 


(108.1) 


from  which  two  series  of  values  are  obtained,  after  some  straight¬ 
forward  transformations: 


\p>,n; 

a 


V 

a 


a  i1  !  he- 
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( in  1 .  2,  .  .  .). 


(108.2) 

(108.3) 


The  smallest  nonvanishing  value  of  these  two  series  must  be 
selected;  the  work  becomes  considerably  simpler  if  there  are 
tables  of  the  influence  functions  for  the  given  material  and  the 
given  fixing. 

We  shall  pay  our  attention  to  two  special  cases. 


Case  I.  All  forces  are  compressive,  equal  and  applied  at 
symmetric  points  with  ordinates  y  =  n  -  n  and  y  =  n  (Fig.  205), 
all  four  sides  are  supported. 
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Formulas  (108.2)  and  (108.3)  are  simplified  and  assume  the 

form: 


I" 
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(108.^1) 

(108.5) 


To  the  values  of  X'  corresponds  a  symmetric  shape  of  the 
bent  midsurface  of  the  plate  (Fig.  206a,  where  the  approximate 
form  of  the  surface  for  m  =  1  is  shown).  An  antisymmetric  or  obli 
quely  symmetric  shape  of  the  bent  surface  corresponds  to  the  val¬ 
ues  of  X"  (see  Fig.  206b,  where  also  in  =  1  is  assumed). 
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Fig.  204 


It  is  impossible  to  tell  beforehand  to  which  of  the  two  ser¬ 
ies  of  X  the  critical  value  belongs  and  which  m  corresponds  to  it 
the  question  is  answered  by  calculations. 


Fig.  207 


The  formula  for  the  critical  value  X^r  will  be  represented 
in  the  following  form,  as  in  the  case  of  two  forces. 
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e  27  gives  the  values  of  the  coefficient  k  for  an  iso- 
ate  with  four  sides  supported  and  for  the  plywood  plate 
d  in  §67,  also  with  four  sides  supported.  The  coefficient 
corresponding  m  are  found  with  the  help  of  Tables  15-17 
.  The  calculations  show  that  in  all  cases  considered,  ex- 
two,  the  bent  plate  surface  after  the  plate  has  lost  its 
must  be  symmetric  with  respect  to  the  line  y  =  b/2 .  Ex- 
to  this  rule  which  are  labeled  by  asterisks  in  Table  27 
,  by  insufficient  accuracy  of  the  tables  for  the  g  func- 
by  an  inaccuracy  in  the  determination  of  the  elastic 
of  plywood. 


TABLE  27 


The  Values  of  the  Coefficient  k  for  a  Supported 
Plate  Compressed  by  Four  Forces 


1  K!:iOTpoiiin.if: 
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‘tMiicpa.  Cvk.i  rue 
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1 
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1 
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1 
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2 

1,50 

1 

0,521 

1 

0,31.5 

1 

3 

1.02 

1 

0, 137 

1 

0,273 

1 

1)  Isotropic  material;  2)  plywood.  Compression 


along  the  fibers;  3)  plywood.  Compression 


across  the  fibers 


Case  2.  All  forces  acting  on  the  plate  are  equal  and  applied 
at  symmetric  points;  two  forces  are  compressive  and  two  stretching 
(Fig.  207). 


The  critical  value  will  be  determined  from  the  Formula 


(108.6)  where 


k  -  min 


(108.7) 


The  formula  for  the  critical  value  may  also  be  written 


in  another  form: 
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where  X1  and  X"  are  determined  by  Formulas  (108.4)  and  (108.5)  of 
the  preceding  case. 
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[Footnotes  ] 


The  solution  is  to  be  found  in  our  book  "Ustoychivost’ 
anizotropnykh  plastinok’’  [The  Stability  of  Anisotropic 
Plates],  Gostekhizdat  [State  Publishing  House  of  Theoret¬ 
ical  and  Technical  Literature],  1943.  §23,  pages  60-64. 

See  Formula  (98.11). 

See  (97 . 6 )- (97 . 8 ) . 

The  solution  of  this  problem  is  found  in  our  mentioned 
work  "Ustoychivost1  anizotropnykh  plastinok,"  §26, 
pages  22-75. 

I.e.,  of  that  plate  for  which  the  reduced  Young's  moduli 
and  the  Poisson  coefficients  in  bending  have  numerical 
values  (67.9)  or  (67.13)  (rather  than  (67.16)  as  was  as¬ 
sumed  in  §§103-105). 

See  our  work  "K  raschetu  na  ustoychivost*  ortotropnoy 
plastinki"  [On  the  Calculation  of  the  Stability  of  an 
Orthotropic  Plate],  Vestnik  inzhenerov  i  tekhnikov  [Her¬ 
ald  of  Engineers  and  Technicians],  1941,  No.  1. 

Minimum  values  of  the  expressions  not  equal  to  zero  and 
corresponding  to  the  integer  m  are  implied. 

Timoshenko,  S.P.,  Ustoychivost’  uprugikh  sistem  [The 
Stability  of  Elastic  Systems],  Gostekhizdat,  1946,  §68, 
pages  326-327. 


Filippov,  A.P.,  Ustoychivost’  pryamougol’nykh  plastinok 
szhatykh  sosredotochennymi  silami  [The  Stability  of  Rec¬ 
tangular  Plates  Compressed  oy  Concentrated  Forces],  Izv. 
AN  SSSR  [Bulletin  of  the  Academy  of  Sciences  of  the 
USSR] ,  OMYeN  [Department  of  Mathematics  and  Natural  Sci¬ 
ences]  1933,  No.  7. 

44l»«#«  Lur’ye,  A.I.,  Ustoychivost’  plastinki  szhatoy  sosredo¬ 
tochennymi  silami  [The  Stability  of  a  Plate  Compressed 
by  Concentrated  Forces].  Trudy  Leningr.  industrial ’nogo 
in-ta  [Transactions  of  the  Leningrad  Industrial  Insti¬ 
tute],  1939,  No.  3,  Department  of  Physical  and  Mathe¬ 
matical  Sciences,  No.  1. 

In  another  work  A.I.  Lur’ye  gave  a  method  of  solving 
also  the  more  general  problem  of  the  instability  of  an 
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isotropic  plate  with  one  axis  of  symmetry  in  the  com¬ 
pression  along  the  axis  of  symmetry. 

Sommerfeld,  Ueber  die  Knicksicherheit  der  Stege  von 
Walzenprof i len  [On  the  Buckling  Strength  of  Webs  in  Rol¬ 
ler  Profiles],  Zeitschr.  f.  Math.  u.  Physik  [Journal  of 
Mathematics  and  Physics],  Vol.  54,  1906. 

As  to  the  solution  of  this  problem,  see  our  work  "Ustoy- 
chivost'  anizotropnykh  plastinok,"  §26,  pages  75-77. 


[Transliterated  Symbols] 


Kp  =  kr  -  kriticheskiy  =  critical 


Chapter  16 

THE  STABILITY  OF  PLATES  REINFORCED  BY  STIFFENING  RIBS 

§109.  THE  STABILITY  OF  A  RECTANGULAR  ORTHOTROPIC  PLATE  WITH  LONGI¬ 
TUDINAL  RIBS  IN  THE  COMPRESSION  IN  THE  MAIN  DIRECTION 

A  plate  with  parallel  stiffening  ribs  placed  close  to  each 
other  may  be  considered  orthotropic  and  homogeneous;  it  was  shown 
in  §65  how  the  rigidities  of  such  plate  are  determined.  If,  how¬ 
ever,  the  plate  is  reinforced  by  a  small  number  of  ribs,  as,  e.g., 
one  or  two,  the  consideration  as  a  homogeneous  and  orthotropic 
plate  is  not  well  founded,  but  the  combined  effects  of  the  plate 
and  the  ribs  must  be  taken  into  account.  In  this  chapter  we  con¬ 
sider  problems  of  the  stability  of  rectangular  orthotropic  plates 
with  longitudinal  and  transverse  ribs,  compressed  by  a  normal 
load  which  is  uniformly  distributed  along  the  sides,  or  by  con¬ 
centrated  forces  applied  to  the  rib  ends. 

Let  us  consider  first  a  homogeneous  orthotropic  rectangular 
plate  with  principal  directions  parallel  to  the  directions  of  the 
sides,  which  is  reinforced  by  several  parallel  stiffening  ribs. 

Let  a  compressive  load  p  which  is  distributed  along  the  sides  per¬ 
pendicular  to  the  ribs  act  on  the  plate.  It  is  assumed  that  the 
sides  on  which  the  rib  ends  are  fastened  are  supported,  the  other 
sides  are  fastened  in  an  arbitrary  manner,  the  rib  ends  are  also 
supported  and  fixed  with  respect  to  revolution  about  their  axes. 
Moreover,  we  assume  that  the  ribs  are  rigidly  fastened  on  the 
plate,  and  their  cross  sections  have  symmetry  axes  perpendicular 
to  the  undeformed  midsurface  of  the  plate.  The  critical  value  of 
the  compressive  load  pkr  at  which  the  plate  which  is  reinforced 

by  ribs  loses  its  stability  must  be  determined. 

Let  us  direct  the  coordinate  axes  along  the  plate  sides  (the 
x-axis  is  parallel  to  the  ribs,  Fig.  208)  and  introduce  the  de¬ 
notations:  T),,  D.{,  Dk,  v,,  -i,  are  the  rigidities  and  Poisson  coefficients 
of  the  plate;  E 1  is  Young’s  modulus  of  the  plate  for  directions 
parallel  to  the  ribs;  a,  b  are  the  side  lengths  of  the  plate;  N 

is  the  number  of  ribs;  A*"),  /;<-> . /;'<•'»  are  Young's  moduli  of  the 

ribs;  l:Jt,  ....  f:J.\  are  the  bending  strengths  of  the  ribs  in 
planes  perpendicular  to  the  plate  plane;  cv  c2,  . . c.v  are  the  tor¬ 
sional  rigidities  of  the  ribs;  f\.  . /\v  are  the  cross-sectional 

areas  of  the  ribs;  V  V  •••  %  are  the  distances  of  the  ribs  from 
the  lower  edge  of  the  plate; 
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An  approximate  solution  of  the  problem  of  the  stability  of 
an  isotropic  plate  with  longitudinal  ribs  was  for  the  first  time 
obtained  by  S.P.  Timoshenko  with  the  help  of  the  energetic  method. 

Using  the  energetic  method  it  is  easy  to  obtain  an  approxi¬ 
mate  solution  of  the  problem  also  for  an  anisotropic  plate  in  an 
analogous  manner;  we  shall  pay  our  attention  to  this  approximate 
solution  in  this  and  the  following  sections. 


Fig.  208 


Until  it  loses  its  stability  the  plate  is  in  a  plane  stressed 
state,  and  the  ribs  are  in  the  state  of  simple  compression  along 
their  axes.  We  shall  easily  determine  the  compressive  forces 

applied  to  the  rib  ends  if  we  assume  that  the  relative  compression 
of  the  plate  e  is  equal  to  the  relative  compression  e  ,  of  any 

X  X  K 

rib  (we  neglect  the  rib  width). 

Obviously , 


/»*_ 


(109.2) 


but  with  e  =  e  ,  we  have, 
x  xk  5 


(109.3) 


Approaching  the  solution  of  the  problem  we  assume  that  the 
whole  system  has  undergone  small  deviations  from  the  plane  shape: 
the  plate  has  been  bent,  and  the  ribs  have  been  bent  and  twisted. 
Designating  ,v).  u>*(.v),  the  deflections  of  the  plate  and  the 
ribs  and  the  angles  of  rib  torsion  we  have  by  virtue  of  the  rigid 
connection  of  the  plate  with  the  ribs: 
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In  this  case  the  potential  energy  of  the  system  is  increased  by 
the  quantity 
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and  is  decreased  on  account  of  the  work  performed  by  the  external 
forces : 


a  b 


S  « 
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(109.6) 


The  conditions  on  the  supported  (loaded)  sides  of  the  plate 
and  at  the  rib  ends  are  satisfied  if  we  put: 


■w  —  /Cv)  sin  p.r, 

W'jk  =  /0l*)  sill  ?x.  0*  =*  /'  (T),)  sill  p* 


.} 


(109.7) 


Prom  equation 


(109.8) 


we  obtain  an  expression  for  the  load  p  which  may  give  rise  to  a 
distortion  of  the  system: 


where 
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The  further  procedure  may  be  as  follows :  we  may  choose  an  ex¬ 
pression  for  the  function  f(y)  in  the  form  of  a  sum  with  undeter¬ 
mined  coefficients 


f^YlAmnfn(y)< 

n 


(109.10) 


where  /  are  continuous  functions  fulfilling  the  conditions  on 

the  sides  j/=0,  y  =  b\  substitute  this  expression  into  Formula 
(109.9)  and  determine  the  minimum  of  p  as  a  function  of  the  coef¬ 
ficients  Amn .  The  problem  of  finding  the  minimum  of  the  fraction 

(109*9)  is  equivalent  to  the  problem  of  finding  the  minimum  of 
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Substituting  here  Expression  (109.10)  and  carrying  out  the 

integration  we  obtain  U  as  a  homogeneous  quadratic  function  of 

the  coefficients  A  .  Further  we  seek  the  minimum  of  this  func- 

mn 

tion  for  which  purpose  we  differentiate  U  with  respect  to  the  A 
and  put  the  derivatives  equal  to  zero:  mn 


o,  -dU-  -  0,  ... 

dAlltn 


(109.12) 


Putting  the  determinant  of  the  homogeneous  system  (109.12) 
equal  to  zero  we  obtain  the  equation 


MP):-  0. 


(109.13) 


whose  minimum  root  will  also  yield  the  value  of  the  critical  load. 


Considering  a  plate  with  ribs  which  are  symmetrically  distrib¬ 
uted  with  respect  to  the  line  y  =  b/2  we  may  assume  in  first  ap¬ 
proximation  : 


a)  for  a  plate  with  supported  sides  a 


si..  7-;  (109.  in ) 

b)  for  a  plate  with  fixed  sides  a 

/»/•„.(  (109.15) 

c)  for  a  plate  with  free  sides  a 

f -  A . (v«*  M«V  cos  ?7y).  (109.16) 

If,  however,  the  ribs  are  asymmetrically  distributed  the  bent 
surface  will,  in  general,  be  asymmetric  with  respect  to  the  line 
y  =  b/2,  after  the  stability  has  been  lost,  for  which  reason  the 
first  approximation  may  yield  a  value  of  the  critical  load  whose 
accuracy  is  not  sufficient  for  practical  purposes.  In  these  cases, 
the  expression  for  f  must  be  assumed  in  the  form  of  a  sum  of  sev¬ 
eral  terms,  in  accordance  with  the  number  of  ribs. 

As  is  shown  by  S.P.  Timoshenko,  the  first  approximation  yields 
quite  satisfactory  results  for  an  isotropic  plate  which  is  rein¬ 
forced  by  some  equidistant  ribs  of  equal  rigidity,  in  other  cases 
the  first  approximation  yields,  according  to  S.P.  Timoshenko, 
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quite  satisfactory  results  for  long  isotropic  plates,  for  which 

o  >  2.* 


§110.  THE  CASE  OF  A  SINGLE  LONGITUDINAL  RIB 

A  plate  which  is  reinforced  by  a  stiffening  rib  in  the  di¬ 
rection  of  the  axis  of  symmetry  is  compressed  by  a  normal  load 
which  is  uniformly  distributed  along  the  sides  perpendicular  to 
the  rib  (Pig.  209). 

We  shall  introduce  the  designations:  E ,  EJ ,  C3  F  are  Young's 
modulus,  the  bending  strength,  the  torsional .  rigidity  and  the 
area  of  the  rib  cross  section; 


EJ 


*  F.F 

5  — - ,  r  -  -  ,  _ 

bEt  bf  0|/>a 


x  '  b  VOibt 


(110.1) 


the  designations  of  the  quantities  referring  to  the  plate  will  be 
left  as  before. 


f 

p 

1 

i  _ 

-*■ 

p 

->• 

1 

X 

0 

-& - a  ► 

r 

Pig.  209 

Let  us  consider  two  cases  of  side  fixing. 

1.  The  sides  y  =  0  and  y  =  b  are  supported. 

Putting 

.  /i—  y  .  ,  ntr.x  nr.y 

/—  Ann SUI  >  w~ !Ai»i»s*n  a  5111  h  ’ 

we  obtain  on  the  basis  of  the  general  formula  (109.9): 

(for  n  =  1,  3>  5,  ...)  and 

)>+s(_^+.)  ,„+  /£..$’] 

(for  n  =  2,  ^ ,  6,  ...). 


(110.2) 


(110.3) 


(110.4) 
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The  critical  load  will  be  obtained  as  the  minimum  of  all 

values  determined  by  Formulas  (110.3)  and  (110.4).  Obviously,  the 
minimum  value  of  the  series  (110.3)  will  be  obtained  for  n  =  1  to 
which  bending  in  one  semiwave  in  the  direction  of  the  y-axis  cor¬ 
responds,  and  the  minimum  value  of  the  series  (110.4)  will  be  ob¬ 
tained  for  n  =  2  to  which  corresponds  bending  in  two  semiwaves  in 
the  direction  of  the  y-axis.  Which  of  the  two  formulas  must  be 
used  cannot  be  told  beforehand;  that  depends  on  the  value  of  the 
ratios  f\/n.,  nj\f  i\i\.  /.  <$ ,  y. 

Let  us  introduce  the  brief  denotations: 

i7  ;;;• 

*-■-/£  (”)’■'  •(**s+*) 1 dio.5) 


V-: : 


1  |  2o 


1  I  2-, 


Ih  YL\th 


8(l  |  /  |  Y 

\  V  /VV 


form 


We  shall  represent  the  formula  for  the  critical  load  in  the 


r.3  //v>.j 


fcj  /v- 


(110.6) 


The  results  of  the  rather  elementary  investigation  may  boil 
down  to  the  following  statements: 

1)  if  the  ratios  of  the  plate  sides  satisfy  the  condition 


c  =-  in  r., 


where  m'  is  an  integer,  then  m  =  m'  and 

k  --  Ap 

2)  if  the  side  ratio  satisfies  the  condition 


(110.7) 


(110.8) 


then  m  =  m '  and 


C  :  =  0,5  tit'r,, 


k  ■  ■  Ay: 


3)  for  large  side  ratios  c  >  3 


k  ■  ft,,  if  ft, 
k  -.  ft,,  if  ft,  >  ft.. 


(110.9) 


(110.10) 


(110.11) 


It  is  convenient  to  arrange  these  results  in  a  table  in  which 
the  values  of  a  and  the  corresponding  values  of  k  and  m  (for  n  =  1 
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mmmm 


and  n  =  2)  are  given. 


Survey  Table  of  the  Coefficients  fe  for  the  Case 
of  Supported  Sides  y  =  0  and  y  =  b 


Let  us  assume  that  we  know  k,  y  and  the  ratio  of  the  rigid¬ 
ities  D\/Di  and  the  critical  load  for  a  plate  with  given  side  ra¬ 
tio  a  must  be  found.  In  order  to  determine  the  corresponding  k  we 
establish  at  which  place  of  the  table  there  is  the  given  ratio  c 
for  n  =  1  and  n  =  2.  Having  the  lines  in  which  o  is  to  be  found 
we  choose  the  corresponding  value  of  this  coefficient  from  the 
column  for  fe;  the  lower  of  the  two  values  found  must  be  taken 
(which  of  the  two  values  will  be  lower  depends  on  the  ratio  of 
the  plate  parameters). 

Let,  e.g.,  the  values  r,  =  1,5,  r,=  1,2  be  found  for  a  square 
plate  (o  =  1)  and  be  determined  k.  The  given  ratio  of  the  sides 
is  found  in  the  1st  line  of  the  table,  corresponding  to  n  =  1  and 
in  the  4th  line  of  the  table  for  n  =  2.  Consequently,  one  of  the 
values  may  be  chosen:  k  =  fen  or  fe  =  fe 22 >  i.e.,  that  which  is 
smaller.  According  to  the  ratio  of  the  plate  parameters  one  of 
the  two  possibilities  may  be  realized:  1)  the  plate  forms  one  semi¬ 
wave  in  the  direction  of  the  load  (x-axis)  and  one  direction  in 
the  t/-axis;  fe  =  fen;  2)  the  plate  forms  two  semiwaves  in  the  di¬ 
rection  of  the  x-axis  and  two  semiwaves  in  the  direction  of  the 
y- axis;  fe  =  fe 22** 

2.  The  sides  y  =  0  and  y  =  b  are  fixed. 

Putting 


-  454  - 


(110.13) 


/  =  ( I  —  cos  . 

,  ,  mr.xf.  2/ir.y\  (110.12) 

w  =•=  Amn  sin  —  ^  I  —  cos  , 

we  obtain  on  the  basis  of  the  general  formula  (109.9): 

p  =  2,667*1) f—Y  +  2,667  —-===-  n2-(- 

*3(1  +  2,6676)  W*  D3  lJ\c'  YDiD ,  (110.13) 

•.  '  +  5.333 

(for  n  =  1,  3,  5,  .  .  .  ) ; 

-Y-f  2,667  -  ~=r  na4- 

bl  [V  Dt\eJ  V  YD tD,  ^  (no. 1H) 

'  :  +5.333/ a„.(+)!] 

( for  n  =  2,  6,  ...). 

Obviously,  the  minimum  value  of  p  of  the  first  formula  will 
be  realized  at  n  =  1,  and  of  the  second  formula,  at  n  =  2. 

The  formula  for  the  critical  load  will  be  represented  in  the 
form  (110.6).  We  shall  introduce  the  brief  denotations: 

*.-V^+tvX  *-V%- 

‘-.=ott[(/I+2’067i)(tJ+  _ 

+  2,667 —.-t  +5,333  l/"  — *(— Y1« 
n  /CiDa  K  D/m'J 

j/i  (”)+ io’6677fe"H5'333  r  110,15 

* =TT^(/3+8^f + vik)' 

10.667(1/3  +  -^). 


1  +  2, 6676 


The  results  boil  down  to  the  following: 

1)  if  the  side  ratio  a  satisfies  the  condition 


(110.15) 


c  m  s*' 


where  m ’  is  an  integer,  then  m  =  m' , 

k  =  k[; 

2)  if  the  side  ratio  is  equal  to 


(110.16) 


(110.17) 


c  —  —  m  s2, 


(110.18) 
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(110.19) 


then  m  =  m ' 3 


3)  for  great  values  of  the  side  ratios  o  we  may  choose: 

k=?-k\,  if  k\  ki ,  | 
k  =  k'2,  if  k[  >  k2.  / 


Survey  Table  of  the  Coefficient  k  for  the  Case 
of  Fixed  Sides  y  =  0  and  y  =  b 


1)  etc. 


This  table  must  be  used  as  in  the  case  of  supported  sides. 

§111.  THE  STABILITY  OF  A  PLATE  WITH  TRANSVERSE  RIBS  COMPRESSED  BY 
A  UNIFORMLY  DISTRIBUTED  LOAD 


Let  us  consider  a  rectangular  homogeneous  orthotropic  plate 
reinforced  by  parallel  stiffening  ribs,  compressed  by  a  load  p 
which  is  aistributed  uniformly  along  the  sides  parallel  to  the 
ribs.  It  is  assumed  that  the  sides  along  which  the  compressive 
forces  are  distributed  are  supported,  and  the  other  ones  are  fixed 
in  an  arbitrary  manner.  The  ribs  are  rigidly  fixed  to  the  plate, 
their  cross  sections  have  axes  of  symmetry  perpendicular  to  the 
original  midsurface  of  the  plate. 

The  critical  value  of  the  compressive  is  to  be  determined. 


Let  us  direct  the  x  and  y  axes  along  the  plate  sides  (Fig. 
210).  We  shall  retain  the  denotations  adopted  in  §109,  and  intro¬ 


duce  new  ones:  Ci,  E,  z. 


—  the  distances  of  the  ribs  from 
N 


•  •  • 


one  of  the  loaded  sides, 


T*  *= 


FJk 


n  Y Dxn\' 

/ £k- — 

*  aYDiDj 


(111.1) 


Pig.  210 


The  problem  of  the  stability  of  an  isotropic  plate  with 
transverse  ribs  was  solved  approximately  with  the  help  of  the  en¬ 
ergetic  method  by  S.P.  Timoshenko.*  An  approximate  solution  of 
the  same  problem  for  an  orthotropic  plate  is  obtained  analogous¬ 
ly,  also  making  use  of  the  energetic  method. 

The  potential  energy  of  the  bending  of  a  system  which  has 
experienced  small  deviations  from  the  plane  shape  is  equal  to 


a  5 


y—ij  JNS)’ 

+  AD‘[&rk)]dxd»  + 

fj  t  & 

+  T  S  K  j  Ck  J  ('/*>*  rfy]. 

t>l  0  o 


(111.2) 


where 


As  in  the  case  of  longitudinal  ribs  we  neglect  the  rib  width. 

The  forces  p  in  the  distortion  of  the  system  will  perform 
the  work 


A-il  (iii-3> 

0  0 

For  a  plate  with  arbitrarily  distributed  ribs  the  expression 
for  the  deflection  may  be  assumed  in  the  form 


=  E  /,„  (y)  sin  p  *  (111. A) 

m 

and,  moreover,  determining  p  from  the  equation  z =  4  the  func¬ 
tions  f  must  be  chosen  such  that  they  satisfy  the  conditions  on 
the  sides  y  =  0  and  y  =  b  and  yield  the  minimum  value  for  p. 

Let  us  consider  the  case  where  the  ribs  are  distributed  sym¬ 
metrically  with  respect  to  the  axis  of  symmetry  of  the  plate  x  = 

=  a/2,  in  which  case  the  bending  strengths  and  the  torsional  ri¬ 
gidities  of  the  ribs  which  are  at  equal  distances  from  the  loaded 
sides  are  the  same,  i.e., 

EJx=-EJit  CN  =  C,;  EJtf-i  =  EJ2,  CiV_,=-=C2e tc. 


In  this  case 


=  - ^2.  ... 

We  shall  assume  in  first  approximation  that  the  section  of 
the  midsurface  of  the  plate  with  a  plane  normal  to  the  loaded 
sides  is  a  sinusoidal  curve  with  a  certain  number  of  semiwaves. 
According  to  S.P.  Timoshenko,  this  assumption  usually  yields  sat¬ 
isfactory  accuracy  in  the  case  of  an  isotropic  plate.* 

Putting 


we  find 


•w  —  J{y)  sin  fix, 


(111.5) 


where 


(111.6) 


<I> 


i;/"2 


lk 


,  Blit; k 


+  «;/•*?  cos* 


Let  us  consider  the  cases  of  supported  and  fixed  sides. 

1.  The  sides  y  =  0  and  y  =  b  are  supported;  the  rib  ends  are 
supported  and  cannot  be  twisted. 

Let  us  put 
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(111.7) 


f--~-Amn  s>n“ 


6  • 


Substituting  this  function  into  Formula  (111.6)  we  find: 


_  r.»  YDiD, 
P  63 


/ §  + »•  ( +e<cos,™-)+ 


(111.8) 


Obviously,  the  minimum  value  of  p  will  be  obtained  for  n  = 
=  1;  consequently, 


Y  Dxn, 


P=-- 


63 


2  —  2t=  -I-  v  /  cosi  !£k  _|. 
\  »"v>»  ri  *  ‘I 


/$(?)’  + 

+  (^)5(/*B;+2XT*Sin' 


a  , 


(111.9) 


To  these  conditions  corresponds  a  bent  surface  of  the  form  ’ 


,  ,  nmx  .  tty 

w  =  /»,„, sin sin -A-. 


(111.10) 


For  a  plate  with  given  ratio  a  the  critical  load  will  be  de¬ 
termined  as  the  minimum  of  all  loads  determined  by  Formula  (111.9) 
In  order  to  finish  this  problem  Expression  (111.9)  must  be  studied 

the  side  ratios  a  =  a  _  for  which  the  transition  from  m  semiwaves 

P  ^ 

to  m  +  1  semiwaves  takes  place,  must  be  determined,  the  minimum 
favorable  ratio  a  and  the  corresponding  critical  load  must  be 
found,  etc.  This  investigation  may  be  carried  out  in  general  form 
for  an  arbitrary  number  of  ribs  N  in  the  same  way  as  in  the  case 
of  one  longitudinal  rib.  As  a  result  rather  cumbersome  formulas 
we  shall  not  present  here  will  be  determined. 

2.  The  sides  y  -  0  and  y  =  b  are  fixed;  the  rib  ends  are 
also  fixed  and  cannot  be  twisted  about  the  rib  axes. 


In  this  case  we  obtain  in  first  approximation 
'  =  W  [ /E  {ff  +2,667  (T§-  +! cos*  =t‘) 

+w33©’(,/I;+4t^> 


+ 


.  .  mrcjt  / 

w  =  Aml  sin  —  ^ 


cos 


2  tty 


)■ 


instead  of  Formulas  (111. 9 ) — ( 111 . 10) . 
§112.  THE  CASE  OF  A  SINGLE  TRANSVERSE  RIB 


(111.11) 

(111.12) 


A  plate  which  is  reinforced  by  one  rib  along  the  axis  of 
symmetry  is  compressed  in  the  direction  perpendicular  to  the  rib 
(Fig.  211). 
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Fig.  211 


Let  us  introduce  the  designations: 

/_  EJ 
7  a  VD^Dt  ’ 

g_ 

a  ' 

,  EJ 

a  — - •. 

aDt 


(112.1) 


Different  formulas  are  obtained  for  odd  and  even  m  for  the 
critical  load  on  the  basis  of  Formulas  (111.9)  or  (111.11). 

We  shall  choose  two  cases  of  fixing  of  the  sides  on  which 
the  rib  ends  are  fastened  (the  loaded  sides  are  assumed  to  be 
supported,  as  had  been  said  already). 

1.  The  sides  y  -  0  and  y  =  b  are  supported. 

For  an  odd  number  of  semiwaves  m  we  obtain: 

(/£+*)]• 

for  an  even  number  m 

We  shall  represent  the  formula  for  the  critical  load,  as  before, 
in  the  form: 


(112.4) 


The  results  of  studying  Expressions  (112.2)  and  (112.3)  boil 
down  to  the  following. 

If  the  side  ratios  a  =  a/b  satisfy  the  condition 


c  ■ 


(112.5) 


where  m'  is  an  odd  number,  then  m  =  m'  and 


4  =  2(Kl+2.'+7| =}■ 

For  ratios  a  fulfilling  the  condition 


where  m'  is  an  even  number,  we  have*  m  =  m'  and 


(112.6) 


(112.7) 


k-K'+',+Tm)-  (112-8) 

The  limiting  ratios  a  ^  for  which  a  simultaneous  existence  of 

two  forms  of  bent  surface  is  possible  —  with  m  semiwaves  and  with 
m+1  semiwaves  —  will  be  found  in  the  form 

c„i<  —  Vm  (M  +  7)  •  r  m.  (112.9) 

where  we  have  used  the  denotations : 

1  / V m2  (m+1  )V2-|-(2m  + 1 )*+2 (2m+l ) (m +1)V+  m  (m+1)*'  (l  n  0  n  n  ^ 
r”‘—V  DiV  ~  2m  -(-  1  -f  2  (m  1  )a  a'  U  ' 

for  m  —  1 ,  3,  5,  •••; 

ifTh  1  f lFx'2H-(2//H-l)2-2(2m+l)m23'-m(m  +  l)x'  fn,  m 

dT2  V  - T— - 2^+l--2mV - 

for  m  =  2 ,  4 ,  6 ,  ... 

The  number  semiwaves  m  is  determined  for  different  values  of 
o  with  the  help  of  the  following  inequalities: 


if  0  <  C  <  1  ,4  1  .  then  m  —  1;  ^ 

if  1  .'llr,  <  c  <  2.45r2.  then  m  “  2;  l  (112.12) 

if  2,45r2  <  c  <  3,46r3,  then  m  3  j 

etc . 

If  the  quantities  D\/D23  y*  and  k'  are  known  it  is  easy  to 
determine  the  number  m  corresponding  to  the  given  side  ratio.  If 
an  odd  m  will  be  obtained  Formula  (112.2)  must  be  used  to  deter¬ 
mine  the  critical  load;  if,  however,  even  m  is  obtained  the  crit¬ 
ical  load  tyiH  be  determined  from  Formula  (112.3).  For  large  ra¬ 
tios  a  (c  >  4)  the  coefficient  will  be  determined  either  from 
Formula  (112.6)  or  from  Formula  (112.8),  according  to  which  of 
the  two  formulas  will  yield  the  minimum  value. 

2.  The  sides  y  =  0  and  y  =  b  are  fixed. 
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For  odd  m 


p_ju3a.[/g(iy+2.M7_a^.+ 

+6-333(iK/i+ST')]: 

for  even  m 

-  _• 

+  2' 667  (vfe  +  «')  +  5. 333  (v)’  /  b|]- 

For  ratios  o  satisfying  the  condition 


(112.13) 


(112.14) 


m!  *  f  3 

c=  2  v  $+*/$■ 


(112.15) 


where  the  number  m'  is  odd  the  coefficient  of  the  critical  load 
will  be  obtained  from  the  formula 


If 


*-aMi(i.nVi+~+1fcr). 

,  SL  i/'HK 
c  2  V  Dt' 


(112.16; 

(112.17) 


where  m1  is  an  even  number,  then  m  =  m'  and 


Pn  -  £*^2, 667  (,  .73  +V  +  . 

The  limiting  ratios  of  the  sides  are  equal  to 

cBf  =  0,5/m(m+l)sro, 


(112.18) 


(112.19) 


where 


for  m 


c  =  I \f £11/  Vrwi»(Bi+l)3x«»+3(2H«+l)»+6(2iii  +  l)(BH-i)V+iii(m+l)*y 

m  v  DiV  2m  -J-  1  -|-  2  (m  -|- 1)*  a' 

1 ,  3 ,  5 ,  ...  and 


(112.20) 


.*/*  On  /  /mM'»  +  l)!,l'J  +  3(2m  +  l)5-G(2ffl-H)»iV-m(m+l)>.'  hn  oi  \ 

sm  =  V  DtV  2m  +  1  - 2ui*«'  •  V  ' 


for  m  =  2,  4,  6,  ... 


Instead  of  (112.12)  we  have  the  following  inequalities  with 
the  help  of  which  the  number  of  semiwaves  for  given  ratios  o  is 
determined,  in  this  case: 


(112.22) 


If  0  <  c  <  0,707s,,  then  m  =  1;  ] 

If  0.707s,  <  c  <  1,22  ^2*  then  ^  =—  2j  | 
if  1,22  s2  <c<  1,73  s3,  .hen  m  =  3  J 

etc . 

§113.  THE  STABILITY  OF  A  PLATE  WITH  STIFFENING  RIBS  DEFORMED  BY 
FORCES  APPLIED  TO  THE  RIB  ENDS 


In  all  cases  considered  in  this  chapter  it  was  assumed  that 
the  load  acting  on  the  reinforced  plate  was  uniformly  distributed 
along  the  two  sides.  We  shall  now  pass  over  to  cases  of  deforma¬ 
tion  of  a  plate  with  ribs  under  the  action  of  concentrated  forces 
applied  to  the  rib  ends. 


Let  us  pose  the  problem  as  follows.  Let  be  given  a  rectang¬ 
ular  orthotropic  plate  with  principal  directions  of  elasticity 
parallel  to  the  side  directions,  reinforced  by  stiffening  ribs 
parallel  to  two  sides.  The  ribs  are  rigidly  connected  with  the 
plate;  the  sides  on  which  the  rib  ends  are  fixed  are  supported, 
the  other  other  sides  fastened  in  an  arbitrary  manner;  the  rib 
ends  are  supported  and  fixed  in  order  to  prevent  twisting.  At  the 
rib  ends  act  axial  forces  given  except  for  a  factor  X;  the  critic¬ 


al  value 


X,  must  be  determined, 


1 

W.  N+l 

<XPV 

N 

1  7 

N 

2 

-A - 

-f —  ar 

2 

<C-X 

-  - 

LL 

1 

X 

- >— 

Fig.  212 


Let  us  direct  the  x  and  y  axes  along  the  plate  sides  (Fig. 
212)  and  introduce  the  denotations:  a,  b  are  the  lengths  of  the 
plate  sides;  Dv  Dv  D:,,  v,,  \  are  the  principal  rigidities  and  the 
Poisson  coefficients  of  the  plate;  N  is  the  number  of  ribs; 

X,  XP2 ,  ....  ).Pn  are  forces  deforming  the  system;  C ^  are  the 

bending  strength  and  the  torsional  rigidity  of  the  ribs; 

P -- ~,T  ’ m  ~  1  ’  2’  3' ;  hi,  h  2 ,  •••,  hy  are  the  distances  of  the 

ribs  from  the  lower  edge  of  the  plate  (from  the  x-axis). 

We  shall  solve  the  problem  starting  from  the  energetic  method 
as  well  as  the  problem  of  the  stability  of  nonreinforced  plates 
compressed  by  concentrated  forces. 
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Let  us  assume  that  the  system  has  experienced  small  devia¬ 
tions  from  the  plane  form;  the  plate  has  been  deflected,  and  the 
ribs  have  been  deflected  and  twisted.  The  lines  of  the  ribs  di¬ 
vide  the  whole  plate  into  a  number  of  sections  whose  number  is 
equal  to  N  +  1.  We  shall  denote  the  deflections  of  the  plate  by 
w^(xt  y)s  the  rib  deflections  will  then  be  wk(x,  T\k),  by  virtue  of 

the  rigid  connection  of  plate  and  ribs,  and  the  angles  of  their 

twisting*  will  be  TSS(~^jL)gm%m 


In  the  distortion  the  forces  will  carry  out  a  work  equal  to 


A  = 


(113.1) 


to  the  potential  energy  of  the  system  the  energy  of  bending  V. 

izg 

added  which  consists  of  the  energy  of  bending  of  the  plate  sec¬ 
tions  and  the  energy  of  rib  bending  and  distortion.  Prom  the  equa¬ 
tion 


we  find: 


1\+1  T*  a 

S  JJN^)‘+2D^ 

•••  •• 

+  4 D*  + 

__  *  =  10  .  • 

'(S^L  ''  j  (■^L)„n,t  dX 

*  *=  1  0  . 


(113.2) 


+ 


(113.3) 


(/>,  =  !). 


We  seek  expressionf  ror  the  plate  deflections  satisfying  the 
conditions  on  the  sides  x  =  0,  x  =  a,  in  the  form 


w*=/k(y)slnpx;  (113.  *0 

the  deflections  and  angles  of  rib  twisting  will  be,  respectively, 

/*C*i*)  sinPx*  /*(‘nk)sinPx’ 

The  problem  boils  down  to  the  determination  of  the  functions 
minimizing  (113.3),  and  this  is  equivalent  to  the  problem  of 

seeking  the  minimum  of  the  expression** 
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(113.5) 


A’H  \ 
*  =  *  ’JA-l 


+s 


W  -  >-P«P’)/|  (V + c*S<  K)|. 


Solving  this  problem  by  the  methods  of  variational  calculus 
we  obtain  the  following  results. 


The  functions  satisfy  the  equation 

D2/{v-2D#4-|-DipVi  =  0. 


(113.6) 


and  the  conditions:  a)  on  the  sides  y  =  0  and  y  =  b  the  conditions 
of  fixing;  b)  at  the  boundaries  between  the  sections  y  =  t)k  («=l,  2, 

.  ..,  N ),  i.e.,  on  the  rib  lines 


Jk+ 1  — fk‘ 
f  =  f 

J  k\\  Jk * 

v*;»-  w-QSk-Eww,. 

(«==  1.2 . A/). 


1 


(113.7) 


Each  of  the  functions  to  be  determined  from  Eq.  (113.6) 

contains  four  arbitrary  constants.  The  conditions  for  yield  a 

system  of  Hn  +  4  homogeneous  equations  with  the  same  number  of  un¬ 
known.  As  in  the  case  of  the  compression  of  a  plate  without  ribs 
the  problem  can  be  simplified  considerably  by  using  the  analogy 
with  beams  and  the  influence  functions. 

Equation  (113-6)  and  Conditions  (113.7)  may  be  interpreted 
as  the  equation  and  the  conditions  for  the  sections  of  a  beam 
(whose  length  and  rigidity  are,  respectively,  equal  to  b  and  D 2), 
which  lies  on  a  solid  elastic  base  (the  coefficient  of  elasticity 
is  k  =  D1B4 ),  is  stretched  by  an  axial  force  T  =  2Ps3z  and  bent 
by  forces  and  moments  applied  at  the  points  y  =  r\^)  (see 

Fig.  213j  where  the  forces  and  moments  shown  are  considered  posi¬ 
tive).  With  such  a  beam  the  deflection  f(y)  and  its  first  deriva¬ 
tive  are  continuous  whereas  the  second  and  third  derivatives  at 
the  points  of  application  of  forces  and  moments  are  discontinuous 
in  the  following  way: 

A/"(^  +  0)-^/"(%-0)=-  Ah'  1 

D2f"  (%•  -f  0)  -  D,f"  (T), — 0)  —  Qk.  )  (113.8) 

The  third  and  fourth  conditions  (113.7)  show  that  the  forces  act¬ 
ing  on  the  beam  are  proportional  to  the  deflections,  and  the  mo¬ 
ments  are  proportional  to  the  first  derivatives  of  the  deflection 
at  the  points  of  their  application.  Adopting  the  designation  f(y) 
for  the  beam  deflection  at  an  arbitrary  point  we  have 
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Fig.  213 


Mi  =  Ctff  (•*),),  Qi  =  0>— EJ$2)  P*/0n  •)• 

M,  =  C,PV'  (n,).  Qi  =  (x^:  —  EJ$2)  P*/(^). 

*:  .  ;  . ;.  .  •:  .  ••••••  ( 

Mn  =  Cn PV'  ft*).  Qn  =  (*fy  —  EJxP)  PV  (•*!«)• 

The  beam  deflection  /  can  be  represented  in  the  form 

w 

/=  S  l<?k8(f|*.  y)4*Wi|*,  y) 1, 

»n| 


(113.9) 


(113.10) 


where  6 (n,  y )  is  the  influence  function  of  the  force,  and  A(n,  y ) 
is  the  influence  function  of  the  moment,  which  were  introduced  in 

§77. 

Substituting  the  values  of  /  and  f  into  (113.9)  we  obtain 
a  system  of  2 N  equations  for  Qk  and 

4"  4  QjSJ2  4  •  •  •  4  QnK'2  =  0l 

4.  V/  .• . .  * 

Ai|A'N  •  +  ... .  +  Mn (aa  w  —  c^)  4 

+q,5;w+c?j52.v+  •••-s-q/Nn=°.  (113,11) 

4  (8U  —  4  +  •••  +  Qn1ni  =  °’ 

-f- /WjA2I  +  . . ;  4-  Mn±N2  4“ 

4  Qi®u  4*  Q2  22  x/5^  —  fVjp')  4*  •  •  ■  4  2  —  0. 

. •*** 

4  ^2A2jt  4  •  •  •  +Mn^NN-\-  . 

4 Qi\k 4 Q2*2h  4  •  •  •  4 Qn(*nn  —  \p’n^-ejn^)  =  °‘ 


466  - 


Having  solved  the  first  N  of  these  equatiors  for  the  moments 
we  obtain  expressions  of  the  form: 

"  N  N 

^1  =  51  Qtfki’  =  2  •  •  •  •  Mn  =  2  Qkqkx.  ( 113 . 12  ) 

Moreover,  we  shall  substitute  the  moment  values  found  Into  the 
rest  of  equations  and  obtain  N  equations  which  will  only  contain 
besides  X : 


Ql  ^*11  ^2*2lH“  ■  •  •  ~f"  Qa’*A'i  —  0* 

<31^12  +  ^2  (*23  XPjfl2  —  EJjH*)  •  +  “s 

QlklN  +  Qk2N  +  •  •  •  4"  Qh'  (ksN  —  = 


(113.13) 


We  have  used  the  brief  denotation  here 


—  2  Q in^ni- 


(113.14) 


Putting  the  determinant  of  the  system  equal  to  zero  we  obtain 
an  equation  for  the  determination  of  X: 


k“  \p-£jtpi  '  *21  „  •••»  *^1 

*«’  ku~  xp, pa- ej$< ’  •  kN 2  -.ol  (113.15) 

•  *  •  •  •••••••••••  •  ••••• 

*1W.  k2fi,  ....  kNN  — 

This  is  an  ffth-degree  equation;  generally,  it  will  determine 
N  values  X  each  'f  which  will  depend  on  m: 

^i  ( m)>  ^  (m)t  •  •  •  i  (m). 

The  minimum  of  these  N  series  of  values  not  equal  to  zero 
must  be  selected;  it  will  be  the  critical  one. 

§114.  THE  STABILITY  0T  A  PLATE  WITH  ONE  RIB 


A  rectangular  plate  which  is  reinforced  by  one  rib  is  com¬ 
pressed  by  axial  forces  X  applied  to  the  rib  ends  (Pig.  2l4).  In 
the  general  case  we  assume  that  the  rib  axis  does  not  coincide 
with  the  axis  of  symmetry  of  the  plate. 

Let  us  designate  by  EJ  and  C  the  bending  strengths  (in  the 
plane  perpendicular  to  xy )  and  the  torsional  rigidities  of  the 
rib  and 

£_  Cn 

4a  Y DkD2  ' 

In  the  case  considered  N=\,i u  =  tj, 
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/  =  Q3(tj,  y)  -f-  ML  ft,  y). 


(114.1) 


Equations  (113.11)  assume  the  form: 


Hence 


*(*:.— ep) 

'i.+q(5,i  — ■jjnr£7p<)=0- 


M  =  Q  "7  .. 

?  ... EJiflm*  ■  4nyiPjTt  m _ 1 

fll  a  *11  ,  chu^,  m 

*  *  ^  ' 

cmhu  —  1  £„ 


(114.2) 


(114.3) 

(114.4) 


The  number  of  semiwaves  will  also  here  remain  undetermined, 
for  the  present.  The  determination  of  m  and  Ak  is  simplified  if 

there  are  tables  of  the  functions  ga  h  and  h'. 

In  a  special  case,  when  the  torsional  rigidity  is  negligible 
and  the  rib  resists  only  bending  and  not  twisting 


^  EJi&m*  .  4k  DxDt  m 
■’=  a>  '  a  '  "iTT  ’ 


(114.5) 


where 


Sn^gfyi,  ij). 


Pig.  214 


In  the  case  of  infinite  torsional  rigidity,  however,  when 
the  rib  cannot  be  twisted,  but  may  only  be  bent 


EJrflm*  ,  A^Y~D\D‘i  n 
««  '  a  'IT, 


* n  gn 
h\i  Sn 


(114.6) 


Let  us  briefly  consider  two  cases  where  we  do  not  make  any 
additional  assumptions  with  respect  to  the  rib  rigidities. 
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I.  The  symmetric  rib.  If  the  rib  is  directed  along  the  axis 
of  symmetry  of  the  plate  when  & }  i  =  <r{i  =  0, 

EMnfl  ,  jit/ggy  m_  (114.7) 

aa  +  a  ga’ 

where  gn—g(b/2,  b/2).  The  number  of  semiwaves  will  be  determined 
by  calculations  or  with  the  help  of  the  tables  of  influence  func¬ 
tions  (in  those  cases  where  there  are  such  tables).  It  is  evident 
from  Formula  (114.7)  that  the  critical  force  for  a  plate  with  a 
rib  directed  along  the  axis  of  symmetry  does  not  depend  on  the 
torsional  rigidity  of  the  rib,  but  only  on  its  bending  strength 
and  on  the  rigidities  of  the  plate. 


y 

0 

xK  1 

1 

1  <•  —  0  • 

Fig.  215 


2.  The  band  with  one  rib.  For  an  infinite  band  with  one  rib 
(Fig.  215) 

“  bn  —  0> 

gii-gi' ]■  n) r- -J- («i -{ -«2).  (114.8) 

where  u i,  u2  are  roots  of  the  equation 

Dj«‘  — 2DJw3  +  D1  =  0.  (114.9) 

From  Formula  (114.6)  we  obtain: 

X  =  ^iL-l-2l ®Lot(„1  +  „2).  (114.10) 

Obviously,  the  minimum  value  of  X  will  be  obtained  for  m  =  1,  and, 
finally. 


2ii  VWt 
a 


(“i-f  “*)• 


(114.11) 


The  formula  apply  to  any  of  the  three  possible  cases  of 
roots  1,  2,  3  (see  §78). 

It  is  Interesting  to  note  that  the  critical  force  for  a  band 
with  rib  is  obtained  in  the  form  of  a  sum  of  the  Eulerian  critical 
force  for  the  rib  (i.e.,  for  a  rod  with  supported  ends  compressed 
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i'r-J 


1 1  iiM  i  i‘ 


,vt 


y&haiMsv. 


tliMV1lU+4  ItwMrw 


'£yf.  ■  ' 


by  axial  forces)  and  of  the  critical  force  for  a  band  compressed 
by  two  forces  of  opposite  directions  (see  §107). 


§115.  THE  STABILITY  OF  A  RECTANGULAR  PLATE  REINFORCED  BY  RIBS 
ALONG  TWO  SIDES  AND  COMPRESSED  BY  CONCENTRATED  FORCES 


Let  us  consider  a  rectangular  orthotropic  plate  with  princi¬ 
pal  directions  parallel  to  the  side  directions  two  sides  of  which 
are  reinforced  by  stiffening  ribs.  The  system  is  deformed  by  two 
equal  forces  with  opposite  directions  X  applied  at  the  ends  of 
one  rib,  and  two  forces  XP  applied  to  the  ends  of  the  other  rib; 
the  critical  value 


X^r  is  to  be  determined.  The  sides  on  which 


the  rib  ends  are  fixed  are  assumed  to  be  supported;  the  rib  ends 
are  assumed  to  be  supported  and  fixed  with  respect  to  twisting. 


Let  us  direct  the  x-axis  along  the  reinforced  side  (Pig.  216) 
and  introduce  the  designations:  EJ i,  EJ 2  are  the  bending  strengths 
of  the  ribs  in  the  planes  perpendicular  to  the  original  plate  plane 


xy;  £ij  £2  are  the  torsional  rigidities  of  the  ribs;  a,  b  are  the 


lengths  of  the  plate  sides;  d  =  b/a ,  3  =  mi\/a  (m  =  1,  2,  3,  ...). 


We  shall  solve  the  problem  by  the  energetic  method.*  Let  us 
assume  that  the  system  has  undergone  a  small  distortion:  the 
plate  has  been  bent,  and  the  ribs  have  been  bent  and  twisted. 


w 


Let  us  designate  by  w(xt  y)  the  plate  deflection;  w,  =  w(a:,  0), 

w(x,  b)  are  the  rib  deflections;  =  ("iy')v=o  and  &I==(ty)v-6 

are  the  angles  of -twisting  of  the  ribs.  The  potential  energy  of 
oending  ^lzg  will  be  composed  of  the  potential  energy  of  the 

plate  [see  (61.22)]  and  the  potential  energy  of  the  ribs 


1  J  |  EJX «)’  +  EJt  K)J  +  +  Cj  (O'y  •  dx. 


(115.1) 


In  the  distortion  of  the  system  the  forces  will  perform  a 
work  of: 

a 


»  =  yjlK)4FK)!)rf^ 


(115.2) 
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From  equation  V.„  -A  we  find: 

isg 


(115.3) 


0  0 

a 

+  f  I EJx  K)2  4-  EJ2  i™7  -f-  C,  C°I)2  -I  C2  (0J)*|  dx  }  : 

o  ' 

*  a 

:  JlK)2  +  p  K)*l  dx. 


We  focus  our  attention  on  the  expression  for  w  satisfying  the  con¬ 
ditions  on  the  supported  sides  a:  =  0  and  x  =  a,  in  the  form: 


then 


w  —  f(y)s\n  p*; 


tt'j  =  (0)  sin  Pa-,  w2  —  /(b)  sinp.v, 
Oi  =  /'(0)  sin  p.c.  02  =  /'(£) ship*. 


(115. 4) 


(115.5) 


Substituting  w  into  (115-3)  we  shall  seek  the  function  f(y)  minim¬ 
izing  A.  We  reduce  this  problem  to  the  problem  of  determining  the 
minimum  of  the  expression* 


U  =  J  (D2/w1  -  20,^//"  4~  D^P  +  AD&p)dy  + 

4- (^.P2  - *)  P2/2  (°) 4- (^P2  -  w*)  P2/2  (*) 4- 

+  lCI/,2(0)  +  C2/'I(6)]p2. 


(115.6) 


Solving  it  according  to  the  rules  of  variational  calculus  we  ob¬ 
tain  the  following  results. 


The  function  f  satisfies  the  equation 

D2/,v  —  2DspV/,-f  D,pV=0 

and  the  conditions 


(115.7) 


'  n0)-v1p!/(0)-|p7'(0)  =  0, 

r^)-v1pVW+§PV/(^j  =  0. 
/'"  (0)  -  (v,  4-  7^)  P2/'  (0)  +  ~  \EJX  p*  -  X)  PV(0)  =  0. 
/•(*)-(’  1+^)  P2/'  (*0- £  (EijP2  — xp)p2/(^)  =  o. 


(115.8) 


The  general  integral  of  Eq.  (115.7)  depends  on  the  roots  of  the 
characteristic  equation  which  has  occurred  already  several  times 

D2u*  —  2D3u2  =  0  (115.9) 

and  is  written  in  a  different  form  according  to  which  of  the  three 
cases  o;  roots  is  realized. 
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Case  I  .  Real  unequal  roots  —  uv  —ui: 

/r=  A  di  p/qy  -|-  Bsh  fyuj  C  ch  p//2y -|-  Dsh  P u2y. 

Case  2.  Real  equal  roots  Hr. 

/=(/-}-  By)  ch  p uy  -j-  ( C  -|-  Dy)  sh  p ay. 
Case  3.  Complex  roots  «±/v,  —u^ziv: 


(115.10) 


(115.11) 


/  =  (A  cos  p vy  -4-  B  sin  p«y)  ch  p uy  -f 

-f-  (C  cos  pvy  ■+  D  sin  pvy)  sh  p«y. 


(115.12) 


On  the  basis  of  Conditions  (115.8)  we  obtain  a  system  of  four 
homogeneous  equations  for  At  B,  Cs  £,  and  putting  the  determinant 
of  this  system  equal  to  zero  we  obtain  an  equation  for  X.  The  lat¬ 
ter  equation  is  of  the  second  degree;  it  will  yield  two  series  of 
values:  Xi  (m)  and  X2  (m).  Furthermore,  the  number  of  semiwaves 
(in  the  direction  of  the  ribs)  n  to  which  the  minimum  nonvanishing 
X  corresponds  and  this  minimum  value  itself  must  be  determined. 

§116.  THE  PLATE  REINFORCED  BY  IDENTICAL  RIBS  ALONG  TWO  SIDES 

Let  us  deal  in  a  more  detailed  manner  with  the  case  of  a  sym¬ 
metric  system  where  the  ribs  have  identical  rigidities  and  the 
forces  are  equal. 


In  this  case 


EJX  =  EJl  =  EJ,  C,  =  Cj  =  C,  P=  1. 


Two  fundamental  forms  of  plate  distortion  are  here  possible 
after  the  stability  has  been  lost;  the  first  one  is  characterized 
by  the  fact  that  the  plate,  having  lost  its  stability,  will  bulge, 
thereby  forming  a  surface  symmetric  with  respect  to  the  axis  y  = 

-  b/2t  the  second  one  is  characterized  by  an  antisymmetric  bent 
surface . 

i.  The  symmetric  for.  . 

If  the  roots  of  the  characteristic  equation  (115.9)  are  real 
and  unequal  (Case  1)  then  the  equation  of  the  bent  symmetric  sur¬ 
face  has  the  form: 

f=Ach$Ul\y  —  i/2)  +  flchp«a(y  —  b/2).  (116.1) 

Conditions  (115.8)  will  be  reduced  to  two  conditions: 

/"  (0)  ~  v,p7(0)  -  £  p*/' (0)  ==  0, 

/  jn.\  ,  *'  (116.2) 

/  (0)  -  (v,  +  P2/'  (0)  +  (EVP2  -  X)  p2/(0)  =  0. 


Substituting  the  values  of  /,  fnt  and  f"  for  y  =  0 
into  these  conditions  we  obtain  two  homogeneous  equations  for  the 
constants  A  and  B,  and  putting  the  determinant  oT  this  system 
equal  to  zero,  we  obtain,  after  some  simple  transformations: 

-  472  - 


lit vx&xtim  &^nU!S89GWt 


'Ehr-nfl  . 

'  a'J  “  ' 


_  ,/A  _v2  ,Mj  fO* 

*  »  Zj,  1  r  o,  "<•  pa  fm  +  ; 


(116.3) 


i  nC 

,”1+aoim 


The  quantities  ^  *»>•  s>»  entering  this  formula  are  functions 
of  the  ratios  d  =  b/a  and  depend  on  m  which  is  equal  to  the  num¬ 
ber  of  semiwaves  in  the  direction  of  the  forces. 

In  Case  I  (see  )Hr)  these  quantities  have  the  form: 

1  ,  ,  .  nir.u.d  .  niT.iud  .  \ 

4*^7/  ("I  "i)ch  2  C1  2  ’  .  ! 


c„  ,  J-  („,  cl,  ^  sh  -  u,  ch  ^ sh 

ii  mru,rf  mHUarf  „,kM 

n  m  —  //j  s Ii  2  cn  g  ^2  ^  2  ^ ^  * 


(116.4) 


The  same  formula  for  (116.3)  is  obtained  in  Case  2  and  Case 
3,  but  em,  and  will  have  another  form: 


In  Case  2: 


lm  =  -tt-2k(cIi  mnorf+1), 

n  m 

em  --  (sli  mr,ud  —  mnud), 
sm  —  -n—  2  u  (ch  mnud  — I ), 

•*171 

Hm  —  sli  mnud  -f-  mnud. 


(116.5) 


In  Case  3: 


lm  —  t (ch  mnud  +  cos  mnvd), 


sh  mnud - sin//m'rf) 

v  / 


sm  —  *;v—  2;/  (ch  mnud  —  cos  innvtl), 
••m 

Hm  —  sli  mnud  -J-  —  sin  mnvd. 


(116.6) 


For  large  ratios  d  we  may  assume: 

~  I  1  1 

I m  ~  sm  ~  ul  H~  u3  I 

(or,  respectively,  /m_Sm__2«). 

2.  The  antisymmetric  form. 

In  Case  1  we  obtain  the  equation  of  the  bent  surface 
/  =  A  sli  p« j  (>>  —  b\ 2)  -{-  B  sli  p«2  ( y  —  b/2) 


(116.7) 


(116.8) 
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and  Conditions  (116.2).  Putting  the  determinant  of  the  system  of 
equations  for  A  and  B  obtained  from  Conditions  (116.2)  equal  to 
zero  we  find 

,  EM*m*  ,  •  V 

A  —  at  "r 

,  «  Y^iDi  V  l£)*'n+  mlm  (116.9) 

+  — — m - - : - • 

\  •  Sm  +  TDimC,n 

The  investigation  of  Formulas  (116.3)  and  (116.9)  obtained 
permits  us  to  draw  the  following  conclusions. 

1)  For  any  finite  side  ratios  a  symmetric  form  of  stability 
loss  with  one  semiwave  (m  =  1)  in  the  direction  of  the  compres¬ 
sive  forces  must  exist,  and  only  for  large  ratios  d  (theoretical¬ 
ly,  for  d  =  ~)  the  symmetric  and  the  antisymmetric  form  are  equal¬ 
ly  possible.  The  form  of  the  symmetric  and  antisymmetric  surfaces 
for  m  -  1  is  shown  in  Fig.  217. 


0  05  I  Ifi  2  &  a 


Fig.  217 


Fig.  218 


2)  The  critical  load  is  determined  from  formula 


where 


EJn*  ,  *  YD\Dt 
- a 

ifTH— f\f Di  I  *Dk  e.4-  —  -Si 

Y  D ,  »V  D\  ‘  Dj  1  +  flDaS> 


(116.10) 


(116.11) 


The  critical  load,  as  can  be  seen  from  these  formulas,  is 
composed  of  a  Eulerian  critical  force  and  of  an  additional  force 
depending  on  the  elastic  constants  of  the  plate. 

If  EJ  =  C  -  0  we  obtain  the  critical  load  for  a  plate  without 
ribs  with  two  free  and  two  supported  sides  compressed  by  forces 
applied  at  its  free  boundaries: 
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This  case  is  equivalent  to  the  case  of  a  plate  which  not  ri¬ 
gidly  linked  with  the  ribs,  but  freely  supported  by  ribs  because 
the  equation  C  =  0  may  be  regarded  as  the  condition  of  free  revol¬ 
ution  of  the  plate  boundaries  about  the  axes  of  the  ribs. 

5)  For  a  plate  with  infinite  torsional  rigidity 

k  =  Sl\  (116.15) 

physically,  this  means  that  the  ribs  can  only  be  bent,  but  not 
twisted  (owing  to,  e.g. ,  special  side  fixing  devices). 

The  stability  calculation  of  plates  reinforced  by  ribs  along 
the  edges  is  considerably  facilitated  if  there  are  tables  of  the 
quantities  1 1,  ei3  e 1.  These  tables  (brief  ones)  will  be  given 
below  for  an  isotropic  plate  and  for  a  plywood  plate  as  considered 
in  §67. 

TABLE  28 


The  Functions  1 1,  e\,  s 1  for  an 
Isotropic  Plate 


d 

h 

0,25 

2,81 

0,0503 

0,393 

0,5 

•  1,81 

0,189 

0,661 

0,75 

1,67 

0,379 

1.11 

1 

1,71 

0,572 

1,41 

2 

1.96 

0,951 

1,95 

3 

2,00 

0,997 

2,00 

00 

2,00 

1,00 

2,00 

If  we  want  to  obtain  for  a  plate  with  given  side  ratio  d 

we  take  the  corresponding  table  and  substitute  the  values  of  l 1 , 
si,  81  found  from  it  into  Formulas  (Il6.10)-(ll6.11) .  The  values 
of  these  quantities  for  ratios  d  not  appearing  in  the  table  may 
be  determined  approximately  by  interpolation  since  the  functions 
*1  (d)  and  s\(d)  for  d  >  1  are  sufficiently  smooth  curves.  The 
diagrams  of  these  functions  for  an  Isotropic  plate  are  shown  in 


nTD-HT- 23-6 08-67 


-  475  - 


TABLE  29 


The  Functions  l i,  e i,  si  for  a  Plywood  Plate 


•» 

d 

CwaTlie  BJlO.lb  DOBOKOII^Dj^Dj) 

CwflTIIC  IIOliepCK  UOJIOKOII  £Dj<Da)| 

h 

•1 

*1 

tl 

'1 

Si 

0,25 

2,98 

0,174 

1,36 

2,57 

0,0111 

0,112 

0.5 

2,47 

0,585 

2,52 

1,33 

0,0576 

0.225 

0,75 

2,84 

0,000 

3,08 

0,918 

0,129 

0,336 

1 

3,0G 

1,01 

3,1  G 

0,784 

0,224 

0.445 

2 

3,10 

1,00 

3,10 

0,734 

0,703 

0,790 

3 

3,10 

1,00 

3,10 

0,851 

0,972 

0,901 

OO 

3,10 

1,00 

3,10 

0,888 

1,000 

0,888 

1)  Compression  along  the  fibers;  2)  compression 
across  the  fibers. 


Fig.  218  which  also  explains  the  general  character  of  the  varia¬ 
tion  of  lXi  eij  8 i  in  the  case  of  a  plywood  plate. 
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[Footnotes] 


See  his  work  "Ob  ustoychivosti  plastinok  podkreplennykh 
zhestkimi  rebrand."  [On  the  Stability  of  Plates  Rein¬ 
forced  by  Rigid  Ribs],  izd.  In-ta  inzhenerov  putey  soob- 
shcheniya  [Institute  for  Communication  Path  Engineers], 
Petrograd,  1914,  or  his  book  "Ustoychivost '  uprugikh 
sistem"  [The  Stability  of  Elastic  Systems]  which  has 
been  mentioned  several  times,  §70,  pages  331-34-3, 

See  (97.6 )— ( 97 . 8 ) . 


452  See  the  first  footnote. 


454  In  the  latter  case  the  rib  remains  rectilinear,  but  in 

this  case  it  is  twisted. 

457  See  the  works  by  S.P.  Timoshenko,  mentioned  in  §§109- 

110. 

458  See  the  first  footnote  in  §109. 

46l  If  m  is  an  even  number  the  rib  remains  rectilinear  and 

is  only  twisted  after  having  lost  it's  stability. 

464*  We  neglect  the  rib  width. 

464**  See  (97.6 )-(97- 8) . 
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see  §77. 


466 

470 


471 


As  to  the  designations  V  h\;> 

Lekhnitskiy,  S.G.,  Ustoychivost '  anizotropnoy  plastinki 
usilennoy  rebrand  po  dvum  storonam  [The  Stability  of  an 
Anisotropic  Plate  Reinforced  by  Ribs  Along  Two  Sides], 
Nauchnyy  byulleten*  Leningr.  gos.  un-ta  [Scientific  Bul¬ 
letin  of  the  Leningrad  State  University],  1945,  No.  2. 

See  ( 97. 6)- (97. 8) . 
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[Transliterated  Symbols] 

np  =  kr  =  kriticheskiy  =  critical 
M3r  =  izg  =  izgib  =  bending 
np  =  pr  =  predel’nyy  =  limiting 


FTD-HT-23-608-67 


-  477  - 


